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Main contributions in this work
n Iterative methods for sparse linear systems are important for exascale CFD simulations

n Characteristic performance features in exascale supercomputers
n Large performance gap between computation and communication
→Communication-avoiding (CA) algorithms

CA Krylov methods [Hoemmen,PhD10, Carson,PhD15, Suda,RIMS16]
CA preconditioners [Yamazaki,IPDPS14, Mayumi,ScalA16, Idomura,ScalA18]

n Support for FP16 operations which have 4x FLOPS than FP64 (8x on A100 GPU)
→FP16-based mixed-precision computing 

GPUs: Lattice QCD [Clark,CPC10], Earthquake [Ichimura,SC18], Dense matrix [Carson,SIAM17,Haidar,SC18]
Fugaku: HPL-AI [Kudo,ScalA20], Fusion plasma [Idomura,SC20]

n Mixed-precision iterative methods for ill-conditioned matrices in multiphase CFD simulations
n Iterative refinement based (IR) preconditioner is designed using hybrid FP16/32 implementation
n Robustness of IR preconditioner is examined by scanning precision or bit length of significand
n P-CG and MGCG solvers with IR preconditioner are tested up to 8,000 CPUs on Fugaku
→Performance and accuracy issues in FP16-based mixed-precision iterative methods are discussed
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Pressure Poisson solver in JUPITER
n JUPITER code [Yamashita,NED17] simulates molten materials in nuclear reactors

n Incompressible fluid model based on finite difference in structured grids
n Volume of fluid method for multiphase flows (Solid/Liquid phases of UO2, Zry, B4C, SUS, and Air)
n 3D domain decomposition (MPI+OpenMP)
n Pressure Poisson solver occupies more than 90% of the total cost 

n 2nd order centered finite difference in structured grids (7-stencils) 
n Large contrast ~107 of density ρ gives an ill-conditioned problem

Single node benchmark: 240x150x1,024 ~ 37M DOFs, Cond. number ~ 4x107

Large scale benchmark: 3,200x2,000x14,160 ~ 90G DOFs, Cond. number ~ 6x109

n Extreme scale CA Krylov solvers on state-of-the-art supercomputers
CACG solver on K-computer (30,000 CPUs) [Mayumi,ScalA16]
CAMGCG solver on Oakforest-PACS (8,000 CPUs) [Idomura,ScalA18]
CBCG solver on Oakforest-PACS (2,000 CPUs) [Idomura,LNCS18]
CBCG solver on Summit (7,689 GPUs) [Ali,ScalA19]
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Computing platforms

n Main features of Oakforest-PACS and Fugaku
Similarity: ~3TFlops peak performance with 50+ cores, wide SIMD operations with 512bits 
Difference: Support for FP16, 2.1x memory BW, 3.3x node injection BW, network topology

n JUPITER code (C, ~60k lines)
n OFP: Intel C compiler 19.0.5.281, Intel MPI library 2019 
n Fugaku: Fortran and C compiler in Fujitsu Technical Computing Suite V4.5.0, Fujitsu MPI library 4.0.0
→Mixed-precision IR preconditioner is implemented in Fortran, which optimizes FP16 operations
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Oakforest-PACS (OFP) Fugaku

Processor KNL A64FX (4CMG/CPU)

Nodes 8,208 (25PF) 158,976 (488PF)

GFlops/node 3,046 3,072

Cores/node 68 12x4 + 2/4 = 50/52

SIMD (bit) 512 512

FP operation FP32/FP64 FP16/FP32/FP64

Memory BW (GB/s) 480(MCDRAM) 1,024(HBM2)

Interconnect OmniPath (FatTree, 
12.5GB/s)

TofuD (6D mesh/torus, 
6x6.8=40.8GB/s)

Oakforest-PACS@JCAHPC

Fugaku@Riken



Preconditioned conjugate gradient (P-CG) solver
n Original P-CG solver computes block Jacobi (BJ) preconditioner with ILU(0) in FP64

n BJ blocks: 3D MPI domain x z-decomposition for OMP (z-div)
→ lack of concurrency for wide SIMD operations (512bits = 32 x FP16 variables)

n Optimization on Fugaku
n BJ blocks: 3D MPI domain x z-decomposition for OMP x x-decomposition for SIMD (zx-div)
n Convergence degradation due to fine BJ blocks is compensated by IR method
n Memory access in IR method is reduced by hybrid FP16/32 implementation
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• The robustness of the FP16/32 implementation is ex-
amined by comparing implementations with different
precision regarding the bit length of the significand.

