Exercises for Chapter 3

Predicate logic

Exercise 3.1 (Defining predicates) Define a pair of predicates p and g involving
free variable x such that

(@) Vx:N e pisfalsebut 3x:N e pis true.
(b) Ax:Nep=gistruebut Vx:N ep = gis false.

O

Exercise 3.2 (Some propositions) The predicate p with free variables x and y
is defined by

p o x+y>x2
Which of the following are true?

(@ Vx:Nedy:Nep
(b) Iy:NeVXx:Nep
(c) (Vx:Nedy:Nep)=(Iy:NeVx:Nep)
(d @y:NeVx:Nep)= (Vx:NeJy:Nep)
() (VXx:Nedy:Nep)<= (Iy:NeVx:Nep)

O

Exercise 3.3 (Distribution) We have proved that the universal quantifier dis-
tributes through conjunction in one direction:

(Vx:aeparg)=>(Vx:aep)A(VNx:aeq)
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Demonstrate that it distributes in the other direction by providing a proof of
(Vx:aep)A(Vx:aeq)=> (VXx:aepAqg)

O

Exercise 3.4 (Theorems) By exhibiting a proof tree in each case, show that the
following statements are all theorems of our deductive system (that is, con-
struct a proof tree ending in this statement that has no undischarged assump-
tions and no hypotheses):

(@ (~nVx:aep) = (Ix:ae p)

(b) (m3x:aep) = (Vx:asep)

(0 (3x:aepvVvg) = ((Ix:aep) Vv (IXx:aeq))

(d) (3x:aep=q) = (Vx:aep)=(Ix:aeq))
() (Vx:aep=q)=((Vx:aep)=(VXx:aeq))
() 3x:aepnrqg)=>((3Ix:aep) A(Ix:aeq))

O
Exercise 3.5 (Problem) What is wrong with the following ‘proof’?

[Vx:ae3dy:bepllll [xeall?

[V —elim]

dy:be [3]
Y P [p] [3-elim!3!]
ﬁ [V —introt?!]
- p [3—intro]

dy:beVx:aep
(Vx:aedy:bep)=(Jy:beVx:aep) [

= —introl1!]

O

Exercise 3.6 (Another problem) The following predicate is not a theorem of
our deductive system:

(Vx:aepvg) =>(Vx:aep)Vv(VXx:aeq))

For at least one choice of a, p, and g, this predicate is false: suppose that a
were the natural numbers N, with p as ‘x is even’ and g as ‘x is odd’. Hence the
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following derivation must be either invalid or incomplete:

[q]2]
(YXx:aeq)
(Vx:aep)Vv(Vx:aeq)

[V —intro]
[Vv—intro2]

[p]t2]
(Vx:aep)Vv(Vx:aeq)

[V —intro]
[v—introl]

[Vx:aepV gl
pva

[V —elim]

[v—elim(?1]

VXx:ae V((VXx:ae
(v x p) v (VX q) = —introl1!]

(Vx:aepvg)=(Vx:aep)Vv(VXx:aeq) [

Identify the step or steps in the proof tree that are unjustified. O



