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Polar Decomposition (PD)
• Factor matrix A	 into


• Unitary matrix Up


• Hermitian positive semi-definite matrix H                   , 

• Useful in aerospace computations, factor analysis, 
computing SVD and pseudo-inverse
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<latexit sha1_base64="hrfYFu6CjBvZC15Bc8gH1weoQ6w=">AAACJnicbVDLSkMxFEx8W5/VpZtgEVyVe0XUjVBx06WCtZW2lHPTtA3mRZIr1HK/wq3u/Rp3Iu78FNN6F9Y6EBhmzmFOJjGCOx9Fn3hufmFxaXlltbC2vrG5tV3cuXU6tZTVqBbaNhJwTHDFap57wRrGMpCJYPXk/nLs1x+YdVyrGz80rC2hr3iPU/BBursg56TWMaTa2S5F5WgCMkvinJRQjqtOES+3upqmkilPBTjXjCPj2yOwnlPBskIrdcwAvYc+awaqQDLXHk0uzshBULqkp214ypOJ+ntjBNK5oUzCpAQ/cH+9sfif10x976w94sqknin6E9RLBfGajL9Putwy6sUwEKCWh1sJHYAF6kNJUymyD565bFoLeQYedUbIATEgQolKh+riv0XNktujcnxSPr4+LlWqeYkraA/to0MUo1NUQVV0hWqIIome0DN6wa/4Db/jj5/ROZzv7KIp4K9vbF6kGA==</latexit>

A = Up H

<latexit sha1_base64="K6f3+7V+ZRhVltjRstcY7x17Th8="></latexit>

A 2 Cm⇥n (m � n)

<latexit sha1_base64="/a+d1yzLdxv/BvXiy3Z5lMO9rF4=">AAACMXicbVDLSgNBEJyNj/g2iUcvg0HwFHYlqBdB8ZKjglEhiaF3MkmGzM6sM71iXPZXvOrdr/EmXv0JJ3EPRi1oKKq6qabCWAqLvv/mFebmFxaLS8srq2vrG5ulcuXK6sQw3mRaanMTguVSKN5EgZLfxIZDFEp+HY7OJv71PTdWaHWJ45h3Ihgo0RcM0EndUqVBj2nb3hlM6eltg57SrFuq+jV/CvqXBDmpkhzn3bJXbPc0SyKukEmwthX4MXZSMCiY5NlKO7E8BjaCAW85qiDitpNOn8/orlN6tK+NG4V0qv68SCGydhyFbjMCHNrf3kT8z2sl2D/qpELFCXLFvoP6iaSo6aQJ2hOGM5RjR4AZ4X6lbAgGGLq+ZlKiASC32azm8mJ41BmluzQG6fpU2lUX/C7qL7narwUHtfpFvXrSyEtcIttkh+yRgBySE9Ig56RJGHkgT+SZvHiv3pv37n18rxa8/GaLzMD7/ALGfKfE</latexit>

H =
p

AH A
<latexit sha1_base64="Ktm4UwONxNHGMAhv+Ykg1bqlHJg=">AAACKHicbVBNS0JBFJ1nH5p9aS3bDInQSt4LqTaB0uYtDfID1OS+cdTBeTOPmXmBiT+jbe37Ne3Cbb+kUd8itQMXDufcy7mcIOJMG9edO6md3b39dOYge3h0fHKay581tIwVoXUiuVStADTlTNC6YYbTVqQohAGnzWD8sPCbL1RpJsWTmUS0G8JQsAEjYKzU9rGP73H12cfVXq7gltwl8DbxElJACWq9vJPu9CWJQyoM4aB123Mj052CMoxwOst2Yk0jIGMY0ralAkKqu9PlzzNctEofD6SyIwxeqn8vphBqPQkDuxmCGelNbyH+57VjM7jrTpmIYkMFWQUNYo6NxIsCcJ8pSgyfWAJEMfsrJiNQQIytaS0lHIKherau2bwIXuUM4yKOgNsahbTVeZtFbZPGdcm7KZUfy4WKn5SYQRfoEl0hD92iCvJRDdURQRK9oXf04Xw6X863M1+tppzk5hytwfn5BQSGpFc=</latexit>

HH = A
H

A

H
A Up⇒



Motivation: Subaru telescope
• 8.2-meter telescope of the National Astronomical Observatory of 

Japan, located at Mauna Kea, Hawaii


• Adaptive Optics to measure and correct for atmospheric turbulence 
using pseudo-inverse in real time


• Used MAGMA-based 
Polar Decomposition (QDWH) SVD 
for pseudo-inverse, 2018
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Polar Decomposition to SVD
• Compute  A


• Substitute Hermitian eigenvalues  H

• Yields SVD:  A

• See also High-Performance SVD Partial Spectrum Computation, 
Keyes et al., Thu 11 a.m.