• The P-CG and MGCG solvers with the IR preconditioner
on Fugaku show excellent strong scaling up to 8,000
nodes, where 5.70! and 3.43! speedups are achieved
from the conventional solvers on OFP.

II. RELATED WORK

In recent years, FP16-based mixed-precision computing has
been applied to dense matrix solvers [15], [16], [17], where
LU factorization was accelerated by FP16 operations, and
then, the low precision solutions were improved by the IR
method to achieve the target accuracy. As a benchmark for
this kind of mixed-precision linear system solvers, the HPL-AI
benchmark was proposed [18]. FP16-based mixed-precision
computing has been addresed also in sparse matrix solvers.
In Ref. [9], a mixed-precision approach for Krylov solvers
based on reliable updates [19] was proposed, and the biconju-
gate gradient stabilized (BiCGstab) solver and the CG solver
in lattice-QCD simulations were accelerated on GPUs. In
Ref. [20], mixed-precision computing was proposed for block
Jacobi (BJ) preconditioning, in which FP16, FP32, and FP64
operations were applied to each block in an adaptive manner
depending on its condition number. The developed solver,
which was implemented in Octave, was tested for matrices
from the SuiteSparse matrix collection [21], and reduction
of memory access and power consumption was estimated. In
Ref. [10], mixed-precision computing was used to accelerate
a sparse matrix solver in a nonlinear dynamic low-order
unstructured finite-element solver on Summit. They applied
mixed-precision computing to the adaptive conjugate gradient
(CG) method [22], in which vectors are stored in FP21, which
consists of a single bit of the sign, eight bits of the exponent,
and 12 bits of the significand. FP21 was proposed to keep the
accuracy needed for their earthquake simulations. In Ref. [11],
we applied mixed-precision computing to an implicit finite
difference solver in fusion plasma turbulence simulations. A
FP16 preconditioner based on the symmetric successive over
relaxation (SSOR) method [2] was developed for the CA-
GMRES method [3]. The implicit finite difference solver was
accelerated on Fugaku and Summit. In this problem, the finite
difference operator was well-conditioned, and FP16 operations
were applied in a straightforward manner. We extend this kind
of mixed-precision sparse matrix solvers to ill-conditioned
linear systems, which are generated from multi-phase thermal-
hydraulic CFD simulations. Such ill-conditioned problems
with extreme contrast of coefficients may be severely affected
by the roundoff errors. In this work, we address the applicabil-
ity of FP16 operations to ill-conditioned problems by studying
accuracy issues in FP16-based mixed-precision computing.

III. KRYLOV SOLVERS IN JUPITER
A. Multiphase CFD code JUPITER

JUPITER [1] has been developed to analyze materials inside
nuclear reactors using the equation of continuity, Navier-

Algorithm 1 Preconditioned Conjugate Gradient (P-CG)
method
Input: Ax = b, Initial guess x1

Output: Approximate solution xi

1: r1 := b"Ax1, z1 = M!1r1, p1 := z1
2: for i = 1, 2, ... until convergence do
3: w := Api
4: !i := #ri, zi$/#w, pi$
5: xi+1 := xi + !ipi
6: ri+1 := ri " !iw
7: zi+1 := M!1ri+1

8: "i := #ri+1, zi+1$/#ri, zi$
9: pi+1 := zi+1 + "ipi

10: end for

Stokes, and energy assuming Newtonian and incompressible
viscous fluids. The dynamics of the gas, liquid, and solid
phases of several components including the fuel pellets, fuel
cladding, the absorber, internal reactor components and the
atmosphere are described by an advection equation of the
volume of fluid (VOF) function.

Because of the extreme density contrast among the gas,
liquid, and solid phases, the linear system obtained from the
pressure Poisson equation, which is discretized by the second
order accurate centered finite difference scheme (seven sten-
cils) in the Cartesian grid system (x, y, z), is ill-conditioned,
and the main computational cost comes from computation of
the pressure Poisson equation. The linear system becomes
a symmetric block diagonal sparse matrix, and is solved
using the preconditioned conjugate gradient (P-CG) method
(Algorithm 1) with various preconditioning techniques such
as BJ preconditioning and MG preconditioning. In the original
implementation [7], [8], the BJ preconditioner computes the
ILU(0) method [2] in FP64, while the MG preconditioner pro-
cesses the geometric MG method [2] in FP32. Here, the MG
preconditioner is based on a simple V-cycle, and the smoother
is implemented using the preconditioned Chebyshev iteration
(P-CI) method [23] with the BJ preconditioner (Algorithm 2).
The P-CI method requires eigenvalue computation, which is
implemented using the CA Lanczos method [3].

