Takeshi Iwashita, Kengo Suzuki, Takeshi Fukaya
(Hokkaido University, Japan)

Iwashita lab.



Difficulty in improving the processor performance, especially, its energy
efficiency
◦



The end of Moore’s law (decline in lithographic scaling)

Emerging new computing devices
◦

Different physics from CMOS technology


Typical example: quantum computing



Some technologies aim to develop an ultra low-power but high-performance computing devices
that is operated by instructions similar to conventional computing devices.



Research project of computing devices based on single-flux-quantum (SFQ) circuits.




Perspective: “Some new types of computers may support only integer arithmetic in the
early stage of research and deployment?”
◦





This is because circuits for floating-point (FP) arithmetic are more complex and power consuming
than those for integer arithmetic.

Evaluation of the potential of integer arithmetic computing for scientific
computing.
Our focus: iterative solvers
◦



Currently, a developed real device only supports integer arithmetic.

Iterative solvers are used in various engineering and computational science problems.

Main goal: investigation of an integer arithmetic-based iterative linear solver, in
which only integer arithmetic is used in the main iteration loop.
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Iterative refinement method

◦ The approximate solution vector is refined in iterations.
◦ It involves an inner iterative/direct solver.
 The residual equation is (approximately) solved by the inner solver.

◦ We modify the method for an integer-arithmetic based inner
iterative solver.


GMRES (General Minimal RESidual) method

◦ We use GMRES method as an inner solver.
◦ Restriction: In the main loop of the GMRES solver, only integer
arithmetic instructions can be used.
◦ In the solver, a matrix element is given by an integer number
and a vector element is given by an fixed-point number. In the
program, all these elements are stored using “int” type.
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Q notation for fixed point numbers

◦ Qdm.df denotes a number with dm integer and df factional bits.
◦ The word length WL is dm+df +1(sign).



Matrix and vector elements

◦ zij and Z(i, j) denote the i-th row j-th column element of
matrix Z.
◦ The i-the element of vector z is denoted by zi.



Types of matrices and vectors

◦ Matrices, vectors, and variables with bar such as ( ) have
integer or fixed-point number elements. Other matrices,
vectors and variables are based on (double-precision)
floating-point (FP) numbers.
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We consider n-dimensional linear system of
equation:
= .
To avoid overflow in the solution process, we
scale the linear system using FP arithmetic:
,
,
(2)
(4)
As a result of the scaling process, the maximum
absolute value of the elements of is
.
We suggest that
(or a larger value for
preconditioned solver).
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We assume that we could obtain sufficiently accurate
solution vector by
refinement processes:
( )
( )
( )
(5)
In a standard IR method, ( ) is given by the
( )
(approximate) solution of the residual system,
( ) where
( )
() .
However, we have to restrict elements of ( ) in a certain
range, because fixed-point numbers are used in the inner
solver. Therefore, we scale the residual system.
( )

( )
( ) , where ( )
In the inner solver, we solve
( )
( )
( )
, ( )
. Then, the update quantity of th refinement is given by ( ) = ( ) ( ) .

◦ The coefficient matrix used in the inner solver
original coefficient matrix .

( )

differs from the
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The coefficient matrix used in the inner solver has integer
elements.
By casting of each elements of
to an intWL number, we
get .
Next, using FP arithmetic, we obtain
and
determine a scaling factor
After each element of
is multiplied by
, it is cast to
an intWL number to obtain
Repeating this process, the coefficient matrix can be
written as
.
(12)
We terminate some terms of the right-hand side, and get
( )
.
( )
In our numerical tests,
is only used. Namely,
= .
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Difference from standard
FP framework
1. Scaling of rhs and
solution vectors
2. Representation of
coefficient matrix

Fig. 1. Iterative refinement framework for integer arithmetic-based
iterative linear solver
Table I. Arguments of integer arithmetic-based solver

# factional bits for
fixed point numbers
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A GMRES solver based on integer arithmetic
(denoted by int-GMRES)
The coefficient matrix has integer numbers.
Vectors and variables used in the main iteration
loop are based on fixed point numbers in the
Qdm.df format.
We use the term “bit shifts”. Left and right shifts
with bits refer to multiplication and division by
respectively. We use a computer supporting
“logical shift”.