• Or in reverse, compute PD from SVD:
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<latexit sha1_base64="VDKrw9FmNvp51GPwCsw38H2JpQY="></latexit>

A = USV
H = U(VH

V)SV
H = (UV

H)(VSV
H) = Up H

<latexit sha1_base64="hrfYFu6CjBvZC15Bc8gH1weoQ6w=">AAACJnicbVDLSkMxFEx8W5/VpZtgEVyVe0XUjVBx06WCtZW2lHPTtA3mRZIr1HK/wq3u/Rp3Iu78FNN6F9Y6EBhmzmFOJjGCOx9Fn3hufmFxaXlltbC2vrG5tV3cuXU6tZTVqBbaNhJwTHDFap57wRrGMpCJYPXk/nLs1x+YdVyrGz80rC2hr3iPU/BBursg56TWMaTa2S5F5WgCMkvinJRQjqtOES+3upqmkilPBTjXjCPj2yOwnlPBskIrdcwAvYc+awaqQDLXHk0uzshBULqkp214ypOJ+ntjBNK5oUzCpAQ/cH+9sfif10x976w94sqknin6E9RLBfGajL9Putwy6sUwEKCWh1sJHYAF6kNJUymyD565bFoLeQYedUbIATEgQolKh+riv0XNktujcnxSPr4+LlWqeYkraA/to0MUo1NUQVV0hWqIIome0DN6wa/4Db/jj5/ROZzv7KIp4K9vbF6kGA==</latexit>

A = Up H

<latexit sha1_base64="ds6WVUaBRWSLL3canAwvZh70bBc=">AAACMHicbVC7SgNBFJ2Nj8T4SrS0GQwBq7ArQW2EgM0WFhHMA5I13J1MkiGzM8vMrBJDPsVWe79GK7H1K5w8CpN44MLhnHs5lxPGnGnjup9OamNzazud2cnu7u0fHObyR3UtE0VojUguVTMETTkTtGaY4bQZKwpRyGkjHN5M/cYjVZpJcW9GMQ0i6AvWYwSMlTq5vI+vcR23b+1JF3D9we/kCm7JnQGvE29BCmiBaifvpNtdSZKICkM4aN3y3NgEY1CGEU4n2XaiaQxkCH3aslRARHUwnv0+wUWrdHFPKjvC4Jn692IMkdajKLSbEZiBXvWm4n9eKzG9q2DMRJwYKsg8qJdwbCSeFoG7TFFi+MgSIIrZXzEZgAJibF1LKVEfDNWTZc3mxfAsJxgXcQzc1imkrc5bLWqd1M9L3kWpfFcuVPxFiRl0gk7RGfLQJaogH1VRDRH0hF7QK3pz3p0P58v5nq+mnMXNMVqC8/MLyg2nQw==</latexit>