The Poisson solver is parallelized using a hybrid
MPI+OpenMP approach, where MPI is adopted for three
dimensional (3D) domain decomposition in (x, y, z), and
OpenMP thread parallelization is used within each decom-
posed domain.

B. Iterative refinement preconditioner

Both in the P-CG and MGCG methods, the dominant
computational cost comes from the BJ preconditioner, which
appears at lines 7 and 6 in Algorithms 1 and 2, respectively. In
this work, we accelerate preconditioning by optimizing block
decomposition and by applying mixed-precision computing.
Since both approaches may lead to convergence degradation,
we compensate the convergence degradation using the IR
method (Algorithm 3). In Ref. [15], linear systems were
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Multigrid preconditioned CG (MGCG) method
n CA Geometric MG preconditioner with a V-cycle [Idomura,ScalA18]

n Preconditioned Chebyshev iteration (P-CI) smoother (no All_reduce)
n Min/max eigenvalues λmin/λmax are computed by CA-Lanczos method
n Block Jacobi (BJ) preconditioner with ILU(0) 

n Mixed precision to reduce computation and halo communication
n FP64 implementation for CG and CA-Lanczos, which are based on Krylov subspace
n FP32 implementation for P-CI smoother → replace BJ-ILU with mixed-precision IR
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Algorithm 2 Preconditioned Chebyshev Iteration (P-CI)
method
Input: Ax = b, Initial guess x1, Approximate minimum/max-

imum eigenvalues of AM!1, !min,!max

Output: Approximate solution xi

1: d := (!max + !min)/2, c := (!max ! !min)/2
2: r1 := b!Ax1, z1 := M!1r1, p1 := z1,"1 := 1/d
3: for i = 1, 2, ... until convergence do
4: xi+1 := xi + "ipi
5: ri+1 := b!Axi+1

6: zi+1 := M!1ri+1

7: #i+1 := ("ic/2)2

8: "i+1 := 1/(d! #i+1/"i)
9: pi+1 := zi+1 + #i+1pi

10: end for

Algorithm 3 Iterative Refinement (IR) method
Input: Ax = b
Output: Approximate solution xi

1: Solve Ax1 = b
2: for i = 1, 2, ... until convergence do
3: ri := b!Axi

4: Solve Asi = ri
5: xi+1 := xi + si
6: end for

solved using LU factorization at low precision, and then, the
approximate solutions were refined by the IR method. In this
work, we design a new mixed-precition preconditioner based
on the IR method. In Algorithm 4, the input vector r is given
in FP32 or FP64, and is converted into FP16, which is shown
with tilde. In the solve processes at lines 2 and 5, we use
the BJ preconditioner with ILU(0), which gives an approx-
imate solution of A. Here, in order to avoid influences of
the roundoff errors, we design mixed-precision computing as
follows. Firstly, to keep stable computation within the dynamic
range of FP16, linear systems are normalized by the diagonal
matrix D [11]. Secondly, all vectors are stored in FP16, they
are converted to FP32 on cache before and after computation,
and all computation is processed in FP32. In computing the
residual vector at line 4, we use the original SpMV with A,
in which depending on the convergence property, halo data
communication can be turned off as in the BJ method. Finally,
the preconditioned vector is returned in the original precision.

IV. IMPLEMENTATION

A. Optimization for Fugaku

In the original JUPITER, the BJ preconditioner was im-
plemented using block decomposition in z (z-div), and each
thread computed ILU(0) within each block. However, in
this implementation, the data dependency in ILU(0) avoids
optimization for SIMD operations and software pipelining on
each thread. To resolve this issue, we further decompose the
block into 2D tiles in y-z, so that ILU(0) in each tile becomes

