Solutions for Chapter 7

Relations

Solution 7.1 (Extension)

@ {9,{(0,0)},{(0,D}, {(1,0)},{(1, D},
{(1,0), (1,1}, {(0,0), (0,1}, {(0,1), (1, 1)},
{(0,1),(1,0)}, {(0,0), (1, 1)}, {(0,0), (1,0)},
{(0,0),(1,0), (1,1}, {(0,0),(0,1), (1, 1)},
{(0,0),(0,1),(1,0)},{(0,1),(1,0), (1, 1)},
{(0,0),(0,1),(1,0), (1, 1)} }

(b) {9, {(0,0)}, {(0,1)}, {(0,0),(0,1)}}
() {D}
(d) {2}

O
Solution 7.2 (Domain and range)

(@ {0,1,2}

(b) {1,2,3}

(© {1-2,1-3,2~3}
(d) &

O
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Solution 7.3 (Domain and range restriction)

(@)

(b)

(c)

Xx—yeA<(B<R)

S XxXeAAX~ye (B4AR)
[domain restriction]

S XEAAXEBAX—~YER
[domain restriction]
S Xe€ANBAX—YER
[intersection]
< xe(AnB)<R
[domain restriction]

x—ye(RuS)>C

S x—ye(RuS)AyeC
[range restriction]
S (x—yeRvVvx—yeS)anyeC
[union]
S (x—~yY€eERAYyelC)Vvix—myeSaye()
[since (PV Q) AR< (PAR)V (Q AR)]
SXx—yeR>CVvx—yeSn>C
[range restriction]
S XxX—~yYe(R>C)USH>C)
[union]

x—ye(A\B) <R

< xe(A\B) Ax—~yeR
[domain restriction]

S XxXeAANT(xeEB)AX—YER
[set minus]

S XEAAX—YERA-(XEB)
[properties of A]

S XEAAX—~YERA(-(XEB)V -~ (x—~YyE€ER)
[since PAQ < P A(QV —P)

S x—~yYe(AAR A~ (XEBAX~YER)
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[De Morgan]

S XxX—~yYye(A<R A~ (X~ Yy €EB<R)
[domain restriction]

< x—ye(A<R)\ (B<R)
[set minus]

O

Solution 7.4 (Relatives)

(a) parent == child~
(b) sibling == (parent § child) \ id[ Person]
(c) cousin == child g sibling § parent

(d) ancestor == parent™

O

Solution 7.5 (More relatives)

(a) mother == Female < parent
(b) grandmothers == dom(mother § parent)
(c) only_son == (dom sibling) < (Male < child)

(d) kissing == (Male < cousins > Female)$

O

Solution 7.6 (Composition)

(@ {2-4,3~3,3~-4,4~ 2}
(b) {1-3,2~-2,2~3,3~1}
(0 {1~-1,2~-2,2~3,3~2,3~3,4~4}
(d{1-4,2~-22-3,3~-2,3~3,4~1}

O

Solution 7.7 (Find the relations)

(@) Ris{0— 1,1+~ 0}
(b) S iseither {0 ~0,0~1,1~1}0or{0~0,1~ 0,1+~ 1}
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(c) T is either {0~ 1} or {1 — 0O}

O

Solution 7.8 (Closures)

(@ RR={a,b:N|b=avb=a+1}
b) B®={a,b:N||la-b|=1}

(¢ R* ={a,b:N|b>a}

(d R*={a,b:N|b=a}

() S"=1{x,y:Z|y=xvy=[x|}
0 S*={xy:Z|lyl=1Ixl}

(g ST =S

(h) §* =S8"

O

Solution 7.9 (Transitivity and subset) We begin with a chain of equivalences:

Se{R: X X|VXx,y,Zz: Xex~yYERAYy—~ZER=>Xx—2zZER}
SVXx,y,Zz: Xex—-yeSAy—~zeS=>x—-2zeS§
[set comprehension]
S VX, z: XeVy: Xex—yeSAy—~zeS=>x—ze$§
[property of V]
SVXx,z: Xe(Ay: Xex—~yeSAy—~zeSlS)=>x—-2z€S
[(Vy:Xep=gq) < (Fy:Xep)=q)l
SVXz: Xex—~2ze(5S53S)=>x—~2z€S8
[definition of relational composition]
< 5385cS
[definition of subset]
o Se{R:X < X|RZRSR}
[set comprehension]

We have assumed nothing about S, so we may generalise this result and use the
law of extensionality to show that the two sets are equal. O



