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1 Introduction

The Z/EVES Mathematical Toolkit! includes the declaration of all the constants of the Standard
Mathematical Toolkit as described by Spivey [3] or the proposed ISO Standard for Z [1], and presents
useful theorems about these constants. The theorems are divided into two groups. The first group
contains theorems meant for human consumption, which are presented in the most natural way. The
second group contains theorems meant for the prover to use automatically, which are presented in
whatever way will work best. Often, however, many theorems in the human consumption group are
also suitable for automatic use, and are marked as rewrite rules.

This report is the specification of the standard “toolkit” section distributed with Z/EVES, Ver-
sion 2.0 [2].

The toolkit defines operations in several categories, which we summarize here. For each operation,
we show its IWTEX markup command (needed for users of the command line interface to Z/EVES,
but not by users of the graphical interface), give the page of this report containing its definition (or
the main theorems about it), and a brief description of its meaning.

General

KnownMember KnownMember p- 6 membership (for “weakening” rules)
px:S \mu x: S p- 8 definite description terms

T #y x \neq y p- 10 not equal

rxéy x \notin y p- 10 not a member

Sets

PX \power X p- 12 powerset

XxY X \cross Y p- 13 cross product

] \emptyset p- 14  empty set

P, X \power_1 X p- 16  non-empty powerset

SCT S \subseteq T p- 17 subset relation

ScT S \subset T p- 17 proper subset relation

SuT S \cup T p- 18  set union

SNnT S \cap T p- 19  set intersection

S\ T S \setminus T p.- 21  set difference (relative complement)
Us,Ns \bigcup S, \bigcap S  p.23  generalized union or intersection
Ordered Pairs

first first p- 24  first component of a pair

second second p- 24  second component of a pair

Ty x \mapsto y p- 26 maplets

1This work was funded by the United States Department of Defense under contract MDA904-95-C-2031.



Relations

XY
dom R,ran R
idS
QsR,RoQ
S<R
RS
S<49R
Re S

R~

R(S)
Qe R
R, R*

Rk

Functions

X+»Y X—>Y
XY X—Y
X >V, XY
X —»Y

X+ Y XY
gof

AN

f&g

fn

f applies$to x

X \rel Y
\dom R, \ran R
\id S

Q \comp R, R \circ Q

S \dres R

\rres S
\ndres R
\nrres S

\inv

R \limg S \rimg
Q \oplus R
R\plus, R\star
R \bsup k \esup

o X o

\bsup n \esup
“applies\$to~x

Numbers and finiteness

N, Ny
suce(n)
k..n

min S, max S
FX

F, X

#S

\nat, \nat_1
succ(n)

k \upto n
min~S, max~S
\finset X
\finset_1 X
\# S

X \pfun Y, X \fun Y

X \pinj Y, X \inj Y

X \psurj Y, X \surj Y
X \bij Y

X \ffun Y, X \finj Y
g \circ £

f \limg S \rimg

f \oplus g

f

f
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relation space

domain, range of a relation
identity relation
composition

domain restriction
range restriction
domain anti-restriction
range anti-restriction
inverse relation
relational image
overriding

transitive closure
iterate of a relation

function spaces

injective (1-1) function spaces
surjective (onto) function spaces
bijections

finite functions

composition

image

overriding

iterate of a function
applicability

natural numbers
successor (n + 1)

ranges

minimum and maximum
finite subsets

non-empty finite subsets
cardinality
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Sequences

seq X,seq; X \seq X, \seq_1 X p- 64  sequences

iseq X \iseq X p- 64  injective sequences

st s \cat t p. 67  concatenation

/s \dcat s p. 76 distributed concatenation
head s, last s head”s, last”s p. 68  first (last) element

tail s, front s tail”s, front~s p- 68  parts of a sequence

Tev S rev”s p- 70 reversal

S1s S \extract s p- 71 selection of a subsequence
sTS s \filter S p- 71  selection of a subsequence
squash(f) squash (f) p- 71 creation of a sequence

s prefix t s \prefix t p- 75  subsequence relations

s suffix ¢ s \suffix t p- 75  subsequence relations
sint s \inseq t p- 75  subsequence relations
disjoint s \disjoint s p. 77  disjointness

partition s \partition s p. 77  partitions

Bags

bag X \bag X p. 79  bags (multisets)

count B,Bfx count”B, B \bcount x p- 81  multiplicity in a bag

zin B x \inbag B p- 81  membership in a bag
ACB A \subbageq B p- 82  subbag relationship

n® B n \otimes B p- 83  bag scaling

AW B A \uplus B p- 84  bag union

AU B A \uminus B p- 85  bag difference

items(s) items(s) p- 86  bag of elements from a sequence

1.1 Changes since Version 2.2

There have been several changes from Version 2.2 of the Toolkit:

1. A number of rewriting rules have been disabled, as they were in general quite inefficient. These
rules were capable of causing the prover to do lots of work on subgoals that usually failed.
Where possible, simple cases of these rules, that recognize special cases syntactically, have
been added.

2. The induction theorems have been rewritten to use _ C _ in their conclusions, and have been
made disabled rewrite rules. This makes them slightly easier to use, since they can be applied,
with the rewriter working out the instantiation.

3. A few theorems were generalized to be applicable in cases where non-maximal generic actuals
are used.

4. Several new theorems were added.

5. Five errors were corrected.
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2 Automation strategies

Before presenting the specification of the Toolkit, we will discuss some of the technical issues that
influence the form of its theorems. This section is rather technical and should be skipped on first
reading.

2.1 Weakening

There is a basic rewriting strategy that colours much of the Toolkit theory. It is a bit tricky to
automate “weakening” proofs, where membership in a large set is inferred from membership in a
small set. For example, z € N x N; implies z € Z x N. These sorts of goals arise all the time, and
should be trivial to prove.

We adopt the following approach:

e Given a global constant declared as ¢ : T, a grule ¢ € T is automatically generated. (Such
theorems must be added by hand for constants declared as abbreviations. We give these
theorems names of the form z_type.)

e A special “known membership” function is defined, and we add a forward rule z € S =
x knownlIn S and another — z € S = — x knownlIn S. (Unfortunately, a knownln relation is
unsuitable here, as it would need a generic parameter. Therefore, we use a generic schema
KnownMember, with the set as the generic actual and component element as the member.)

e We add the rewrite rule z knownin T N'T € PS = z € S. We similarly add — x knownIn T A
SePT=-zeb.

Most weakening proofs give rise to subgoals of the form S € P T. If S is itself a global constant,
the weakening rule can apply again. We also give rules for such subgoals for interesting cases of S
and T below. For example, A - B € P(A’ - B') & A€ PA' A B € PB’. These theorems have
names ending with “_sub”. Generally, these rules express the monotonicity of set constructors such
as _ + _, F_ and seq _.

2.2 Ideal rules

Theorems expressing properties inherited by subsets are also worth automating. For example, any
subset of a relation is a relation, any subset of a partial function is a partial function, and any subset
of a finite set is a finite set.

This sort of reasoning plays out as follows: the fact that X is a subset of Y is recorded as
X € PY. Thus, if we are trying to show X € I, the weakening rule will give a subgoal of the form
PY € PI. If T is one of the sets mentioned above (e.g., I = A < B or ..., or I = FA), then
PY e PI & Y € I. Thus, adding this _ideal rule for each different set I is enough to allow the
automation of these proofs.

2.3 Facts about function results

A general rule gives the fact f(z) € Rif f € D + R and z € dom f—that is, function applications
have values in the range of the function.

In cases where a tighter containing set is available for a function application, it may be useful
to give an additional weakening rule. For example, the domain restriction (S < R) is a subset of R,
whereas from the declaration of _ <1 _ we can conclude only that it is a subset of X < Y (where
X < Y is the type of R). This fact about domain restriction could be expressed by the predicate

VS:PX; R: X~ YeS<9RCR.
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It is possible to express this fact in a form that can be used more automatically by EVES, by
writing instead the rule

VS:PX; RX - Y|PRecPZeS<ReZ.

This form interacts particularly well with the “ideal” rules. For example, if Z is an ideal set, then
the subgoal PR € P Z will be rewritten to R € Z—so, for example, if R is an injection, Z/EVES
can conclude that S < R is also an injection.

These theorems are given names ending in _result.

2.4 Computation rules

It is useful to be able to use Z/EVES to calculate the value of a Z expression, such as dom{l —
1,2—4,3+— 9}.