Algorithm 4 IR-based preconditioner
Input: Mz = r, A, Matrix for BJ preconditioning M , Dii =

max(|Mi1|, |Mi2|, · · · , |Min|)
Output: Approximate solution z

1: r̃ := r/||D!1r||
2: Solve D!1Mỹ1 = D!1r̃ in FP32; load/store in FP16.
3: for i = 1, 2, ... until convergence do
4: Compute ũi := D!1r̃ !D!1Aỹi

in FP32; load/store in FP16.
5: Solve D!1Mṽi = D!1ũi/||D!1ũi||

in FP32; load/store in FP16.
6: ỹi+1 := ỹi + ||D!1ũi||ṽi
7: end for
8: z := ||D!1r||ỹi+1

independent in x (zx-div), and the above optimization works
in x. This approach was used also for GPU thread paralleliza-
tion [24]. The finer block decomposition leads to convergence
degradation. In order to compensate this effect, we introduce
the IR preconditioner with (IR) and without (local IR) halo
data communication in SpMV. From the viewpoints of the
computational cost and the convergence property, we compute
a single IR iteration in the following study. The resulting IR
preconditioner consists of two data conversions (lines 1 and
8), two AXPYs (lines 4 and 6), a single SpMV in FP16 (line
4), and two BJ preconditioning in FP16 (lines 2 and 5). Table
I shows the convergence property and the kernel performance
of these preconditioners in single node benchmark tests (see
Section V-A) on Fugaku.

Firstly, we discuss numerical properties of FP64 precon-
ditioners. In the BJ preconditioner, the number of iterations
is increased up to 1.58" by applying zx-div. However, the
convergence degradation is almost compensated by the im-
proved optimization, and the resulting performance shows
1.09" speedup. Here, the roofline ratio, which is defined by
the ratio of the elapsed time to the theoretical estimate by the
modified roofline model [25], is improved from 46% in z-div
to 83% in zx-div, indicating higher ratio of SIMD operations.
In the IR preconditioner, the number of iterations is reduced
to about a half from the BJ preconditioner in zx-div, while
the memory access per grid is almost doubled, leading to
1.30" speedup. The local-IR preconditioner also improves
the convergence property. However, in the current single node
benchmark, an impact of communication reduction is very
limited, because the intra-node communication has a very high
bandwidth (a CMG injection bandwidth of >115GB/s"2).
Accordingly, the resulting speedup of 1.09" is comparable
to the BJ preconditioner in zx-div.

B. Hybrid FP16/32 operations
In applying FP16 operations, one needs to avoid influences

of the roundoff errors. In the P-CG method, the residual vector
ri, which is the input vector for the IR preconditioner, becomes
smaller as the iteration progresses, and the solver does not
work without the normalization procedure in Algorithm 4. The



Mixed-precision preconditioner based on IR method
n In mixed-precision computing, IR method is used to improve low precision solutions

[Carson,SIAM17,Haidar,SC18,Kudo,ScalA20]

n In this work, we use IR method to improve low precision preconditioning
n Solve processes are approximated by BJ-ILU(0) operator M
n To avoid underflow/overflow, residual vectors and linear systems are normalized by D
n To avoid roundoff errors, hybrid FP16/32 implementation is applied to all computation

load/store FP16 data ⇄ on-cache FP16/32 conversion ⇄ FP32 computation
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Algorithm 2 Preconditioned Chebyshev Iteration (P-CI)
method
Input: Ax = b, Initial guess x1, Approximate minimum/max-

imum eigenvalues of AM!1, !min,!max

Output: Approximate solution xi

1: d := (!max + !min)/2, c := (!max ! !min)/2
2: r1 := b!Ax1, z1 := M!1r1, p1 := z1,"1 := 1/d
3: for i = 1, 2, ... until convergence do
4: xi+1 := xi + "ipi
5: ri+1 := b!Axi+1

6: zi+1 := M!1ri+1

7: #i+1 := ("ic/2)2

8: "i+1 := 1/(d! #i+1/"i)
9: pi+1 := zi+1 + #i+1pi

10: end for

Algorithm 3 Iterative Refinement (IR) method
Input: Ax = b
Output: Approximate solution xi

