
Solutions for Chapter 5

Sets

Solution 5.1 (Membership)

(a) 1 ∈ {4,3,2,1} is true.

(b) {1} ∈ {1,2,3,4} is undefined.

(c) {1} ∈ {{1}, {2}, {3}, {4}} is true.

(d) ∅ ∈ {1,2,3,4} is undefined.
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Solution 5.2 (Comprehension) Given that∗ denotes multiplication, that div de-
notes integer division, and mod denotes remainder, describe each of the fol-
lowing using set comprehension:

(a) { z : Z | 0 ≤ z ≤ 100 }

(b) { z : Z • 10∗ z }

(c) { z : Z • z mod 2 = 0 ∧ z mod 3 = 0 ∧ z mod 5 = 0 }
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Solution 5.3 (Power sets)

(a) P{1,2} is the set {∅, {1}, {2}, {1,2}}
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(b) PP{1,2} is the set

{∅, {∅}, {{1}}, {{2}}, {{1,2}},
{∅, {1}}, {∅, {2}}, {∅, {1,2}},
{{1}, {2}}, {{1}, {1,2}}, {{2}, {1,2}},
{∅, {1}, {2}}, {∅, {1}, {1,2}},
{∅, {2}, {1,2}}, {{1}, {2}, {1,2}}, {∅, {1}, {2}, {1,2}}}

(c) P∅ is the set {∅}
(d) PP∅ is the set {∅, {∅}}
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Solution 5.4 (Cartesian products)

(a) {1} × {2,3} is the set {(1,2), (1,3)}
(b) ∅× {2,3} is the set ∅
(c) (P∅)× {1} is the set {(∅,1)}
(d) {(1,2)} × {3,4} is the set {((1,2),3), ((1,2),4)}
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Solution 5.5 (Equality of sets)

(a)

x ∈ a ∩ a

a (x ∈ a ∧ x ∈ a) [inter]

a (x ∈ a) [idempotence of ∧]

a x ∈ a

(b)

x ∈ a ∪ a

a (x ∈ a ∨ x ∈ a) [union]

a (x ∈ a) [idempotence of ∨]

a x ∈ a
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(c)

x ∈ a ∩∅
a x ∈ a ∧ x ∈ ∅ [inter]

a x ∈ a ∧ false [property of ∅]

a false [property of false]

a x ∈ ∅ [property of ∅]

(d)

x ∈ a ∪∅
a x ∈ a ∨ x ∈ ∅ [inter]

a x ∈ a ∨ false [property of ∅]

a x ∈ a [property of false]

(e)

x ∈ a ∩ (b \ a)
a x ∈ a ∧ x ∈ (b \ a) [inter]

a x ∈ a ∧ (x ∈ b ∧ x 6∈ a) [set minus]

a x ∈ a ∧ (x 6∈ a ∧ x ∈ b) [commutativity]

a (x ∈ a ∧ x 6∈ a) ∧ x ∈ b [associativity]

a false ∧ x ∈ b [property of false]

a false [property of false]

a x ∈ ∅ [property of ∅]
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Solution 5.6 (Characteristic tuple)

(a) {a : N; b : N | a > b } has as an element (1,0)

(b) { s : PN; a : N; t : PN | a ∈ (s ∩ t) } has as an element ({1,2},1, {1,2,3})
(c) { s : PN; t : PN | s ∩ t = ∅} has as an element ({1,2}, {3})
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