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Incomplete Sparse Approximate Inverse (ISAl) Preconditioner

Goal: Find solution to sparse linear problem Az = b, A € R™"*™

Compute factorization { S = R™" ™  exact fact.

A = LU) _ for some sparsity pattern S
( )S S = spy(A) ILU(O)

Incomplete factorizations attractive for preconditioning iterative solvers.

Preconditioner application involves solving triangular systems Ly =z, Ux = Y-
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Incomplete Sparse Approximate Inverse (ISAl) Preconditioner

Goal: Find solution to sparse linear problem Az = b, A ¢ R"*".

Compute factorization S — R™"  exact fact.
( A=LU ) for some sparsity pattern S
S S = spy(A) 1LU(0)

Incomplete factorizations attractive for preconditioning iterative solvers.

Preconditioner application involves solving triangular systems Ly =z, Ux =y.
* Exacttriangularsolves

* Inherently sequential, level scheduling often provides little parallelism.
* Replace with approximate triangular solve F

* Relaxation steps like (Block) Jacobi iterations.
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Incomplete Sparse Approximate Inverse (ISAl) Preconditioner

Goal: Find solution to sparse linear problem Az = b, A ¢ R"*".

Compute factorization S — R™"  exact fact.
( A=LU ) for some sparsity pattern S
S S = spy(A) 1LU(0)

Incomplete factorizations attractive for preconditioning iterative solvers.

Preconditioner application involves solving triangularsystems Ly = z, Uz = y.
* Exacttriangularsolves

* Inherently sequential, level scheduling often provides little parallelism.
* Replace with approximatetriangular solve

* Relaxation steps like (Block) Jacobi iterations.

* Incomplete Sparse Approximate Inverse (ISAI):
(L - M = I)S* for some sparsity pattern S*, e.g. S* = spy(A) ISAI(1)
S* = spy(A?) ISAI(2)
S* = spy(A%) I1SAI(3)
JAC(4)

k
THuckle, Anzt, Dongarra “Parallel Preconditioning”. /n: SIAM PP 2016. S
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Generating ISAl for triangular factor
My with (L - My, = I)g.for S* = spy(A)

for i=1:n (L ' ML(:ai) — ei)S* Vi=1...n

J = find(M(,1)); Algorithm composes into solving a set of small triangular systems
generate L(J,));
solve L(J,J) M(J,i) = (J);
Insert M(J,1) Into M;
end

SICL g
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Generating ISAl for triangular factor LU x M(J.D) = &()
J = findMC) 1} X —4 =
for i=1:n
J = find(M(, 1))
generateL(J,));

solve L(J,J) M({J,i) = ¢(J);
insert M(J,i) into M;
end
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Generating ISAI for triangular factor LUJ) x M{J,1) = &)

J = find(M(:,i))

for i=1:n
J =find(M(:,i));
generate L(J,J);
solve L(J,J) M(J,i) = e(J);
insert M(J,i) into M;

end




Generating ISAI for triangular factor LUJ) x M{J,1) = &)

J = find(M(:,i))
for i=1:n
J = find(M(,0)); :
generate L(J,J); ‘

solve L(J,J) M{J,i) = ¢(J);
insert M(J,i) into M;
generate small dense system

end )
O000000

| .OOOOOO
0000

CCO0CO0000
00000000
CCO0CO0000
00000000

N

trsv to solve system

S

insert into M




Generating ISAI for triangular factor LUJ) x M{J,1) = &)

J = find(M(:,i))
for i=1:n :

J =find(M(:,i)); :

generate L(J,J); ‘

| solve L(J,J) M(J,i) = e(J);
| insert M(J,i) into M;

generate set of small systems \
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Generating ISAl for triangular factor

for i=1:n
J =find(M(:,i));
generateL(J,));

| solve L(J,J) M({J,i) = e;(J);

| insert M(J,i) into M;
end

J = find(M(:,i))

generate set of small systems \

OOOO

OOOOOO OOOOOOO OOOOO

o
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o
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(o]

N O V/
[T

trsv for system i

L(J.J) x M(},1) = &)
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Generating ISAI for triangular factor LUJ) x M{J,1) = &)

J = find(M(:,i))

for i=1:n

J = find(M(:,i)); TEL T ,/
gglr\]/iri;[ﬂ_)(f\;lj()j,i)=ei(J); H— \\[ og]XH H
insert M(J,i) into M;
end

generate set of small systems \

OOOO

OOOOOO OOOOOOO OOOOO
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o
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(o]

trsv for system i

<[

insert into M
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Generating ISAl for triangular factor

/ Four Batched Routines:

Find the locations in each row
for i=1:n / e store size information for small tri-systems
J = find(M(,1)); e store nonzero-locatlor_1$ to find matches
generate L(J,)): — * (Generate batch of small triangular systems
| solve L(J,J) M(J,i) = e;(J); —. * different sizes in uniformly-sized blocks
insert M(J,i) into M; B?“E?f‘: trsv
| end Ifferent sizes | |
* non-coalescent in memory (uniform blocks)

* use kernel-switch for hard-coded sizes
« Batched re-insertion into sparse ISAl matrix

* non-coalescent reads/writes /
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Generating ISAI for triangular factor LUJ) x M{J,1) = &)

J = find(M(:,i))

for i=1:n

J = find(M(:,)); LB T
gglr\]/iri;[ﬂ_)(f\;lj()j,i)=ei(J); H— \\[ og]XH H

insert M(J,i) into M;
end

generate set of small systems \
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trsv for system i

<[

insert into M
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Generating ISAl using one batched routine

Shrink the thread block to the number
of nonzero locations in column i of M.
Assign each thread to one row.