1: Solve Ax1 = b
2: for i = 1, 2, ... until convergence do
3: ri := b!Axi

4: Solve Asi = ri
5: xi+1 := xi + si
6: end for

solved using LU factorization at low precision, and then, the
approximate solutions were refined by the IR method. In this
work, we design a new mixed-precition preconditioner based
on the IR method. In Algorithm 4, the input vector r is given
in FP32 or FP64, and is converted into FP16, which is shown
with tilde. In the solve processes at lines 2 and 5, we use
the BJ preconditioner with ILU(0), which gives an approx-
imate solution of A. Here, in order to avoid influences of
the roundoff errors, we design mixed-precision computing as
follows. Firstly, to keep stable computation within the dynamic
range of FP16, linear systems are normalized by the diagonal
matrix D [11]. Secondly, all vectors are stored in FP16, they
are converted to FP32 on cache before and after computation,
and all computation is processed in FP32. In computing the
residual vector at line 4, we use the original SpMV with A,
in which depending on the convergence property, halo data
communication can be turned off as in the BJ method. Finally,
the preconditioned vector is returned in the original precision.

IV. IMPLEMENTATION

A. Optimization for Fugaku

In the original JUPITER, the BJ preconditioner was im-
plemented using block decomposition in z (z-div), and each
thread computed ILU(0) within each block. However, in
this implementation, the data dependency in ILU(0) avoids
optimization for SIMD operations and software pipelining on
each thread. To resolve this issue, we further decompose the
block into 2D tiles in y-z, so that ILU(0) in each tile becomes

Algorithm 4 IR-based preconditioner
Input: Mz = r, A, Matrix for BJ preconditioning M , Dii =

max(|Mi1|, |Mi2|, · · · , |Min|)
Output: Approximate solution z

1: r̃ := r/||D!1r||
2: Solve D!1Mỹ1 = D!1r̃ in FP32; load/store in FP16.
3: for i = 1, 2, ... until convergence do
4: Compute ũi := D!1r̃ !D!1Aỹi

in FP32; load/store in FP16.
5: Solve D!1Mṽi = D!1ũi/||D!1ũi||

in FP32; load/store in FP16.
6: ỹi+1 := ỹi + ||D!1ũi||ṽi
7: end for
8: z := ||D!1r||ỹi+1

independent in x (zx-div), and the above optimization works
in x. This approach was used also for GPU thread paralleliza-
tion [24]. The finer block decomposition leads to convergence
degradation. In order to compensate this effect, we introduce
the IR preconditioner with (IR) and without (local IR) halo
data communication in SpMV. From the viewpoints of the
computational cost and the convergence property, we compute
a single IR iteration in the following study. The resulting IR
preconditioner consists of two data conversions (lines 1 and
8), two AXPYs (lines 4 and 6), a single SpMV in FP16 (line
4), and two BJ preconditioning in FP16 (lines 2 and 5). Table
I shows the convergence property and the kernel performance
of these preconditioners in single node benchmark tests (see
Section V-A) on Fugaku.

Firstly, we discuss numerical properties of FP64 precon-
ditioners. In the BJ preconditioner, the number of iterations
is increased up to 1.58" by applying zx-div. However, the
convergence degradation is almost compensated by the im-
proved optimization, and the resulting performance shows
1.09" speedup. Here, the roofline ratio, which is defined by
the ratio of the elapsed time to the theoretical estimate by the
modified roofline model [25], is improved from 46% in z-div
to 83% in zx-div, indicating higher ratio of SIMD operations.
In the IR preconditioner, the number of iterations is reduced
to about a half from the BJ preconditioner in zx-div, while
the memory access per grid is almost doubled, leading to
1.30" speedup. The local-IR preconditioner also improves
the convergence property. However, in the current single node
benchmark, an impact of communication reduction is very
limited, because the intra-node communication has a very high
bandwidth (a CMG injection bandwidth of >115GB/s"2).
Accordingly, the resulting speedup of 1.09" is comparable
to the BJ preconditioner in zx-div.

B. Hybrid FP16/32 operations
In applying FP16 operations, one needs to avoid influences

of the roundoff errors. In the P-CG method, the residual vector
ri, which is the input vector for the IR preconditioner, becomes
smaller as the iteration progresses, and the solver does not
work without the normalization procedure in Algorithm 4. The

Algorithm 2 Preconditioned Chebyshev Iteration (P-CI)
method
Input: Ax = b, Initial guess x1, Approximate minimum/max-

imum eigenvalues of AM!1, !min,!max

Output: Approximate solution xi

1: d := (!max + !min)/2, c := (!max ! !min)/2
2: r1 := b!Ax1, z1 := M!1r1, p1 := z1,"1 := 1/d
3: for i = 1, 2, ... until convergence do
4: xi+1 := xi + "ipi
5: ri+1 := b!Axi+1