H = VLV
H

<latexit sha1_base64="ud5pCaoWNJJhTIpAAvZDxL06icw="></latexit>

A = UpH = (UpV)LV
H = ULV

H

https://sc23.conference-program.com/presentation/?id=pap613&sess=sess158


• LU:	 A triangular L and U


• Cholesky:	 A Hermitian positive definite A, triangular L


• QR:	 A unitary Q, triangular R


• Eigenvalue:	 A diagonal


• 	 A Hermitian A, unitary V, real diagonal 


• SVD:	 A unitary U and V, real diagonal


• Polar:	 A unitary Up, Hermitian semi-definite H
<latexit sha1_base64="9YUajTbQLsiHhf6P2Y0I3jGl2TQ=">AAACJ3icbVDLTkIxFOzFB4gv0KWbRkLiwpB7DVE3Jhg3LDGRRwRCzi0FGnrbpu01QcJfuNW9X+PO6NI/sTwWAk7SZDJzTuZ0QsWZsb7/7SU2Nre2k6md9O7e/sFhJntUMzLWhFaJ5FI3QjCUM0GrlllOG0pTiEJO6+HwburXn6g2TIoHO1K0HUFfsB4jYJ30eItvcLWjcPm8k8n5BX8GvE6CBcmhBSqdrJdsdSWJIyos4WBMM/CVbY9BW0Y4naRbsaEKyBD6tOmogIia9nh28gTnndLFPandExbP1L8bY4iMGUWhm4zADsyqNxX/85qx7V23x0yo2FJB5kG9mGMr8fT/uMs0JZaPHAGimbsVkwFoINa1tJQS9cFSM1nWXJ6CZznBOI8VcNeikK66YLWodVK7KASXheJ9MVcqL0pMoRN0is5QgK5QCZVRBVURQQK9oFf05r17H96n9zUfTXiLnWO0BO/nF9/KpE4=</latexit>

A = UpH,

<latexit sha1_base64="YWBV6nLE5hDuwbehz3iqbiVDQwc=">AAACMHicbVBNS0JBFJ3Xp31rLdsMidAi5L2QahMUbVwapQZqct846tB8PGbmFSbvp7Stfb+mVtG2X9Gob5HagQuHc+7lXE4YcWas7396C4tLyyurmbX1jc2t7Z1sbrdmVKwJrRLFlb4LwVDOJK1aZjm9izQFEXJaDx+uRn79kWrDlLy1g4i2BPQk6zIC1kntbO4Sn+Mqbt6wngBcuy8ftbN5v+iPgedJkJI8SlFp57zVZkeRWFBpCQdjGoEf2dYQtGWE02S9GRsaAXmAHm04KkFQ0xqOf09wwSkd3FXajbR4rP69GIIwZiBCtynA9s2sNxL/8xqx7Z61hkxGsaWSTIK6McdW4VERuMM0JZYPHAGimfsVkz5oINbVNZUiemCpSaY1lxfBs0owLuAIuKtTKlddMFvUPKkdF4OTYum6lL8opyVm0D46QIcoQKfoApVRBVURQU/oBb2iN+/d+/C+vO/J6oKX3uyhKXg/v325pxc=</latexit>

A = USV
H ,

Factorizations
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<latexit sha1_base64="1kAU9+4fNjiZ0WG6fOx8I8PIUqc=">AAACKXicbVBNSwMxFEzqV/22evQSLIIHKbsi6kVQvHjwUMGq0K7lbZqtodkkJFmhLv0bXvXur/GmXv0jpnUP1jrwYJh5j3lMrAW3Lgg+cGlqemZ2rjy/sLi0vLK6Vlm/tiozlDWoEsrcxmCZ4JI1HHeC3WrDII0Fu4l7Z0P/5oEZy5W8cn3NohS6kiecgvNS65Qck/rdFbkgjd32WjWoBSOQSRIWpIoK1NsVPNfqKJqlTDoqwNpmGGgX5WAcp4INFlqZZRpoD7qs6amElNkoHz09INte6ZBEGT/SkZH6+yKH1Np+GvvNFNy9/esNxf+8ZuaSoyjnUmeOSfoTlGSCOEWGDZAON4w60fcEqOH+V0LvwQB1vqexlLQLjtnBuObzNDyqASHbRIPwPUrlqwv/FjVJrvdq4UFt/3K/enJelFhGm2gL7aAQHaITdI7qqIEo0ugJPaMX/Irf8Dv+/Fkt4eJmA40Bf30DxOmkuQ==</latexit>

A = PT LU,
<latexit sha1_base64="0eyaNMDrlU+OVN6St7caBom+MuI=">AAACJ3icbVDLTgIxFO34AvEFunTTSEhcGDJjiLoxwbhhwQITeURAcqd0oKHTTtqOCRL+wq3u/Rp3Rpf+ieWxEPAkTU7OuTfn9vgRZ9q47reztr6xuZVIbqd2dvf2D9KZw5qWsSK0SiSXquGDppwJWjXMcNqIFIXQ57TuD24nfv2JKs2kuDfDiLZD6AkWMALGSg83+BqXcfmxdNZJZ928OwVeJd6cZNEclU7GSbS6ksQhFYZw0LrpuZFpj0AZRjgdp1qxphGQAfRo01IBIdXt0fTkMc5ZpYsDqewTBk/VvxsjCLUehr6dDMH09bI3Ef/zmrEJrtojJqLYUEFmQUHMsZF48n/cZYoSw4eWAFHM3opJHxQQY1taSAl7YKgeL2o2L4JnOcY4hyPgtkUhbXXeclGrpHae9y7yhbtCtlial5hEx+gEnSIPXaIiKqEKqiKCBHpBr+jNeXc+nE/naza65sx3jtACnJ9fj0WkIA==</latexit>