,

◦ Note that the result of a shift operation for a signed integer
number is “undefined” in some types of computers.
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Calculation of the
initial residual vector

Main loop

Arnoldi process

(m iterations)

Givens rotation

Update of solution
vector
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Arithmetic of Qdm.df numbers
1) Addition and subtraction



◦ They are straightforwardly implemented using integer
addition instruction.

2) Multiplication and division

◦ To avoid overflow and significant loss of accuracy, we
perform operand shifts.

 Multiplication: right shifts for two operands (next slide)
 Division: left shift of the first operand and right shift of the
second operand

3) Square root

◦ Babylonian square root algorithm based on integer
instructions
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Multiplication of two Q4.3 fixed point numbers (df=3, WL=8)
𝟏

Representation
in program t1

t1 /

𝜷𝒍

+ 0 0 1 0. 0 1 0

x

0 0 0 1 0 0 1 0

0 0 0 0 1 0 0 1

𝟐

+ 0 0 1 0. 1 1 0

t2 0 0 0 1 0 1 1 0

t2 /

𝜷𝒓

0 0 0 0 1 0 1 1

(𝜷𝒓 =1)

(𝜷𝒍 =1)

x

Integer multiplication instruction
Result of Q5.2 format tr

tr /

(𝒅𝒇 𝜷𝒍 𝜷𝒓 )

0 1 1 0 0 0 1 1
0 0 1 1 0 0 0 1
Result of Q4.3 format

Final result
+ 0 1 1 0. 0 0 1
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Inner products, calculation of norms, vector
updates
Matrix vector multiplication

◦ Matrix elements: integer numbers (no fractional bits)
◦ Vector elements: fixed-point numbers
◦ Use a simple integer matrix vector multiplication
program
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We don’t shit the boxed operands
considering that their magnitudes are
small.
Summary of operand shifts
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Preconditioning is a common technique to improve convergence.

We report ILU preconditioning case.
𝒍

𝒖

Elements of preconditioner matrices
are integer numbers (no fractional
bits).
The preconditioning step is
performed by a simple forward and
backward substitution program using
integer arithmetic.
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The program is written in C. All programs were developed
by Mr. Kengo Suzuki.
Comparison with a standard double-precision FP
GMRES(m) solver in terms of convergence
◦ One refinement step involves m iterations of int-GMRES solver.
◦ The convergence check is performed every m iterations in both
solvers.





The convergence criterion: relative residual norm less
than 10-8
Test problems: 10 matrices from SuiteSparse Matrix
collection
◦ We selected the matrices, for which the standard FP solver
worked.



WL=64, df=30,
case)

16(only for non-preconditioning
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wang3 test, m=30

Both solvers have comparable convergence rates.
In the wang3 test, which is the worst case for integer arithmetic-based
solver, the integer-based solver only required 24% more iterations than
the standard FP solver.
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When a preconditioning technique is used, the residual norm is
relatively small and the risk of overflow is expected to be reduced.
In ILU preconditioning case, we don’t use the operand sift that
sacrifices the calculation accuracy. Moreover, we set
32.

wang3 test, m=30

The convergence rate was improved by ILU preconditioning in both solvers.
Integer arithmetic-based solver has a comparable convergence rate to the
standard FP solver in ILU preconditioning case.
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We developed a GMRES solver based on integer arithmetic. The solver was
used in an iterative refinement technique.
We also developed an ILU preconditioned int-GMRES solver.
In integer arithmetic (fixed-point number) computing, it is important to avoid
overflow in calculations. We explained how the operands are adjusted (logically
shifted) in the calculation considering the characteristics of the GMRES method.
The numerical results demonstrated that the int-GMRES solver had comparable
solver performance in terms of convergence to the standard FP solver. Moreover,
the results indicated that preconditioning was important for the solver using
integer arithmetic to avoid overflow.
In the future, we will evaluate solver performance in terms of timing on the
model of new computing devices in which integer arithmetic has advantages
over conventional computing devices for calculation speed or power consumption.
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