6: zi+1 := M!1ri+1

7: #i+1 := ("ic/2)2

8: "i+1 := 1/(d! #i+1/"i)
9: pi+1 := zi+1 + #i+1pi

10: end for

Algorithm 3 Iterative Refinement (IR) method
Input: Ax = b
Output: Approximate solution xi

1: Solve Ax1 = b
2: for i = 1, 2, ... until convergence do
3: ri := b!Axi

4: Solve Asi = ri
5: xi+1 := xi + si
6: end for

solved using LU factorization at low precision, and then, the
approximate solutions were refined by the IR method. In this
work, we design a new mixed-precition preconditioner based
on the IR method. In Algorithm 4, the input vector r is given
in FP32 or FP64, and is converted into FP16, which is shown
with tilde. In the solve processes at lines 2 and 5, we use
the BJ preconditioner with ILU(0), which gives an approx-
imate solution of A. Here, in order to avoid influences of
the roundoff errors, we design mixed-precision computing as
follows. Firstly, to keep stable computation within the dynamic
range of FP16, linear systems are normalized by the diagonal
matrix D [11]. Secondly, all vectors are stored in FP16, they
are converted to FP32 on cache before and after computation,
and all computation is processed in FP32. In computing the
residual vector at line 4, we use the original SpMV with A,
in which depending on the convergence property, halo data
communication can be turned off as in the BJ method. Finally,
the preconditioned vector is returned in the original precision.

IV. IMPLEMENTATION

A. Optimization for Fugaku

In the original JUPITER, the BJ preconditioner was im-
plemented using block decomposition in z (z-div), and each
thread computed ILU(0) within each block. However, in
this implementation, the data dependency in ILU(0) avoids
optimization for SIMD operations and software pipelining on
each thread. To resolve this issue, we further decompose the
block into 2D tiles in y-z, so that ILU(0) in each tile becomes

Algorithm 4 IR-based preconditioner
Input: Mz = r, A, Matrix for BJ preconditioning M , Dii =

max(|Mi1|, |Mi2|, · · · , |Min|)
Output: Approximate solution z

1: r̃ := r/||D!1r||
2: Solve D!1Mỹ1 = D!1r̃ in FP32; load/store in FP16.
3: for i = 1, 2, ... until convergence do
4: Compute ũi := D!1r̃ !D!1Aỹi

in FP32; load/store in FP16.
5: Solve D!1Mṽi = D!1ũi/||D!1ũi||

in FP32; load/store in FP16.
6: ỹi+1 := ỹi + ||D!1ũi||ṽi
7: end for
8: z := ||D!1r||ỹi+1

independent in x (zx-div), and the above optimization works
in x. This approach was used also for GPU thread paralleliza-
tion [24]. The finer block decomposition leads to convergence
degradation. In order to compensate this effect, we introduce
the IR preconditioner with (IR) and without (local IR) halo
data communication in SpMV. From the viewpoints of the
computational cost and the convergence property, we compute
a single IR iteration in the following study. The resulting IR
preconditioner consists of two data conversions (lines 1 and
8), two AXPYs (lines 4 and 6), a single SpMV in FP16 (line
4), and two BJ preconditioning in FP16 (lines 2 and 5). Table
I shows the convergence property and the kernel performance
of these preconditioners in single node benchmark tests (see
Section V-A) on Fugaku.

Firstly, we discuss numerical properties of FP64 precon-
ditioners. In the BJ preconditioner, the number of iterations
is increased up to 1.58" by applying zx-div. However, the
convergence degradation is almost compensated by the im-
proved optimization, and the resulting performance shows
1.09" speedup. Here, the roofline ratio, which is defined by
the ratio of the elapsed time to the theoretical estimate by the
modified roofline model [25], is improved from 46% in z-div
to 83% in zx-div, indicating higher ratio of SIMD operations.
In the IR preconditioner, the number of iterations is reduced
to about a half from the BJ preconditioner in zx-div, while
the memory access per grid is almost doubled, leading to
1.30" speedup. The local-IR preconditioner also improves
the convergence property. However, in the current single node
benchmark, an impact of communication reduction is very
limited, because the intra-node communication has a very high
bandwidth (a CMG injection bandwidth of >115GB/s"2).
Accordingly, the resulting speedup of 1.09" is comparable
to the BJ preconditioner in zx-div.