Set constructions, sequence constructions, and bag constructions are in fact formed from three
primitives: a constant for the empty value (e.g., {}, (), or []); a constructor for singletons; and a

“join” operation (U _ for sets, _ 7~ _ for sequences, and _ W _ for bags). For example, {1,2,3} is
really just an abbreviation for {1} U {2} U {3}).

In writing enough rewrite rules to allow for computations of functions applied to constructions, it
is therefore necessary to cover the three cases (empty, unit, join). Wherever possible in this Toolkit,
we have included enough such rules to allow these computations to be performed. For example, the
three rules domEmpty, domSingleton, and domCup are enough to allow domains of explicitly given
relations to be computed by rewriting.
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3 Weakening

Here is the definition of the “known membership” relation. As explained in Section 2.1, it is necessary
to use a schema rather than a relation.

Definitions

KnownMember[X]
relement X

Theorems

theorem frule knownMember [X]
element € X = KnownMember[X]|

theorem rule weakening
KnownMember[X] AN X e PY = element € Y
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4 Tuples

Tuples are part of the Z notation. We present the main theorems used in proofs.

4.1 Two-element tuples

theorem grule select_2_1
(z,y)l=1z

theorem grule select_2_2
(z,y)2=y

theorem rule eqTuple2
(zy) =@ y)ez='Ay=y

theorem rule select_1_member
reXxY=zleX

theorem rule select_2_member
reXxY=z22cY

theorem grule tupleComposition2
re€X XY =z=(z1,2.2)

4.2 Three-element tuples

theorem grule select_3_1
(z,y,2)1=x

theorem grule select_3_2
(z,y,2)2=y

theorem grule select_3_3
(r,y,2).3=2

theorem rule eqTuple3
(z,y,2)=(2",y,2Yorz=2d' Ny=y ANz=2
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5 Mu terms

Mu terms are treated specially by Z/EVES; a term of the form ST e e is converted into pm :
{ST e ¢} (unless it already has this form pz : S for some set ). This latter form is treated as a
function of S.

Theorems

We present here some of the theorems needed for dealing with mu terms.

theorem mulnSet [5]
(Ba:SeVb:Seb=a)=(uz:5)€S

theorem muValue [9]
seESANVs:Ses=s)=(uz:85)=s
Automation

We generally do not provide much automation for mu terms. When a mu term appears in an equality,
we can do a bit better, since we then have a candidate value for the expression.

theorem rule muValuel [5]

Vs: S| (Vs':Ses =s)e(uz:85)=s< true

theorem rule muValue2 [5]
Vs:S|(Vs':Ses'=s)es=(uz:95) < true

theorem rule muSingleton
(nz:{y}) =y



Z/EVES Project TR-99-5493-05b 9

6 Applicability
Relation _applies$to_ is used in domain checking conditions. It is declared as
_applies$to_[X, Y] : (X - V) < X.

Most of the rules about _applies$to_ appear later in the Toolkit, after “dom” has been introduced.

Theorems

theorem disabled rule appliesToDef [X, Y]
VR: X & Y; z:X e Rapplies$tor < (Fy: Y |(z,y) EReVy : Y |(z,9/) E Rey=1')
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7 Negations

Definitions

syntax # inrel  \neq
syntax ¢ inrel  \notin

—=[X]
_F_ XX
_¢_XoPX
{(notEqDef )
Ve,y: Xerx#ysr=y
{( notinDef ))
Ve:X; S:PXezx¢Seo-zes

Automation

theorem rule notEqRule [X]
rtys@eXAyeXA-z=y)

theorem rule notInRule [X]
¢S (zeXANSePXA-zel)



Z/EVES Project TR-99-5493-05b 11

8 Sets

8.1 Extensionality

The extensionality property is disabled, and needs to be enabled or applied manually in those proofs
where it is needed.

Additional extensionality properties are defined for relations (theorem relationExtensionality),
functions (theorems pfunFExtensionality and funExtensionality), and bags (theorem bagFEztensionality).

Theorems

theorem disabled rule extensionality
X=Y&Vzr:XezeY)ANNy:YeyecX)

theorem disabled rule extensionality2
X=Y&XePYANYePX
Theorem extensionality3 cannot be a rule, because X is not bound in the pattern S = T.

theorem extensionality3 [X]
VS, T:PXeS=T& Vz:X|zeSezeT)ANNVz': X |z eTex' €8f)
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8.2 Powersets

The powerset notation is a predefined part of the Z notation. Here are some basic theorems.

Theorems

theorem disabled rule inPower
XePYo (Ve:XeecY)

theorem rule inPowerSelf
XelPX

theorem rule power_sub
PXePPY)e XelPY
The following two facts are automated by the “weakening” rules in Section 3.
theorem inPowerTransitive

XePYANYePZ=XelPZ

theorem inSubset
reYANYePZ=>z2eZ
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8.3 Cross products

Cross products are part of the Z notation. Here are some basic theorems about two and three-element
cross products.

theorem disabled rule inCross2

peEXxYo@Bz:X;y:Yep=(zx,9)

theorem rule tupleInCross2
(r,y) e XxYorzeXAyeY

theorem rule CrossSubsetCross2
AePXANBePY=>AXxBeP(X xY)

theorem rule crossNull_2_1

xY={}

theorem rule crossNull_2_2

Xx{y=1{

theorem rule crossEqualNull2
XxY={}eX={}vYy={}

theorem disabled rule inCross3
peEXXxYxZePBa:X;y:Y;2:Zep=(z,y,2))

theorem rule tupleInCross3
(z,y,2) EX XY xZsrzeXNyeYANzeZ

theorem rule CrossSubsetCross3
AcPXANBePYANCePZ=AxBxCeP(XxYxZ)

theorem rule crossNull_3_1
{IxYxZ={}

theorem rule crossNull_3_2
X x{}xZ={}

theorem rule crossNull_3_3
XxYx{}=A{}

theorem rule crossEqualNull3
XxYxZ={}eX={vY=_vz={
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8.4 Empty set
Definition

syntax word  \empty
syntax () word  \emptyset

The name \empty is a synonym for \emptyset for backward compatibility with some early
versions of IXTEX markup for Z. The name \emptyset is preferred, especially for printing, as newer
versions of I TEX markup will not display \empty correctly.

D[X] == {z:X| false }

Theorems

It is convenient in proofs to use the empty set extension instead of the empty set, as the extension
is simpler (since it does not use a generic actual).

theorem rule emptyDefinition [X]
0ix] ={}

theorem rule inNull

-z e}

theorem rule nullSubset
{}ePX

theorem rule powerNull

P ={{}}

theorem nonEmptySetHasMember
S={}Vv (3xz:S etrue)
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8.5 Unit sets
Unit sets can be denoted by set displays.

Theorems

theorem rule inUnit
ze{yter=y

theorem rule unitSubset
{z} ePXereX

theorem rule unitEqualUnit
{e}={ytez=y

theorem rule nullEqualUnit

- ({}=A{=})

theorem rule unitEqualNull

- (e ={b)

theorem rule inPowerUnit
eyt e r={y}vae={}

15
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8.6 Non-empty powerset

Definition

P, X=={S:PX|S#0}

Theorems

theorem grule powerl_type [X]
P, X € P(PX)

theorem rule inPowerl
reP, XeorePXA-z={}

theorem rule powerl Empty

P {}=1{}

theorem rule powerlUnit
P {z} = {{=}}
Automation

theorem rule powerl_strong_type
P,XePPY)eXecPY

theorem rule powerl_sub
PXecPP, V)& XePY

Z/EVES Project TR-99-5493-05b
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8.7 Subsets
Definition

syntax C inrel \subseteq
syntax C inrel  \subset

= [X]
_C_ ,_C_:PXeoPX

{( disabled rule subDef ))
VA, B:PXeACB& (Vz:Aezc B)

{( disabled rule psubDef )
VA B:PXeACB ACBANA#DB

Theorems

theorem disabled rule subsetSelf [X]
VS:PXeSCS

theorem disabled rule nullsetSubset [X]
VS:PXe{}CS

theorem disabled rule subsetTransitive [X]
VAB,C:PX|ACBCCeACC

theorem rule psubsetSelf [X]
VS:PXe-SCS

theorem rule nullsetPsubset [X]
VS:PXe{}CcSe-5={}

Automation

The subset notation is convenient, but is awkward in expressing theorems because of the generic
actual. We cannot express the simple fact that A is a subset of B without at the same time
constraining them to be subsets of something else (the generic actual). A different notation, A € P B,
expresses exactly what we mean, although it is uglier than the subset notation.

theorem rule subsetDef [X]
ACB& AecPBABePX

theorem rule psubsetDef [X]
ACB& AcPBANBecPXAN-A=8
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8.8 Union
Definitions

Function _ U _ is predefined, as it is needed in the expansion of set extensions.