A = LL
H ,

<latexit sha1_base64="bSxi1IzjnFhXzQl2aaRGR9hZkwg=">AAACJHicbVDLTgIxFO3gA8QX6NJNIyFxYciMIerGBOOGJRgREiDkTinQ0GknbccEJ/MRbnXv17gzLtz4LZbHQsCTNDk5596c2+OHnGnjut9OamNzazud2cnu7u0fHObyR49aRorQBpFcqpYPmnImaMMww2krVBQCn9OmP76b+s0nqjST4sFMQtoNYCjYgBEwVmre4htcvz/v5QpuyZ0BrxNvQQpogVov76Q7fUmigApDOGjd9tzQdGNQhhFOk2wn0jQEMoYhbVsqIKC6G8/uTXDRKn08kMo+YfBM/bsRQ6D1JPDtZABmpFe9qfif147M4LobMxFGhgoyDxpEHBuJp5/HfaYoMXxiCRDF7K2YjEABMbaipZRgCIbqZFmzeSE8ywTjIg6B2wqFtNV5q0Wtk8eLkndZKtfLhUp1UWIGnaBTdIY8dIUqqIpqqIEIGqMX9IrenHfnw/l0vuajKWexc4yW4Pz8Ateno0c=</latexit>

A = QR,
<latexit sha1_base64="gR6t3t+2NXhksnRpjD7uWiBpbdg=">AAACJHicbVDLTgIxFO3gA8QX6NJNIyFxRWaMUZckbli4wEQeCRBypxRo6LRN2zHBCR/hVvd+jTvjwo3fYoFZCHiSJifn3Jtze0LFmbG+/+1ltrZ3drO5vfz+weHRcaF40jQy1oQ2iORSt0MwlDNBG5ZZTttKU4hCTlvh5G7ut56oNkyKRztVtBfBSLAhI2Cd1Oreu9EB9Aslv+IvgDdJkJISSlHvF71sdyBJHFFhCQdjOoGvbC8BbRnhdJbvxoYqIBMY0Y6jAiJqesni3hkuO2WAh1K7JyxeqH83EoiMmUahm4zAjs26Nxf/8zqxHd72EiZUbKkgy6BhzLGVeP55PGCaEsunjgDRzN2KyRg0EOsqWkmJRmCpma1qLk/Bs5xhXMYKuKtQSFddsF7UJmleVoLrytXDValaS0vMoTN0ji5QgG5QFdVQHTUQQRP0gl7Rm/fufXif3tdyNOOlO6doBd7PL7COpFc=</latexit>

L
<latexit sha1_base64="lVLPzUicvRUy5/COaVB6SSJbZGA=">AAACNHicbVA9SwNBFNzzM35HxcpmMQQsNNxJUBshYpPCIoK5CMkZ3u1t4pK93WN3T4jH/Rhb7f0vgp3Y+hvcxBRGHXgwzLzHPCZMONPGdV+dmdm5+YXFwtLyyura+kZxc8vXMlWENonkUt2EoClngjYNM5zeJIpCHHLaCgcXI791T5VmUlybYUKDGPqC9RgBY6Vuceccn2Efdy7tSQTYv80OvfygWyy5FXcM/Jd4E1JCEzS6m85iJ5IkjakwhIPWbc9NTJCBMoxwmi93Uk0TIAPo07alAmKqg2z8f47LVolwTyo7wuCx+vMig1jrYRzazRjMnf7tjcT/vHZqeqdBxkSSGirId1Av5dhIPCoDR0xRYvjQEiCK2V8xuQMFxNjKplLiPhiq82nN5iXwIHOMyzgBbisV0lbn/S7qL/GPKt5xpXpVLdXqkxILaBftoX3koRNUQ3XUQE1EUIYe0RN6dl6cN+fd+fhenXEmN9toCs7nF4cuqJ4=</latexit>