B. Hybrid FP16/32 operations
In applying FP16 operations, one needs to avoid influences

of the roundoff errors. In the P-CG method, the residual vector
ri, which is the input vector for the IR preconditioner, becomes
smaller as the iteration progresses, and the solver does not
work without the normalization procedure in Algorithm 4. The

[Moler,ACM67]



Single node benchmark tests using P-CG solvers

※Sigle IR iteration showed the best performance for all IR preconditioners

n Improved computing efficiency by BJ(zx-div) is almost cancelled by convergence degradation
n IR(FP64) dramatically improves convergence, but performance gain is limited by memory access
n IR(FP16) accelerates t/n, but leads to significant convergence degradation
n IR(FP16/32) accelerates t/n with keeping the same convergence property as IR(FP64)
→IR(FP16/32) is 2.2x faster than the original BJ(FP64)
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preconditioner n
iteration

f
[flop/grid]

b
[byte/grid]

tR[s]
roofline

t [s]
elapse

tR/t
efficiency t[s]/n speedup

BJ(z-div,FP64) 1818 39xFP64 224 18.7 40.7 46% 0.0224 1.00 

BJ(zx-div,FP64) 2866 36xFP64 236 30.9 37.2 83% 0.0130 1.09 

IR(zx-div,FP64) 1484 62xFP64 408 27.7 31.4 88% 0.0211 1.30 

IR(zx-div,FP16) 3583 35xFP64+27xFP16 234 38.6 47.0 82% 0.0131 0.87 

IR(zx-div,FP16/32) 1484 26xFP64+36xFP32 234 16.4 18.2 90% 0.0123 2.23 

Fugaku (240x150x1,024 ~ 37M DOFs)



n To clarify required precision, different data formats are implemented using bit operations in C
n Keeps almost the same convergence up to FP12/32, and breaks down at FP10/32
→Required precision is 6bits of significand, and FP16/32 has extra 4bits before convergence degradation
n bfloat16 may be the best choice on GPUs and Intel Copper Lake

n Satisfy the above requirement on significand
n Keep the same exponent as FP32, and works without normalization 

Robustness of FP16/32 IR preconditioner
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n All solvers show good strong scaling up to 8,000 CPUs
n IR preconditioner shows better convergence, and is 2x faster than BJ preconditioner
n 5.7x speedup between P-CG/IR on Fugaku and P-CG/BJ on OFP greatly exceeds memory BW ratio ~2x

Computation ~ 2.96x,    All_Reduce ~ 39.0x,    Halo comm. ~ 2.03x
→Large impacts of hybrid FP16/32 implementation and TofuD interconnect
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Large scale benchmark tests using P-CG solvers 
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n=27,536

n=22,030

5.70x
2.81x

1.00x 1.00x
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OFP [Idomura,ScalA18] Fugaku (3,200x2,000x14,160 ~ 90G DOFs)

n=26,475



n All solvers show good strong scaling up to 8,000 CPUs with ~10x speedups from P-CG solvers
n Number of iterations n is reduced to ~1/1000, leading to negligible All_Reduce

n IR preconditioner is 1.4x faster than BJ preconditioner
n 3.4x speedup between MGCG/IR on Fugaku and MGCG/BJ on OFP

Computation ~ 2.54x,    All_Reduce ~ 29.2x,    Halo comm. ~ 6.23x
→Less performance gain between BJ in FP32 and IR in FP16/32, and small impact from All_Reduce
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Large scale benchmark tests using MGCG solvers 
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Summary
n New mixed-precision iterative refinement (IR) preconditioner was designed on Fugaku

n Fine BJ blocks improved wide SIMD optimization
n Convergence degradation due to fine BJ blocks was avoided by IR method
n IR preconditioning was accelerated by FP16-based mixed-precision computing

n Normalization of linear systems and residual vectors
n Hybrid FP16/32 implementation

n Robustness of IR preconditioner was examined by scanning precision or bit length of significand
n Required precision was FP12/32 and FP16/32 has extra 4bits before convergence degradation

n P-CG and MGCG solvers with IR preconditioner showed good strong scaling up to 8,000 CPUs on Fugaku
n P-CG and MGCG solvers with IR showed 5.7x and 3.4x speedups from conventional solvers on OFP

n Large impacts from hybrid FP16/32 implementation and TofuD interconnect
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