Theorems

theorem rule inCup [X]
VA B:PXezxc AUBsSzeAVzeDB

theorem disabled rule cupSubsetLeft [X]
SCIX]T=SUT=T

theorem disabled rule cupSubsetRight [X]
TCX]S=SuT=S

theorem rule cupNullLeft [X]
VS:PXe{}UuS=2S

theorem rule cupNullRight [X]
VS:PXeSU{}=2S8

theorem rule cupCommutes [X]
VS, T:PXeSUT=TUS

theorem rule cupAssociates [X]
VS, T,V:PXe(SUT)UV =SU(TUYV)

theorem rule cupSubset [X]
VS, T:PXe(SUT)ePUSSePUANTEePU

Automation

The following two rules are needed to compute equalities between set extensions, for example,
{1,2} = {}. However, they are not enough, we would need additional rules to show — {1, 2} = {2, 3}.
These additional facts do not appear to make good rewrite rules.

theorem rule cupEqualNullLeft [X]
VS, T:PXeSUT={}S={AT={}
theorem rule cupEqualNullRight [X]
VS, T:PXe{}=SUT&S={AT={}
Rule cupPermutes is needed to complement the associative and commutative laws.
theorem rule cupPermutes [X]

VS, T,V:PXeSU(TUV)=TU(SUV)

theorem rule subsetCup [X]
VT, U:PXe(SecPTVSecPU)=SecP(TUU)



Z/EVES Project TR-99-5493-05b

8.9 Intersection
Definitions

syntax N infund  \cap

—[X]

_N_:PXxPX -PX

{( capDefinition ))
Vr:X; A B:PXezxc ANB<sxc ANz EB

Theorems

theorem rule inCap [X]
VA B:PXezxc ANBsx€e ANz EB

theorem disabled rule capSubsetLeft [X]
SCX|T=S5SNT=S

theorem disabled rule capSubsetRight [X]
TCX]S=SNT=T

theorem rule capNullLeft [X]
VS:PXe{}NnS={}

theorem rule capNullRight [X]
VS:PXeSNn{}={}

theorem rule unitCap [X]
Ve:X; S:PXe{z} NS =if z €S then {z} else {}

theorem rule capUnit [X]
Ve:X; S:PXeSNn{z}=if z € S then {z} else {}

theorem rule capCommutes [X]
VS, T:-PXeSNT=TnNS

theorem rule capAssociates [X]
VS, T,V:PXe(SNT)NV =SN(TNV)

theorem disabled rule capSubset [X]
VS, T,U:PXe(SCUVTCU)=SNTCU

theorem rule subsetCap [X]
VT, U:PXeSeP(TNU)=SePTANSePU

19
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Automation
Rule capPermutes is needed to complement the associative and commutative laws.
theorem rule capPermutes [X]
VS, T, V:PXeSN(TNV)=TN((SNYV)
theorem rule cap_result [X]
VS, T:PX|PSePZVPTcPZeSNTeZ
In order to compute intersections of literals, we need the following two rules.
theorem rule computeCapl [X]

Ve:X; S,T:PX|zeTe({z}uS ) NT={z}U(SNT)

theorem rule computeCap2 [X]
Ve:X; S,T:PX|-zeTe({z}uS NT=5SNT
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8.10 Set difference
Definitions

syntax \ infun3  \setminus

= [X]

\_:PXxPX >PX

{( diffDefinition ))
Vz:X; AB:PXezrcA\BeozrzecAN-z€B

Theorems

theorem rule inDiff [X]
VS, T:PXezecS\TezeSAN-zeT

theorem rule diffDiff [X]
VS, T,U:PXe(S\T)\U=S\(TUU)

theorem rule diffSubset [X]
VS, T,U:PXeS\TCUSCUUT

theorem disabled rule diffSuperset [X]
VS, T:PX|ScPTeS\T=1{}

theorem rule diffEmptyLeft [X]
VS:PXe{}\S={}

theorem rule diffEmptyRight [X]
VS:PXeS\{} =S

theorem rule unitDiff [X]
Vo :X; S:PX e{z}\S=if z € Sthen {} else {z}

Automation
The following is derived from the fact S\ 7' C S.

theorem rule diff_result [X]
VS, T:PX|PScPZeS\TecZ

In order to compute differences of literals, we need the following two rules.

theorem rule computeDiff1 [X]
Ve :X; S,T:PX|zeToe({z}UuS)\T=S\T

theorem rule computeDiff2 [X]
Ve:X; S,T:PX|-zecTe({z}USY\T={z}U(S\T)
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8.11 Distribution laws
Theorems

theorem disabled rule distributeCupOverCapRight [X]
VA B,C:PXeAU(BNC)=(AUB)N(AUC)

theorem disabled rule distributeCupOverCapLeft [X]
VA B,C:PXe(ANB)UC =(AUC)N(BUC)

theorem disabled rule distributeCapOverCupRight [X]
VA B,C:PXeAN(BUC)=(ANB)U(ANC)

theorem disabled rule distributeCapOverCupLeft [X]
VA B,C:PXe(AUB)NC=(ANC)U(BNC)

theorem disabled rule distributeDiffOverCupRight [X]
VA, B,C:PX e A\ (BUC)=(4A\B)N(A\ C)

theorem disabled rule distributeDiffOverCupLeft [X]
VA B,C:PXe(AUB)\C=(A\C)U(B\C)

theorem disabled rule distributeDiffOverCapRight [X]
VA B,C:PXeA\(BNC)=(A\B)U(A\ C)

theorem disabled rule distributeDiffOverCapLeft [X]
VA B,C:PXe(ANB)\C=(A\C)N(B\C)
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8.12 Generalized union and intersection
Definitions

—[X]

UN:PPX)—>PX

{(rule inBigcup ))
Ve:X; A:PPX)ezec|JA= (IB: Aex € B)

{(rule inBigcap ))
Ve:X; A:PPX)eze(A<s (VB: Aex € B)

Theorems
theorem rule bigcupEmpty [X]

UXI{ = {3

theorem rule bigcupUnit [X]
SePX=H{S}=5

theorem rule bigcupUnion [X]
VS, T:PPX)eYSUT)=US)uUUT)

theorem rule inPowerBigcup [X]
VS:PPX)eze S=zecP(J9)

theorem rule bigcupInPower [X]
VS :PPX)e|USePT < SePPT)

theorem disabled rule bigcupSubsetBigcup [X]
VS, T:PPX)|SCTelUSCUT

theorem rule bigcapEmpty [X]

NX{} =X

theorem rule bigcapUnit [X]
SePX=N{S}=5

theorem rule bigcapUnion [X]
VS, T:P(PX)eN(SUT)=(NS)N(NT)

theorem rule bigcapInPower [X]
VS :PPX)ezecS=SecPx

theorem disabled rule inPowerBigcap [X]
VT :PPX)eSeP(NT)e VU:TeSePU)

theorem disabled rule bigcapSubsetBigeap [X]
VS, T:P(PX)| TCSeNSCNT
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9 Ordered pairs

The definitions of first and second are here for compatibility with the original toolkit. It is usually
more convenient to use the numeric projection functions (i.e., write p.1 instead of first p). This is
better in proofs because there are no generic actuals needed.