A = VLV�1,
<latexit sha1_base64="LimCBansMkOmw6M/b3/HRBf1Nn8=">AAACMXicbVBNS0JBFJ3Xl2Zfass2QyK0CHkvpNoERhsXLQzyA9TkvnHUwXkzj5l5kYl/pW3t+zXuom1/olHfIrUDFw7n3Mu5HD/kTBvXnTobm1vbO4nkbmpv/+DwKJ3J1rSMFKFVIrlUDR805UzQqmGG00aoKAQ+p3V/eDfz689UaSbFoxmFtB1AX7AeI2Cs1Elnb/ENruHWvT3pAq49lc876ZxbcOfA68SLSQ7FqHQyTqLVlSQKqDCEg9ZNzw1NewzKMMLpJNWKNA2BDKFPm5YKCKhuj+fPT3DeKl3ck8qOMHiu/r0YQ6D1KPDtZgBmoFe9mfif14xM77o9ZiKMDBVkEdSLODYSz5rAXaYoMXxkCRDF7K+YDEABMbavpZSgD4bqybJm80J4lROM8zgEbvsU0lbnrRa1TmoXBe+yUHwo5krluMQkOkGn6Ax56AqVUBlVUBUR9ILe0Dv6cD6dqfPlfC9WN5z45hgtwfn5BTPUp3I=</latexit>

A = VLV
H ,

<latexit sha1_base64="i9rRL24JCZHAg9CJhmGSDEamL4Y=">AAACI3icbVC7TgJBFJ3FB4gv0NJmIiGxIruGqCWJDSVGeSRAyN1hgJF5bGZmTZDwD7ba+zV2xsbCf3GALQQ8ySQn59ybc+eEEWfG+v63l9ra3tlNZ/ay+weHR8e5/EnDqFgTWieKK90KwVDOJK1bZjltRZqCCDlthuPbud98otowJR/sJKJdAUPJBoyAdVKjc8+GAnq5gl/yF8CbJEhIASWo9fJeutNXJBZUWsLBmHbgR7Y7BW0Z4XSW7cSGRkDGMKRtRyUIarrTxbkzXHRKHw+Udk9avFD/bkxBGDMRoZsUYEdm3ZuL/3nt2A5uulMmo9hSSZZBg5hjq/D877jPNCWWTxwBopm7FZMRaCDWNbSSIoZgqZmtai4vgmc1w7iII+CuQalcdcF6UZukcVkKrkrlu3KhUk1KzKAzdI4uUICuUQVVUQ3VEUGP6AW9ojfv3fvwPr2v5WjKS3ZO0Qq8n1//MqP9</latexit>

S

<latexit sha1_base64="gR6t3t+2NXhksnRpjD7uWiBpbdg=">AAACJHicbVDLTgIxFO3gA8QX6NJNIyFxRWaMUZckbli4wEQeCRBypxRo6LRN2zHBCR/hVvd+jTvjwo3fYoFZCHiSJifn3Jtze0LFmbG+/+1ltrZ3drO5vfz+weHRcaF40jQy1oQ2iORSt0MwlDNBG5ZZTttKU4hCTlvh5G7ut56oNkyKRztVtBfBSLAhI2Cd1Oreu9EB9Aslv+IvgDdJkJISSlHvF71sdyBJHFFhCQdjOoGvbC8BbRnhdJbvxoYqIBMY0Y6jAiJqesni3hkuO2WAh1K7JyxeqH83EoiMmUahm4zAjs26Nxf/8zqxHd72EiZUbKkgy6BhzLGVeP55PGCaEsunjgDRzN2KyRg0EOsqWkmJRmCpma1qLk/Bs5xhXMYKuKtQSFddsF7UJmleVoLrytXDValaS0vMoTN0ji5QgG5QFdVQHTUQQRP0gl7Rm/fufXif3tdyNOOlO6doBd7PL7COpFc=</latexit>

L



History of Polar Decomposition
• 1902 — Autonne. Definition of polar decomposition.

• 1986 — Higham. Scaled Newton’s Method.

• 1990 — Gander. Halley’s Iteration.

• 1994 — Higham and Papadimitriou. Matrix inverse dynamically weight Halley (DWH).

• 2010 — Nakatsukasa et. al. Inverse-free QR-based DW Halley (QDWH). 
• 2013 — Nakatsukasa and Higham. QDWH Eig, SVD.

