Solutions for Chapter 2

Propositional Logic

Solution 2.1 (Truth tables)
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Solution 2.2 (Tautologies)
(@ pvg < (mpvVv g) A qisacontingency
(b) pvg < (=pA—q)V qis acontingency
(©) pA—p = pisnot
(d) pv ~p = —pisnot
(e) p= (g = p) is a tautology
(f) (p = q) = pisnot

O

Solution 2.3 (Exclusive or)

(a) The exclusive-or operator admits the following truth table:
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~ |~ [T
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(b) A suitable introduction rule for this operator might be

(pA—qg) VvV (opAQg) [
pPvaq

vV —intro]
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while any of the following could serve as elimination rules
pva [v —elim1]
pvq
PV 5 elim2]
pvq .
v —elim3
Craa v (pr-g ]
O
Solution 2.4 (Conjunction and disjunction)
(a) In one direction:
[p A r] .
(DA r][4] — [A—elim2]
—— [A—eliml] m [v—intro2]
YOS [A—intro]
[p A gt .
DA q][4] T [A—elim2]
——— [A—eliml] —— [v—introl]
A—intro
pA(qVvr) [ ]
[(pAqg) Vv (pnar]B
[v—elim!41]

pA(qVvr) [
((pAag@)v(pAar)=>(pA(gVr))

= —introl3!]
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and the other

[pA(qgv )t

” [A—eliml] [r][z] .
7 [A—intro]
p [v—intro2]
(pAq@ V(pAY)
A (g v )t
LESCAR2) [A—eliml] (2]
P [q] .
[A—intro]
AL [v—introl]
(pAq@) V(pATY)
A (g v )t
[pA(qVr)] [ —elim?]
qvVvr
_elim(2]
PAQV(pAT) [é_mtrix]]ehm ]
(pA(@gvr)=Upnrqg)Vv(pAar))
We may then combine these two proofs with < —intro.
m]
Solution 2.5 (Implication and negation)
(a) In one direction
—p1l2]
(=Pl [v—introl]
pvq
[p=qlt [p]l2 .
[=—elim]
4 [v—intro2]
pvq
[excluded middle]
pVv p
v a) [v—elim[?]]

i [1]
(p=a) > (pvg omro
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and the other

[p1™ [-p1™!

false [~ ~elim]
—— [false—elim]

[—p v g3 [q10!

[v—elim[®1]

_q_ [=—introl41]
p=4q

(~pvaqg=>p=>q9

[=—introf31]

We may then combine these two proofs with < —intro.

O

Solution 2.6 (Using equivalences)

(a) The value of a compound proposition is determined entirely by the values
of its components. If g < r then g and r have the same value, and we
can safely replace g with r in a compound proposition expression such as

p A q without changing the value of p A g.

(b) Suppose that we wished to rewrite the proposition

pe(pAp)

using the (valid) implication p = (p v q). If we replace the first instance

of p with p v g, then we obtain the statement

(pvqg < (pAp)

which is true only if it is also the case that g = p. Thus an implication
alone is not enough to justify the replacement of one component with

another.
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Solution 2.7 (Using transitivity)

(a)

“(peq)
= ((p=qg) A (g=>p))
“(p=>q) Vv -(g=>p)
“(opvq Vv -(g=p)
“(=pVv g Vv -(=qVp)
=(=pVvq Vv (==g A —p)
< (7p Aq) Vv (mmg A Tp)
< (pA-q) Vv (Do7g A —p)
= (pA—q) V(g A—p)
= (pvi@Aa-p)A(-gVv(gn-—p))

=
=
=
=

Solutions

[ and =]

[De Morgan]

[ and V]

[ and V]

[De Morgan]

[De Morgan]
[idempotence of —]
[idempotence of —]
[distribution]

s (pvg) Alpyv-p)A(mgVvqg) A(—gVv —p) [distribution]

= (pvqg) Atruen (—mqV q) A (mq V —p)

e (pVvaAl=gVvag A(=gVvp)
< (pvqg) ANtrue A (g VvV —p)

< (pVvag) A(mgVv p)

s (pva A-(gAp)

< (pVva A-(pAqg)

[excluded middle]
[A and true]
[excluded middle]
[A and true]

[De Morgan]
[commutativity]