Definitions

first: X xY — X
second : X x Y —Y

{(rule firstDefinition ))
Ve:X;y:Y e first(z,y) =z

{(rule secondDefinition )
Vz:X; y:Y esecond(z,y) =1y

{( pairComposition ))
Vp: X xY ep=(firstp,secondp)

Theorems

theorem rule firstIsDot1 [X, Y]
Vp: X x Y efirst{fX,Y]p=p.1

theorem rule secondIsDot2 [X, Y]
Vp: X xY esecondX,Y]|p=p.2
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10 Relations

10.1 Relation space
The function _ < _ is predefined by the equation X < ¥ =P(X x V).

Theorems

theorem grule relDefinition [X, Y]
X—Y=PXxY)

theorem rule nulllnRel
{} cX <Y

theorem rule unitInRel
{p}eX—YepeXxY

theorem rule cupInRel [X, Y]
VQ,R:P(X xY)e
QUReA—-B& QeA—-BANRecA~B

theorem subsetOfRellsRel [X, Y]
ReX—YANSCR=SecX<Y

theorem rule crossIsRel [X, Y]
VA:PX; B:PYeAxBeX <Y

theorem rule relEqualNull

theorem relationExtensionality [X, Y]
VQR: X~ YeQ=R&Vr:X;y:YerRysazQuy)
Automation

theorem rule rel_type [X, Y]
PXxY)eZ=Xe—YeZ

theorem rule rel_ideal [X, Y]
PSePX—Y)eSeX Y

theorem rule rel_sub [X, Y]
VA:PX; B:PYeA— BeP(X < Y)
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10.2 Maplets

Maplets provide an alternative notation for ordered pairs. They are usually used in defining functions
or relations. The defining axiom is phrased as a rewrite rule to eliminate maplets in favour of pairs.
Definitions

syntax — infunl \mapsto

—[X, Y]
= _ XxY—->XxY

{(rule mapDef))
Ve:X;y:Yerxr—y=(z,9)




Z/EVES Project TR-99-5493-05b 27

10.3 Domain and range

syntax dom word  \dom
syntax ran word  \ran

Definitions

dom: (X < Y)—-PX
ran: (X «YV)—>PY

{( disabled rule domDefinition ))
VR: X o YedomR={z:X;y:Y|(z,y) € Rex}

{( disabled rule ranDefinition ))
VR: X - YeranR={z:X; y:Y|(z,y) € Rey}

Theorems

theorem disabled rule inDom [X, Y]
VR: X Yezxecdom R< (Jy: YV e(x,y) €R)

theorem memberFirstInDom [X, Y]
VR: X < Y |(z,y) € Rexz edomR

theorem rule domEmpty [X, Y]
dom[X, Y{} = {}

theorem rule domSingleton [X, V]
Vp:X x Y edom{p} ={p.1}

theorem rule domCup [X, Y]
VQ,R: X «— Y edom(QUR) = (dom Q) U (dom R)

theorem rule domCross [X, Y]
VA:PX; B:PY |- B={}edom(4dxB)=A4

theorem disabled rule domSubset [X, V]
VS: X< YeVR:PSedomR e P(domS)

theorem disabled rule inRan [X, Y]
VR: X YeycranR< (3z: X o (z,y) €R)

theorem memberSecondInRan [X, Y]
VR: X <Y |(z,y) € ReycranR

theorem disabled rule inRanFunction [X, Y]
Vi: X+ Yeycran f < (Jz:domf ey = f(z))
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theorem rule ranEmpty [X, Y]
ran[X, Y]{} = {}

theorem rule ranSingleton [X, Y]
Vp: X x Y eran{p} = {p.2}

theorem rule ranCup [X, Y]
VQ,R: X < Yeran(QUR) = (ran Q) U (ran R)

theorem rule ranCross [X, Y]
VA:PX; B:PY |- A={}eran(Ax B)=18B

theorem disabled rule ranSubset [X, V]
VS: X~ YeVR:PSeranR € P(rans)
Automation

theorem rule domInPower [X, Y]
SeEPXAReS—Y=domX,Y|RePS

theorem rule ranInPower [X, Y]
SeEPYANReX & S=ran[X,Y|RePS
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10.4 Identity relation

Definitions

syntax id pregen  \id
dX=={z:Xexr—=z}

Theorems
theorem disabled rule inld [X]
peidX epe X XX Apl=p2

theorem rule pairlnld [X]
(r,y)ceidX erz=yAzeX

theorem rule applyld [X]
Vr:X e (idX)(z)==x

theorem rule domld [X]
VS :PX edom(idS) =S

theorem rule ranld [X]
VS:PX eran(idS) =9

theorem rule idNull

id{} = {}

theorem rule idUnit

id{z} = {(z, )}

theorem rule idCup [X]
VA B:PX eid(AUB)=idAUid B

theorem rule idSubsetld
dX ePlidY)e XePY
Automation

The next four rules could be replaced by a _type rule. Better, though, would be to use X ~» X as
the declared set, if bijections were declared yet.

theorem rule idType [X]
idX eP(AxB)e XcPANX€e€PB

theorem rule idInRel [X]
idXe€eA—-B&XcPANXcPB

theorem rule idInPfun [X]
idXe(A+B)eXcPAANXcPB

theorem rule idInFun [X]
idXe(A—-B)«X=ANXecPB
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10.5 Composition

Two composition operators are defined; they are identical except for the order of their arguments.
Rather than have two sets of rules, one for each composition operator, we use rule circDef to replace

gofbyfsg.

Definitions

syntax g infund  \comp
syntax o infund  \circ

—[X,Y,Z]
3 (X Y)x(Y=2)—> (X< 2)
o (YeZ)x(Xe~Y) - (X 2)

(( disabled rule compDef ))
VQ: X< Y, R:Y—Ze
QsR={z:X;y:Y;2:Z|2QyRze(x,2)}
{(rule circDef )
VQ: XY, R: Y~ Ze
RoQ=QsR

Theorems

theorem rule pairlnComp [X, Y, Z]
VQ: XY, R: Y~ Ze(z,2)EQsR& (Jy:Yer QyRz)

theorem rule compAssociates [W, X, Y, Z]
VP:WeX; Q: XY, R:Y—Ze(P3Q)sR=P3(Q3R)

The domain of a composition @ g R is @~ ( dom R |), but this fact cannot be legally stated
this early in the Toolkit. A similar fact (and problem) applies to the range of a composition. See
Section 10.9, where these theorems appear.

theorem domCompSmaller [X, Y, Z]
VQ: X< Y; R:Y < Zedom(QgR)C domQ

theorem disabled rule easyDomComp [X, Y, Z]
VQ:X—Y;R:Y — Z|ranQ € P(dom R) e dom(Q g R) = dom Q

theorem ranCompSmaller [X, Y, Z]
VQ:X—Y;R:Y — Zeran(QgR) CranR

theorem disabled rule easyRanComp [X, Y, Z]
VQ:X—Y; R:Y - Z|domR € P(ran Q) eran(@Q g R) =ran R

theorem rule applyComp [X, Y, 7]
feX+»YNngeYw»ZAzedomfAf(z)edomg= (fgg)(z)=g(f(x))
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It is hard to make a stronger rule than the following, because a composition may apply to a value
in cases where its first member does not. For example, if f = Z x Z and g = {0 — 0}, then f does
not apply to anything, while f g g is a function with domain Z.

theorem rule compAppliesTo [X, Y, 7]
Vi:X <Y, g:Y < Ze fappliesStoxr = ((f 3 g) applies$to z < g applies$to f(z))

theorem disabled rule compMonotone [X, Y, Z]
VQ.Q X o YRR :Y—Z|QCQARCReQ 3R C(Q35R)

theorem rule compInRel [X, Y, Z]
VA:PX; B:PZ|QeA—YANReY —BeQsRcA— B

theorem rule compInPfun [X, Y, 7]
VA:PX; B:PZ|feA+-»YANgeY »Befsgc A+ B

theorem rule compInFun [X, Y, 7]
VA:PX; B:PZ|feX+»YANgeY w_Ze
fs9€A— B (dom(fsg) =AAran(fsg) C B)

Automation

theorem rule applyCompKnownFunctions [X, YV, Z]
KnownMember[A — Bl[f/element] A KnownMember|C — D][g/element]
Ne € ANAEPXANBePCANCePYANDePZ

= (fs9)(z) = g(f(z))

We could add domCompResult and RanCompResult here.
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10.6 Domain and range restriction
Definitions

syntax < infun6  \dres
syntax > infun6  \rres

—[X,Y]

Z/EVES Project TR-99-5493-05b

A PXXx(XeYV)=»(X<Y)
> (X YV)XxPY = (X<Y)