• 2016 — Sukkari, Ltaief, Keyes. Block algorithm, GPUs (MAGMA).

• 2016 — Sukkari, Ltaief, Keyes. ScaLAPACK, distributed memory (POLAR, Cray LibSci).

• 2017 — Sukkari, Ltaief, Faverge, Keyes. Task-based, shared memory (Chameleon).

• 2018 — Ltaief, Sukkari, Guyon, Keyes. QDWH SVD.

• 2019 — Sukkari, Ltaief, Keyes, Faverge. Task-based, distributed memory (DPLASMA).

• 2023 — Sukkari et al. Distributed, task-based, GPUs (SLATE).

• 2023 — Keyes, Ltaief, Nakatsukasa, Sukkari. QDWH Partial SVD. (Thu 11 a.m.)
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Methods
• Newton’s Method 

• Quadratic convergence, but initially slow


• Explicit inverse, stability issues


• Scaled Newton’s Method 

• Improves convergence

7

<latexit sha1_base64="NV928zgGheDTr2CXGXAOp1srjeY="></latexit>

X0 = A,

Xk+1 = 1
2

⇣
Xk + X

�H

k

⌘

<latexit sha1_base64="dZJiBj6/C4jQAEDpxID5b/Px5Ew="></latexit>

Xk+1 = 1
2

⇣
zkXk + (zkXk)

�H

⌘

Higham. SIAM, 1986.

<latexit sha1_base64="69LxLlONpWYHzSs13z78rNlWydM=">AAACKHicbVDLTgIxFO3gA8QX6NJNIyFxRWYMUZckblhiIo8ECLlTCjR02qbtmCCZz3Cre7/GnWHrl1hgFgKepMnJOffm3J5QcWas7y+8zN7+wWE2d5Q/Pjk9Oy8UL1pGxprQJpFc6k4IhnImaNMyy2lHaQpRyGk7nD4u/fYL1YZJ8WxnivYjGAs2YgSsk7qdwRT3rMTNgRoUSn7FXwHvkiAlJZSiMSh62d5QkjiiwhIOxnQDX9n+HLRlhNMk34sNVUCmMKZdRwVE1PTnq5sTXHbKEI+kdk9YvFL/bswhMmYWhW4yAjsx295S/M/rxnb00J8zoWJLBVkHjWKO3S+XBeAh05RYPnMEiGbuVkwmoIFYV9NGSjQGS02yqbk8Ba8ywbiMFXBXo5CuumC7qF3Suq0Ed5XqU7VUq6cl5tAVukY3KED3qIbqqIGaiCCJ3tA7+vA+vS/v21usRzNeunOJNuD9/AJPaKWn</latexit>

Xk ! Up



Methods
• Halley Iteration 

• Cubic convergence, but initially slow; explicit inverse


• Dynamically Weighted Halley (DWH) Iteration 

• Improves convergence: 6 iterations for cond( A ) = 1016

8

<latexit sha1_base64="m5LrD3SyUfSCM+S6H4Qt71xIl+I="></latexit>

X0 = A,

Xk+1 = Xk

⇣
3I + X

H

k
Xk

⌘ ⇣
I + 3X

H

k
Xk

⌘�1

<latexit sha1_base64="TOI5iFmAfZI47nhKipty4Ld2GaE="></latexit>

X0 = A/ kAk2 ,

Xk+1 = Xk

⇣
ak I + bkX

H

k
Xk

⌘ ⇣
I + ckX

H

k
Xk

⌘�1

Yuji Nakatsukasa, Zhaojun Bai, and François Gygi. SIAM, 2010.Gander. SIAM, 1990.



Methods
• Goal: implement DWH without inverse


• QR-based Dynamically Weighted Halley (QDWH) Iteration

9

<latexit sha1_base64="KeNtPRTtwk5WFASbyoZmJe52QL4="></latexit>p
ckXk
I

�
=


Q1
Q2

�
R

<latexit sha1_base64="gQNoh3rHEkvhQJU2APA7zy+ihgU="></latexit>
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Yuji Nakatsukasa, Zhaojun Bai, and François Gygi. SIAM, 2010.