- »” - [ .-

Thread Block

-
- NN
S NN
- NN

@)

Traverse the relevant rows in L and M
(starting from the main diagonal) to
identify matches. Load the matching
entries into thread-local registers.

The right-hand-side is given as 1 for
the first thread and 0 for all others.

22

Triangular solve using
remote register reads.

MV
AMANAAD
AN
AN

Insertion of the solution into the
ISAIl preconditioner structure.
Every thread writes its solution
component.
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Generating ISAl using one batched routine

Shrink the thread block to the number
@ of nonzero locations in column i of M.
Assign each thread to one row.

@)

Traverse the relevant rows in L and M
(starting from the main diagonal) to
identify matches. Load the matching
entries into thread-local registers.

-
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- NN

L &, 7 Thread Block

|

3 R h
B N 2 The right-hand-side is given as 1 for
BN 3 SRR T the first thread and O for all others. || @] .~
| : . _
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Triangular solve using
remote register reads.

Insertion of the solution into the
ISAIl preconditioner structure.
Every thread writes its solution
component.

* Generate triangular system in registers only & batched triangular solve in registers2.

2Kurzak et al. “lmplementation and Tuning of Batched Cholesky Factorization and Solve on NVIDIA GPUs”. TPDS, 2015.
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Mapping sparsity pattern

Nonzero locations in [, (blue) in M7 (green), and matching locations (red).

ooooo

exx® ] eeex ®x x
*xx®® ] exxxx
. .
. . géb . . 98@
. . -1 . -
. be . xgo
- x
ox8® *x@*®
x .
. xxx@@ @
. * (8)X8)
e x@® ®@® x ®
*x® 1 1 eeexxxx
xxgo X X X X
e ® . ®
. o % (%) x (@)
00 ®®
* (@@ ®®
.o X X

ooooo

x
O® x @ * ()
@E x 00
xxxxx ®® x @@ > ®
8 8
¢ () x (=)
xx x x@@x @@O*@®
X X X * (&) (=)
&° B9
X X
xxx @x @ ®
> (@) (%)
x x %@ 000,
X
X

Generate triangular system in registers only & batched triangular solve in registers?.
Identify matching locations by traversing triangular matrices from the diagonal.




Two strategies for generating ISAI

Combination of 4 batched routines
« Batch of systems in main memory

* Coalesced memory access

One batched routine
* Linear system in registers

e _ shfl() for communication

L(.J) x M(),i) = ei())

s -

J = find(M(:,1)) X ==

00000000 00000000

000e

batched generation of M(:,i), i=1..n

=+ | trsv for system i| *::

)

Shrink the thread block to the number
of nonzero locations in column i of M.

Assign each thread to one row.

Wi
Thread Block
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Traverse the relevant rows in L and M
<« | (starting from the main diagonal) to
identify matches. Load the matching
entries into thread-local registers.

The right-hand-side is given as 1 for
the first thread and 0 for all others. |
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Triangular solve using
remote register reads.
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Insertion of the solution into the
ISAI preconditioner structure.
Every thread writes its solution
component.
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Performance comparison of ISAl generation

Speedup of batched routine vs. sequence of batched routines for block Jacobi pattern.

16 ‘ 70 ‘
—%— AF3 —— AF3
—0O—-ECO —0O—-ECO
14r —¥—OFF || 60 —#—OFF ||
—{>— PARA —{—~PARA
—7~THM I -7~ THM | |
12 A—-TMT || 50 —A-TMT
2107 1 240" 1
3 3
-8 8
. 8r - N30+ 4
6 1 20 - 1
WX .
B SRR | " |
% 2 1 1 O 1 1 1 1 V____i_
} 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
| Jacobi block size Jacobi block size
|
| - I
| Nvidia K40 GPU Nvidia P100 GPU
; 14 TFDP, 280 GB/s(4.86:1) « 5.3TFDP, 720 GB/s(7.36:1)
* Local memory as L1 cache/shared memory * No cache, only registers and shared memory

£ICL
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Performance comparison of ISAl generation

Speedup of batched routine vs. sequence of batched routines for ISAl pattern.