(( disabled rule dresDef ))
VS:PX;R: X—YeS<aR={p:R|pleS}

(( disabled rule rresDef ))
VR: X< Y; S:PYeR>S={p:R|p2eS}

Theorems

theorem rule inDres [X, Y]
VS:PX;R: X YezxeSaR&zeRANZ1ES

theorem rule inRres [X, Y]
VR: X< Y;S:PYexc R>SezrzeRANz2€S

theorem rule domDres [X, V]
VR: X < Y; S:PX edom(S<R)=5NdomR

theorem rule ranRres [X, Y]
VR: X< Y; S:PYeran(R>S)=(ranR)N S

theorem dresIsSubset [X, Y]
VR: XY, S:PXeS<RCR

theorem rresIsSubset [X, V]
VR: XY, S:PYeR>SCR

theorem rule compldLeft [X, Y]
VS:PX; R: X — Ye(idS)sR=S<R

theorem rule compIdRight [X, Y]
VR: X - Y; S:PYeR3(idS)=Rp> S

theorem rule dresld [X]
VS, T:PX eS<(idT)=id(SN T)

theorem rule rresld [X]
VS, T:PX e(idS)> T =id(SN T)
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theorem rule dresDres [X, Y]
VS, T:PX; R: X YeS<(T<R)=(SNT)<R

theorem rule rresRres [X, Y]
VS, T:PY; R: X - Ye(R>S)>T=R>(S5NT)
We should normalize S <t R > T, as the order of association does not matter.
theorem disabled rule dresEverything [X, Y]

VR: X - Y; S:PXeSNdomR={}=S<R={}

theorem disabled rule rresEverything [X, Y]
VR: X< VY; S:PYeSNranR={}=R> S ={}

theorem rule nullDres [X, Y]
VR: X —Ye{}<xR=1{}

theorem rule rresNull [X, V]
VR: X - YeR>{}={}

theorem rule dresNull [X, Y]
VS:PXeS<X,Y{}={}

theorem rule nullRres [X, Y]
VS:PYe{}>[X,Y]S={}

theorem disabled rule dresElimination [X, Y]
VR: X VY; S:PXedomRePS=S<R=R

theorem disabled rule rresElimination [X, Y]
VR: X< Y;S:PYeranRecPS=R>S=R

theorem rule dresUnit [X, V]
Ve:X;y:Y; S:PXeS<{(z,y)} =if z € S then {(z,y)} else {}

theorem rule unitRres [X, V]
Ve :X; y:Y; S:PY e{(z,y)} >S5 =if y € S then {(z,y)} else {}

theorem rule unitDres [X, Y]
VR: X - Y;z:Xe(-nzecdomR)={z}<R={}

theorem rule rresUnit [X, V]
VR: X < Y;y:Ye(myeranR) = R>{y} ={}
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theorem rule dresCup [X, Y]
VS:PX; QR: X - YeS<(QUR)=(S<Q)U(S<R)

theorem rule rresCup [X, Y]
VQ,R: X VY; S:PYe(QUR)>S=(Q>S)U(R>S)
There should be theorems about restricting compositions.
theorem rule applyDres [X, Y]

Vi:X+Y;, S:PXezecSAzedomf= (S<f)(z)=[f(x)

theorem rule applyRres [X, Y]
Vi: X +Y; S:PYezecdomfAf(x)eS=(fr9)(z)=f(z)
Automation

theorem rule dres_result [X, Y]
VS:PX; R: X— YePRecPZ=S<RecZ

theorem rule rres_result [X, V]
VS:PY; R: X« YePRePZ=R>SeZ
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10.7 Domain and range anti-restriction
Definitions

syntax <€ infun6  \ndres
syntax B infun6  \nrres

—[X, Y]
A PXXx(XeYV)=»(X<Y)
b (X o Y)xPY (X < Y)

(( disabled rule ndresDef )
VS:PX;R: X—YeS<aR={p:R|-pleS}

(( disabled rule nrresDef )
VR: X - Y; S:PYeReS={p:R|-p2€S}

Theorems

theorem rule inNdres [X, V]
VS:PX; R: X YezxeSaR&SzeRAN-21€S

theorem rule inNrres [X, Y]
VR: X< Y; S:PYezxcReSzeRA-z2€ S

theorem rule domNdres [X, Y]
VR: X < Y; S:PXedom(S<R)=(domR)\S

theorem rule ranNrres [X, Y]
VR: X< YV; S:PY eran(ReS)=(ranR)\ S

theorem ndresIsSubset [X, Y]
VR: XY, S:PXeSH9RCR

theorem nrresIsSubset [X, Y]
VR: XY, S:PYeR&SCR

theorem rule ndresld [X]
VS, T:PXeS<(idT)=id(T\ S)

theorem rule nrresld [X]
VS, T:PXe(idS)e T=id(S\T)

theorem rule ndresNdres [X, Y]
VS, T:PX; R: X —YeS<a(TaR)=(SUT)<R

theorem rule nrresNrres [X, V]
VS, T:PY; R: X Ye(ReS)>T=Re(SUT)
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More similar rules are possible, for various combinations of <, <, >, and B.
theorem disabled rule ndresNothing [X, Y]
VR: X<~ Y; S:PXeSNdomR={}=S<R=R

theorem disabled rule nrresNothing [ X, V]
VR: X< VY; S:PYeSNranR={}=ReS=R

theorem rule nullNdres [X, Y]
VR: X - Ye{}9R=R

theorem rule nrresNull [X, Y]
VR: X —YeRe{}=R

theorem disabled rule ndresEverything [X, Y]
VR: X - Y; S:PXedomRePS=S<gR={}

theorem disabled rule nrresEverything [X, Y]
VR: X - Y; S:PYeranRePS=ReS={}

theorem rule ndresNull [X, V]
VS:PXeS<[X, Y{} ={}

theorem rule nullNrres [X, Y]
VS:PYe{}e[X,Y]S={}

theorem rule ndresUnit [X, V]
Ve:X;y:Y; S:PXeS<a{(z,y)} =if z € S then {} else {(z,y)}

theorem rule nrresUnit [X, Y]
Ve :X; y:Y; S:PY e{(z,y)} 5 =if y € S then {} else {(z,y)}

theorem rule ndresCup [X, Y]
VS:PX; QR: X - YeS<9(QUR)=(S<9Q)U(S<9R)

theorem rule nrresCup [X, Y]
VQR: X —Y; S:PYe(QUR)S=(Qe S )U(ReS)
There should be theorems about anti-restricting compositions.
theorem rule applyNdres [X, Y]
Vi: X +»Y;, S:PXe-zeSAzedomf=(Saf)(z)=f(z)

theorem rule applyNrres [X, V]
Vi: X +Y; S:PYezedomfA-f(z)eS=(feS)(x)=f(z)
Automation

theorem rule ndres_result [X, V]
VS:PX; R: X — YePRecPZ=5S5<9ReZ

theorem rule nrres_result [X, Y]
VS:PY; R: X« YePRecPZ=ReSecZ
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10.8 Relational inversion
Definitions

syntax ~ postfun  \inv

—[X, Y]

(X e Y) = (Yo X)

{( disabled rule invDef ))
VR: X oY eR"={p:Re(p.2,pl)}

Theorems

theorem rule invInPowerCross [X, Y]
VA:PY; B:PX; R: X— YeR"eP(AXxB)& ReP(B x A)

theorem rule invInRel [X, Y]
VA:PY; B:PX;R: X YeR"cA—~ B ReB«— A

theorem rule pairInlnv [X, Y]
VR: X < Ye(zr,y) e R~V & (y,z) €R

theorem disabled rule inversesEqual [X, Y]
VQR: X —YeQ"=R"< Q=R

theorem disabled rule inversesSubseteq [X, Y]
VQ,R:X - Ye(Q~CR>& QCR

theorem rule invCross [X, Y]
VA:PX; B:PYe(AxB)"=BxA

theorem rule invEmpty [X, Y]

XY =1

theorem rule invUnit [X, Y]
Va: X5 y: Ve {(s,9)}” ={(y,2)}

theorem rule invCup [X, Y]
VQ,R: X < Y e (QUR)”=(Q™)U(R™)

theorem rule invCap [X, Y]
VQ,R: X <Y e (QNR)”=(Q~)N(R™)

theorem rule invSetminus [X, Y]

VO R: X = Ye(Q\R)”=(Q7)\(R7)
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theorem rule invinv [X, V]
VR: X < Ye(RY)"=R

theorem rule invComp [X, Y, Z]
VQ:X o YiR:Y = Ze(QgR) = (R)5(Q)

theorem rule invId [X]
VS:PXe(idS)”=id S

theorem rule invDres [X, Y]
VS:PX; R: X< Ye(S<aR)”=(R”)>S

theorem rule invRres [X, Y]
VS:PY; R: X < Ye(R>S8)~=S<(R")

theorem rule invNdres [X, Y]
VS:PX; R: X Ye(S9R)”=(RY)&S

theorem rule invNrres [X, V]
VS:PY; R: X< Ye(ReS9)"=5<(R")

theorem rule domlInv [X, Y]
VR: X < Y edom(R~) =ran R

theorem rule ranlnv [X, Y]
VR:X < Y eran(R~) =domR

Rules about applying inverses appear in Section 11.3.
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10.9 Relational image
Definitions