Methods
• Goal: implement DWH as Xk becomes well-conditioned


• Cholesky-based Dynamically Weighted Halley Iteration
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matrix multiply (herk)

Cholesky factorization

Cholesky solve, add
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Algorithm
function polar_qdwh( input A; output Up, H ) 

Xk = A / norm2est( A )

QR factor of Xk

smin = norm1( R ) / cond1est( R ) / sqrt( n )    // smin is lower bound of σmin of Xk

until convergence: |smin – 1| < tol


update weights smin, ak, bk, ck

if ill-conditioned: ck > 100


do QR-based iteration

else


do Cholesky-based iteration

Up = Xk

H = UpH A       matrix multiply: gemm, herkx (cuBLAS, rocBLAS), or gemmt (MKL)

11



QR optimization
• QR of dense matrix on top of diagonal (identity)


• Modify standard QR so panels go only to diagonal of lower block
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SLATE: Software for Linear Algebra Targeting Exascale 

• Distributed, GPU-accelerated, dense linear algebra library 

• BLAS


• Linear systems


• Least squares


• Eigenvalues, SVD, Polar


• Built on BLAS++ and LAPACK++ portability layer 

• Wrappers around CPU and GPU BLAS & LAPACK


• Modern replacement for ScaLAPACK 

• C++ templates, MPI, OpenMP tasks

SLATE
MPIOpenMP

MKL ESSL cuBLAS rocBLAS oneMKL

BLAS++ LAPACK++

Standards SLATEVendor

C++17



ScaLAPACK SLATE

LU (partial pivoting, threshold) ✔ ✔

CALU (tournament pivoting) ✘ ✔

LU, band (pp) ✔ ✔

LU (non-pivoting) ✘ ✔

Cholesky ✔ ✔

Cholesky, band ✔ ✔

Symmetric Indefinite (block Aasen) ✘ ✔ CPU only
Mixed precision (single-double) ✘ ✔

Inverses (LU, Cholesky) ✔ ✔

Condition estimate ✔ ✔

ScaLAPACK SLATE

Level 1 PBLAS ✔ ✘

Level 2 PBLAS ✔ ✔ Level 2+ optimizations
Level 3 PBLAS ✔ ✔

Auxiliary routines (add, set, scale, ...) ✔ ✔

Matrix norms ✔ ✔

Test matrix generation ✔ ✔

SLATE Coverage  
14

ScaLAPACK SLATE

QR ✔ ✔

Cholesky QR ✘ ✔

LQ ✔ ✔

Least squares solver ✔ ✔

PAQR (pivoting avoiding) ✘ ✔ dev branch

ScaLAPACK SLATE

Singular value decomposition (SVD) ✔ ✔ values & vectors
Hermitian eigenvalue ✔ ✔ values & vectors
Generalized Hermitian eigenvalue ✔ ✔ values & vectors
Polar decomposition (QDWH) ✘ ✔ dev branch
LOBPCG ✘ ✔ dev branch
Non-symmetric eigenvalue pieces ✘ future
Complex–symmetric eigenvalue ✘ ✘ future

Basic linear algebra (C = AB, ...)

Linear systems (Ax = b)

Least squares (Ax ≅ b)

SVD, Eig, PD (A = UΣVH, Ax = λx, A = UH)

Unless noted, all routines are GPU-accelerated
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Results
• Orthogonality of Up • Backward Error, A – Up H
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Results on Summit
• 16 node, SLATE GPU, SLATE CPU, 

ScaLAPACK CPU
• 1 to 16 nodes, SLATE GPU

Up to 18x speedup using GPUs 2x 22-core IBM POWER 9 CPU

+ 6 NVIDIA V100 GPUs per node
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Results on Frontier
• 16 node, SLATE GPU, 

ScaLAPACK CPU
• 1 to 16 nodes, SLATE GPU

64-core AMD 3rd gen EPYC CPU

+ 8 AMD MI250X GPU GCDs per node



Summary
• Polar Decomposition using QR-based Dynamic Weighted Halley 

Iteration (QDWH)


• With SLATE, get CPU and GPU-accelerated, distributed 
implementation


• 18x speedup over ScaLAPACK CPU-based version in POLAR / Cray 
LibSci

18

H
A Up⇒



Links and Acknowledgements
• SLATE, BLAS++, and LAPACK++ libraries


• https://github.com/icl-utk-edu/slate/ 


• https://github.com/icl-utk-edu/blaspp/ 


• https://github.com/icl-utk-edu/lapackpp/ 
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