8
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Speedup in ISAI generation
N

Speedup in ISAI generation
= o

N
T

—

i | 1 LD Il R

VAR S N

AF3 ECO OFF PARA THM T™MT AF3 ECO OFF PARA THM T™MT
Matrix Matrix
Nvidia K40 GPU Nvidia P100 GPU
14 TFDP, 280 GB/s(4.86:1) « 5.3TFDP, 720 GB/s(7.36:1) |
* Local memory as L1 cache/shared memory * No cache, only registers and shared memory |

(MAGMA 2.1.0, ILU taken from cuSPARSE 8.0)
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@107}
Overhead for ISAI generation. §
| =
| ©
| e
\ 10° ¢
- |——trisolve
| |—o—ISAI(1)
10‘4 1 1 1 1 1 1 1 1
0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
Solver execution time [s]
Preconditioner setup [s] Preconditioner application [s] IDR(4) Iterations Solver execution [s]
Matrix | ILUO) ISAI(1) overhead trisol  ISAI(1)  speedup | trisol  ISAI(1)  overhead trisol  ISAI(1)  speedup
AF3 1.3672 0.7279 53.24% | 0.6909 0.0129 53.46 329 1588  382.67% | 2342021  49.4370 4.74
ECO 0.3122 0.2889 02.56% | 0.2116 0.0064 33.16 954 2033 207.44% | 216.2284  65.1396 3.32
OFF 0.3276 0.2076 63.35% | 0.4103 0.0044 9274 148 440  197.30% 62.2157 5.8897 10.56
PARA 0.4857 0.1979 40.77% | 0.2687 0.0045 60.09 139 730  425.18% 39.0847  11.0221 3.55
THM 0.8296 0.4543 54.77% | 0.8084 0.0132 61.27 873 1755 101.03% | 7229693  60.0312 12.04
TMT 0.3009 0.2522 83.83% | 0.1661 0.0060 27.90 755 1881 149.14% | 136.0090  38.9953 3.49
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Performance of Batched ISAlI implementation

80 . . .
I ISAI(1) _
70 ISAI2) - 460 UFSMC matrices
[ JISAI(3)
o, 60 | ISAI(1)
3 251 systems
§50 - ] overhead 37.8%
17
240 | T IsAIR)
g 192 systems
£ >0 | overhead 77.4%
o}
< 20 ]
ISAI(3)
10 i 164 systems s
5 overhead 113.9%
0
0 50 100 150 200 \

Preconditioner generation overhead [%]

(Nvidia K40 GPU, MAGMA 2.1.0, ILU taken from cuSPARSE 8.0)




Performance of Batched ISAlI implementation

30 . . .
=:22:§;; 458 UFSMC matrices
25 ] [ 1ISAI3)|
. ISAI(1)
§ 50| ] 251 systems
‘g overhead --20.9%
17
L15- i ISAI(2)
g 192 systems
€10t _ overhead --13.9%
5 -
ISAI(3)
= 1 164 systems
M overhead --6.6%
ﬂ 00 -50 0 50 100

Preconditioner generation overhead [%]

(Nvidia K40 GPU, MAGMA 2.1.0, ILU taken from cuSPARSE 8.0)
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Performance of Batched ISAlI implementation

ISAl generation successful for 251 of 460 UFSMC matrices
M DR[4] DR4] [

IIDR[4] + Jacobi /
_ IDR[4] + Jacobi

IDR[4] + ILUIO]

IDR[4] + ILU[O]

IDR[4] + ILU[O] + ISAI[1]

" IDR[4] + ILU[O] + ISAI[2] IDR[4] + ILU[0] + ISAI[1]

IDR[4] + ILU[0] + ISAI[2]
IDR[4] + ILU[0] + ISAI[3]
IDR[4] + ILU[O] + ISAI[3] I

fastest solver fastest solver
without prec. setup with prec. setup

(Nvidia K40 GPU, MAGMA 2.1.0, ILU taken from cuSPARSE 8.0)
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Performance of Batched ISAlI implementation
ISAl generation successful for 251 of 460 UFSMC matrices

l IDR[4] IDR[4]

I IDR[4] + Jacobi /
— e IDR[4] + Jacobi

IDR[4] + ILU[O]

IDR[4] + ILU[O]

-
IDR[4] + ILU[O] + ISAI[1]
" IDR[4] + ILU[0] + ISAI[2] o SO Sall
IDR[4] + ILU[0] + ISAI[2] I
IDR[4] + ILU[0] + ISAI[3]
IDR[4] + ILU[O] + ISAI[3] I
fastest solver fastest solver
without prec. setup with prec. setup

(Nvidia KP100 GPU, MAGMA 2.1.0, ILU taken from cuSPARSE 8.0)
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http://icl.cs.utk.edu/magma/

All functionalities are included in the MAGMA 2.2.0 release
MAGMA SPARSE

N

ROUTINES BICG, BiCGSTAB, Block-Asynchronous Jacobi, CG,
CGS, GMRES, IDR, Iterative refinement, LOBPCG,
LSQR, QMR, TFQMR

PRECONDITIONERS ILU/IC, Jacobi, ParlLU, ParlLUT, Block Jacobi, ISAI
KERNELS  SpMV, SpMM

DATA FORMATS  CSR, ELL, SELL-P, CSR5, HYB E
=
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