(o) (X Y)xPX -PY
{( disabled rule imageDef ))
VR: X < VY; S:PXeR(S|=ran(S<R)

Theorems

theorem disabled rule inlmage [X, Y]
VR: X < VY; S:PXeycR(S)e (3z:SexzRy)

theorem imageSubsetRange [X, Y]
VR: X —Y; S:PXeR(S)CranR

theorem disabled rule imageMonotonic [X, Y]
VQR: XV, SST:PX|SCTAQCReQ(S)eP(R|T))

theorem imageMonotonicl [X, Y]
VR: X - Y; SST:PX|SCTeR(S)CR(T)

theorem imageMonotonic2 [X, Y]
VQ.R:X - Vi §:PX|QCReQ(S)CR(S)

theorem rule imageNull [X, V]
VR:X < YeR({})={}

theorem rule nulllmage [X, Y]

VS:PX e (DX, YI{}5) ={}

The following rule should perhaps be disabled, as it can lead to ugly formulas (e.g., R( {1,2} |
will be greatly expanded). On the other hand, it is needed for calculating functional images (e.g.,

suce( {1,2} ).

theorem rule imageCup [X, Y]
VR: X < VY; S, T:PXeR(SUT)=R(S)UR(|T)

theorem disabled rule fulllmage [X, Y]
VR: X < Y |domRePSeR(|S|)=ranR

theorem rule firstImage [X, V]
VS:X < Yefirst(S])=domS

theorem rule secondImage [X, Y]
VS:X < Yeseond(|S|)=ran$
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theorem rule idlmage [X]
VS, T:PXe(idS)(T)=SNT

theorem rule imageDres [X, V]
VR:X = Y;S,T:PXe(SaR(T)=R(SNT)

theorem rule imageRres [X, V]
VR: X< YV; S:PY; T:PTe(R>S)(T)=R(T)NS

theorem rule imageNdres [X, Y]
VR:X — Y; S, T:PXe(S<R)(|T)=R(T\S)

theorem rule imageNrres [X, Y]
VR: X < V; S:PY; T:PTe(ReS)(T)=R(T)\S

theorem rule imageComp [X, Y, 7]
VQ: X =YV i R:Y < Z; S:PXe(QsR)(S)=R(Q(S))

theorem rule inlmagelnv [X Y]
Vi: Y+ X;, S:PXezcf(S)ercdomfAflz)eS

theorem disabled rule domComp [X, Y, Z]

VQ: X< Y, R:Y— Zedom(QsR)=Q(domR )

theorem disabled rule ranComp [X, Y, Z
VQ: X< Y, R:Y o Zeran(QsR)=R(ranQ )

theorem rule applicationInlmage [X, Y]
Vi XY, S:PXeVz:S|zecdomfef(z)ef(S)
Automation

The following rules allow simple relational images to be calculated, e.g., suce( {1,2,3} |). The first
rule is disabled because of the if-form it introduces.

theorem disabled rule functionlmageUnit [X, V]
Vf: X+ Yef({z}| =if 2 € domf then {f(z)} else {}

theorem rule functionlmageUnitOnDom [X, Y]

Vi: X+ Y[zedomfef({z}])={f(z)}

theorem rule functionlmageUnitOffDom [X, Y]
VfiX e Y |-aedomf e f({z} ) ={}

theorem rule image_result [X, V]
VR: X - Y; S:PXePranR)ePZ=R(S)eZ
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10.10 Overriding
Definitions
syntax @ infunb  \oplus

—[X,Y]
O (X o Vx(XeoV)»(XoY)

{( disabled rule oplusDef ))
VQR: XY eQ®dR=(domR)9Q)UR

Theorems
theorem rule overrideInPowerCross [X, Y]
VA:PX; B:PYeVQ,R:A— BeQ®RcP(4x B)

theorem rule overrideInRel [X, V]
VA:PX; B:PYeVQ,R:A—~Be(QdPRc A~ B

theorem rule overrideInPfun [X, Y]
VA:PX;, B:PYeVfg:A+-BefPge A+ B

theorem rule overrideInFun [X, Y]
VA:PX; B:PYeVf:A—B;g:A+~Bef®dgec A— B

theorem rule overrideAssociates [X, V]
VOQ,R,S: X~ Ye(QOR)©S=QD(RDS)

theorem rule overrideWithNull [X, V]
VR: X —YeR®{}=R
The following theorem has as a special case {} & R = R.
theorem disabled rule overrideEverything [X, V]
VQ,R: X Y|dom@Q CdomRe QB R=R

theorem rule overrideNull [X, Y]
VR: X —Ye{}&R=R

theorem rule domOverride [X, Y]
VQ,R: X < Y edom(Q @ R) = (dom Q) U (dom R)

theorem rule overrideAppliesTo [X, V]
Vi, g: X & Y o (f ®g)applies$toz < g appliesStox V (- z € dom g A f applies$to x)

theorem disabled rule applyOverride [X, Y]
Vig: XY, z:X|(fDg)appliesStoz o (f @ g)(z) = if g applies$to z then g(z) else f(z)

theorem rule applyOverridel [X, Y]
Vig: X< Y;z:X|gappliecs$tox o (f ® g)(x) = g(x)

theorem rule applyOverride2 [X, Y]
Vi,g: X< Y;2:X |-z edomgA f applies$tox o (f & g)(z) = f(x)
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10.11 Transitive closure
Definitions

syntax T postfun  \plus
syntax * postfun  \star
—[X]

(X e X) - (X = X)

{( disabled rule plusDef ))

VR: X XeRT={Q:X-X|RCQANQsQCQ}

(( disabled rule starDef )
VR:X > XeRT={Q: X->X|idXCQARCQAQ3QCQ}

Theorems

theorem rule domPlus [X]
VR:X < X edom(R") =domR

theorem rule ranPlus [X]
VR:X < X eran(R") =ran R

theorem rule plusInRel [X]
VAB:PX;:R:X >XeRtcA—BoRecAwB

theorem rule domStar [X]
VR: X & X edom(R*) =X

theorem rule ranStar [X]
VR:X < X eran(R*) = X

theorem rule starInRel [X]
VR: X > XeR'cA—-Bo XecPANXePB

theorem rule nullPlus [X]

{rx1={

theorem rule nullStar [X]
{}* =1dX

theorem plusMonotonic [X]
VQR: X - X|QCReQtCRT

theorem starMonotonic [X]
VQR: X —>X|QCReQ"CR*

Many more theorems should be added!
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11 Functions

11.1 Function spaces
Definitions
Partial and total function spaces are predefined; the definitions are
X+ Y={f: XV |Ve:X;yy:Y|(x,y) €fN(z,y)Efoy=1y"}

and
X—>Y=={f:X»Y|Ve:Xe3y:Ye(syecf})

Theorems

theorem disabled rule pfunDef [X, Y]
VR: X~ YeReX Y& RYgRCIAY

theorem rule nulllnPfun
{}eA+ B

theorem rule nulllnFun
{}eA—-B& A={}

theorem rule unitInPfun
{p}eA+»BepeAxB

theorem rule cupInPfun [X, Y]
Vi,g:P(XxY); A:PX; B:PY e
(fug)e A= B
=
feA+B
Nge A+ B
ANVz:AlzedomfAzedomygef(x)=g(z))

theorem disabled rule cupInFun [X, Y]
Vi,g:P(XxY); A:PX; B:PY e
(fUg)e A—B
=

feA+B
NgeA-+B
ANVz:AlzedomfAzedomgef(x)=g(z))
A (domf)U (domg) = A

theorem subsetOfPfun
feA+»BANgePf=9gc A+ B

theorem pfunExtensionality [X, Y]
Vf,g: X +»Yef=g<domf=domgA (Vz:domf e f(z)=g(z))

theorem funExtensionality [X, Y]
Vig: X = Yef=go (Vo:Xef(x)=yg(r))
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Automation

theorem grule pfun_type [X, Y]
X+»YePX<Y)

theorem rule pfun_sub [X, Y]
VA:PX; B:PYeA+»BePX+Y)

theorem rule pfun_ideal [X, Y]
PZePX+Y)eZeX+Y

theorem grule fun_type [X, Y]
X—->YePX+-Y)

theorem rule fun_sub [X, Y]
VB:PYeX -BecP(X —Y)

theorem rule domFunction
KnownMember[A — BJANA€PX ABePY = dom[X, Y]element = A
The following theorem might lead to non-maximal generic actuals in dom[A, B].
theorem rule applicationInDeclaredRangePfun [A, B]

KnownMember[A -+ B] A z € dom element A B € PX = element(z) € X

theorem rule applicationInDeclaredRangeFun [A, B]
KnownMember[A — BNz € AN B ePX = element(z) € X
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11.2 Application

Function application is part of the Z syntax, so no definitions are needed.

Theorems

theorem rule pfunAppliesTo [X, V]
Vi: X+ Y efapplies$tor < x € dom f

theorem applyInRanPfun [X, Y]
VA:PX; B:PY eVf: A+ BeVa:domfef(a)cranf A f(a) €B

theorem applyInRanFun [X, Y]
Vi X—>Y,a:Xef(a)eY

theorem pairInFunction [X, Y]
ViX+Ye(zy)ef=y=f()

theorem rule applyUnit
z=z={(z,y)}z) =y

theorem rule applyCupLeft [X, Y]
Vig: X —Ye(fUugle X+ Y Azecdomf= (fUg)(z)=[f(z)

theorem rule applyCupRight [X, V]
Vig: X Ye(fUgeX +»YAzedomg= (fUg)(z)=g(x)

theorem applySubset [X, Y]
Vig: X+»Y,z:X|fCgAzedomfef(x)=gx)
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11.3 Injections
Definitions

syntax - ingen  \pinj
syntax — ingen  \inj

XY= {fX+»Y|freY+X}

X—Y==(XmY)n(X —Y)

Theorems

theorem rule nulllnPinj
{}e A+~ B

theorem rule unitInPinj
{p}eA~BepecAxB

theorem rule nulllnlnj
{}eA—B&s A={}

theorem disabled rule cupInPinj [X, V]
Vi,g:P(XxY); A:PX; B:PY e
(fUg)e A+ B

=
feA+ B
Nge A+ B
ANVz:AlzedomfAzedomygef(z)=g(z))
Ay B|ycranfAycrang e (y) = g~(1))

theorem pinjApplicationsEqual [X, Y]
VA:PX; B:PYeVf: A BeVr,y:domfef(z)=f(y)=z=y

theorem subsetOfPinjIsPinj [X, Y]
Vi: X+~ YeVg:Pfege XY

theorem applylnverse [X, V]
VA:PX; B:PY|feA BAzcdomfef~(f(z)) =1z
Automation

theorem grule pinj_type
X+YePX-+-Y)

theorem rule inj_type
X»»YePZVX—->YePZ)=X—YelPZ
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theorem rule pinj_sub [X, V]
VA:PX; B:PY oA BeP(X = Y)

theorem rule inj_sub [X, Y]
VB:PYeX— BeP(X— Y)

theorem rule pinj_ideal
PReP(A+~B)< Rec A+ B

theorem rule applicationInDeclaredRangePinj [A, B]
KnownMember[A -~ B] A z € dom element A B € PX = element(z) € X

theorem rule domlInjection
KnownMember[A — BJANA€PX ABePY = dom[X, Y]element = A

theorem rule applicationInDeclaredRangelnj [A, B]
KnownMember[A — B]ANz € AN B ePX = element(z) € X

We do not have enough rules to “compute” membership of a set construction in 4 — B.
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11.4 Surjections
Definitions

syntax — ingen  \psurj
syntax — ingen  \surj

X+»Y={f:X+»Y|ranf=Y}
X > Y ==(X = Y)N(X = Y)

Theorems

theorem nulllnPsurj
{}eA+»B< B={}

theorem unitInPsurj
{p}€eA—-»B& (pe Ax BAB={p2})

theorem rule cupInPsurj [X, Y]
Vi,g:P(XxY), A:PX; B:PY e
(fug)e A+ B

=
feA+ B
Nge A+ B
ANVz:A|zedomfAzedomgef(z)=g(z))
A (ranf)U (rang) = B
Automation

theorem grule psurj_type
X»YePX+Y)

theorem rule psurj_sub [X, Y]
VA:PXeAd-+»YecPX —+Y)

theorem rule surj_type
(X+»YePZVX—>YePZ)=X—>»YeclP”Z

theorem rule ranPsurj [X, V]
KnownMember[A - BJANA€PX ABe€PY = ran[X, Y]element = B

theorem rule applicationInDeclaredRangePsurj [A, B]
KnownMember[A - B] A z € dom element A B € PX = element(z) € X

theorem rule domSurjection [X, Y]
KnownMember[A — BN A€PX ABePY = dom[X, Y]element = A

theorem rule ranSurjection [X, Y]
KnownMember[A — BN A€PX ABePY = ran[X, Y]element = B

theorem rule applicationInDeclaredRangeSurj [A, B]
KnownMember[A — BNz € AN B €PX = element(z) € X

We do not have enough rules to “compute” membership of a set construction in A — B.
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11.5 Bijections
Definitions

syntax —» ingen  \bij

Theorems

theorem rule nulllnBij
{}ed—Be(A={}AB={})

theorem rule unitInBij
{pted—Be(A={pl}NB={p2})
Automation

theorem rule bij_type
(X —YePZVX >YePZ)=X —>»YePZ

theorem grule id_type
idX e X — X

theorem rule domBijection [X, Y]
KnownMember[A — B|ANA€PX ANBePY = dom[X, Y]element = A

theorem rule ranBijection [X, Y]
KnownMember[A — B|NA€PX ABePY = ran[X, Y]element = B

theorem rule applicationInDeclaredRangeBij [A, B]
KnownMember[A — Bl ANz € ANBePX = element(z) € X

We do not have enough rules to “compute” membership of a set construction in A — B.
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11.6 Inversion and function spaces
Theorems

theorem rule inverseInPfun [X, Y]
VA:PX; B:PYeVf:B»s Aef~"c A+ B

theorem rule inverseInFun [X, Y]
VA:PX;, B:PYeVf:B—Aef"cA—-B&ranf=4

theorem rule inverseInPinj [X, Y]
VA:PX; B:PY; f: Yo XefYecA»BsfeB+ A

theorem rule inverselnlnj [X, Y]
VA:PX; B:PY;f: Y XefYecA—BsfeB+~AAranf=4

theorem rule inverseInPsurj [X, Y]
VA:PX; B:PY|feB— Aef~c A=+ B

theorem rule inverselnSurj [X, Y]
VA:PX; B:PY|feB—»AefYc A—» B

theorem rule inverseBij [X, V]
VA:PY; B:PX;f: X YefYcA—»BsfeB—»A
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12 Numbers

theorem integersExist

(Z={})

Function the$integer can be generated by a proof step; it is applied to some expression whose
value could not be determined to be integer.

theorem rule thelntegerElimination
Vi :Z e theSinteger(i) =i

12.1 Arithmetic functions

The arithmetic functions — + _, _ — _, (=), —* _, _div_ and _ mod _ are predefined.

Theorems

theorem rule domDiv
dom(_div_) =7 x (Z\ {0})

theorem rule domMod
dom(_mod_) =Z x (Z\ {0})

theorem grule divModRelation
Vr,y:Z|-y=0ez=(zdivy)*y+ (z mody)

theorem modRangel
Ve,y:Z|y>0e0<zmody <y

theorem modRange2
Ve,y:Z|y<0ey<zmody <0
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12.2 Arithmetic relations

The relations — < _, - < _ _ > _ and _ > _ are predefined.

Theorems

theorem rule lessthanlnv
<) =(>)

theorem rule leqlnv
(<) =(2.)

theorem rule greaterthanlnv
> =(<-)

theorem rule geqlnv
(> =C<o)

We could also have a number of theorems about composition of the arithmetic relations.
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12.3 Naturals
Definitions

N=={n:Z|n>0}
Ny=={n:N|n>1}
succ : N —» Ny

{(rule succDef )
Vn:Nesucc(n)=n+1

Theorems

theorem rule inNat
reENszeZNz>0

theorem rule inNatl
zreNierxeZAx>1

theorem natsExist

“N={}

theorem natlsExist
- Ny ={}

The following theorem shows that functions on the naturals can be defined inductively.

theorem primitiveRecursion [X]
Vbase: X; step: X xN— X o
Jf:N—>Xe
f(0) =base AN (Vn:Ne f(n+1)=step(f(n),n))

Here is another version of the primitive recursion theorem, where we allow the defined function
to have additional parameters.

theorem generalPrimitiveRecursion [Result, Parameter)]
Y base : Parameter — Result; step : Result X N x Parameter — Result o
3f : N x Parameter — Result e
V p : Parameter e

f(0,p) = base(p) A (Yn:Nef(n+1,p)=step(f(n,p),n,p))

Automation

theorem grule natType
NePZ

theorem grule natl_type
N; € PN
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12.4 Relational iteration

Definitions

—[X]
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iter : 72— (X < X) = (X « X)

{(rule iter0))
VR: X — XeiterOR=1id X
((iterNegative ))
VR: X & X;n:Z|n<0eiternR =iter (—n)(R™)

((iterPositive ))
VR: X < X; n:Neiter(n+1)R = Rg(itern R)

Theorems

theorem rule iterateld [X]
Vn:Z; S:PX e(idS)" =if n =0 thenid X else id §

theorem rule iterateEmpty [X]
Vn:Z|-n=0eiter[X]|n{} ={}

theorem rule onelteration [X]
VR: X~ XeR'=R

theorem rule minusOnelteration [X]
VR: X < X eR'=R~

theorem disabled rule composePositivelterates [X]
Vn,k:N; R: X — Y e R** = Rr g Rk

theorem inverseOflteration [X]
VR: X - X;n:Ze(R")”=R"

theorem iterInPlus [X]
Vn:Ni; R: X - X e R"CR*

theorem iterInStar [X]
Vn:N;, R: X - X eR"CR*

Many more theorems should be added.
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12.5 Ranges
Definitions

syntax .. infun2  \upto

L XZ—PZ

{( disabled rule rangeDef ))
Va,b:Zea.. b={k:Z]|a<k<b}

Theorems

theorem rule inRange
Va,b:Zexca..bsa<zx<bh

theorem rule rangeNull
a>b=a..0={}

theorem rule rangeUnit
Va:Zea..a={a}

theorem rule rangeSubsetNat
Va,b:Zea.. bePNsaeNVh<a

theorem rule rangeSubsetNat1
Va,b:Zea..bePNi; s aeN; Vb<a

theorem rule rangeSubsetRange
Va,bye,d:Zea..beP(c..d)yeb<aV(c<anb<d)

theorem rule rangeEqualRange
Va,b,e,d:Zea..b=c..de(a=cANb=d)V(b<aNd<c)

There should be theorems for unions, intersections, and differences of ranges.

%)
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12.6 Finiteness
Definitions

syntax F pregen  \finset

FX={S:PX|3n:Ne3df:1..n— Seranf =275}

Fy X == FX)\{}}

Theorems

theorem rule inFinset1 [X]
e, XeozeFXA-z={}

theorem rule nullFinite [X]
{}eFX

theorem rule unitFinite [X]
{z} eFXereX

theorem rule cupFinite [X]
VA B:PXeAUBecFY < (AcFYANBeFY)

theorem rule numlIsInfinite
-~ (ZeFZ)

theorem rule natlsInfinite
- (NeFZ)

theorem rule natlIsInfinite

theorem rule powersetInFinset [X]
PXcFPY)oXcFY

theorem rule rangelnFinset
Va,b:Zea..beFX s a..bePX

theorem rule crossIsFinite2 [X, Y]
~(AxB={})=>(AxBeF(XxY)sAcFXABEcFY)

theorem disabled rule finiteInduction [X]
VS:PPX)|{}eSANVz:X; YV:Se{2}UY eS)eFXCS

theorem disabled rule finitelInduction [X]
VS:PPX)|(Ve:Xe{z}cS)N(VA,B:SeAUBecS)eF, XCS
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Automation

theorem grule finset_type [X]
FX e P(PX)

theorem rule finset_sub
FXePFY)eXelPY

theorem rule finset_ideal
PXePFY)e XeFY

theorem grule finsetl_type [X]
F, X € P(F X)

theorem rule finsetl_sub
F,XePF,Y)eXePY
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12.7 Cardinality
Definitions

syntax # word  \#
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—[X]

#:FX —->N

(( sizeDef ))
VS:FXedf:1..(#S5)— S etrue

Theorems

theorem disabled rule ranCard [X]
ran(#[X]) =if X e FX then0..#X else N

theorem rule sizeNull [X]

#XH{} =0

theorem rule sizeUnit [X]
Vr: X e#{z} =1

theorem rule sizeRange
Va,b:Ze#(a..b)=if a<bthenl+b—aelsel

theorem sizeOfSubset [X]
VT:FX|ScPTe0<#S<#T

theorem rule card AddElement [X]
Ve:X; S:FX|-zeSe#({z}US)=1+#S

theorem cardCup [X]
VS, T:FXe#S+#T =#(SUT)+#(SNT)

theorem cardDiff [X]
VS FX; T:PXe#(S\T)=#S—#(5SNT)

theorem rule card0 [X]

VS:FXe#5=0& 5=}

theorem cardIsNonNegqative [X]
VS:FX e#8>0
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12.8 Finite function spaces
Definitions

syntax -+ ingen  \ffun
syntax » ingen  \finj

X+ Y=X+Y)NF(X xY)
X Y=X+Y)N(X»Y)

Theorems

theorem rule nulllnFFun
{}¢A+ B

theorem rule unitInFFun
{p}eA+w»BepecAxB

theorem rule cupInFfun [X, Y]
Vi,g:P(XxY),; A:PX; B:PYe
(fug)e A+ B
54
feAw B
Ng€e A+ B
ANVz:A|zedomfAzedomgef(z)=g(z))

theorem rule nulllnFinj
{}eA»» B

theorem rule unitInFinj
{p}e A BepeAxB

theorem disabled rule cupInFinj [X, Y]
Vi,g:P(XxY),; A:PX; B:PY e
(fug)e A B
=

feAwB
Ng€E A B
ANNVz:Alzedomf Az edomgef(x)=g(z))
A(Vy:domf; z:domg | f(y) = g(z) ey =2)

theorem functionFinite [X, V]
VA:PX; B:PYefcAw B (fe A+ BAdomf eFX)

theorem finiteFunction [X, V]
Vi: X w YedomfeFX Aranf e FY A #(ranf) < #(dom f) = #f
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Automation

theorem rule ffun_type
(X+»YePZVFXxY)ePZ)=Xw»YePZ

theorem rule finj_type
(X YePZVXYePZ)=XmwYePZ

theorem rule fflun_ideal
PReP(X +wY)eReX Y

theorem rule finj_ideal
PReP(Xw Y)&oReX w Y

theorem rule fflun_sub [X, Y]
VA:PX; B:PYeAw»BeP(X +Y)

theorem rule finj_sub [X, V]
VA:PX; B:PY e Aws B eP(X w0 V)

theorem rule applicationInDeclaredRangeFfun [A, B]
KnownMember[A + B] A x € dom element A B € P X = element(z) € X

theorem rule applicationInDeclaredRangeFinj [A, B]
KnownMember[A »» B] A z € dom element A B € PX = element(z) € X
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12.9 Min and max

Definitions
min, max : Py Z + Z

{( minDef ))
min={S:PZ; m:Z|meSAN¥n:Sem<n)}

{( maxDef )
maz ={S:PZ; m:Z|meSANVn:Sen<m)}

Theorems

theorem maxProperty
S edommazr = max S € SANVn:Sen<mas)

theorem minProperty
S e dommin = minS e€SANMn:SeminS <n)

theorem minBound
VS :PZ;z:Z|(Vn:Sex<n)eSecdomminAz<minS

theorem maxBound
VS :PZ;z:Z|(Vn:Sen<gz)eS e dommazr A maz S <z

theorem explicitMin
VS:PZ|zeSANVn:Sez<n)eScdommin AminS =z

theorem explicitMax
VS:PZ|zeSANVn:Sen<z)eScdommazr A maxr S =z

theorem rule natIsWellFounded
VS :PNe S ecdommin< -5 ={}

theorem rule finiteSetHasMin
SeF,Z= S € dommin

theorem rule finiteSetHasMax
SeF,Z= S € dommaz

theorem rule minUnit
Vz:7Zemin{z}=z1

theorem rule minRange
Va,b:Z|a<bemin(a..b)=a
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theorem rule maxUnit
Vi:Zemar{z} =2z

theorem rule maxRange
Va,b:Z|a<bemazr(a..b)=0>

theorem rule cupInDomMin
SE{PANT#{}=(SUT edommin< (S €dommin AT € dommin))

theorem rule minCup
S € dommin A T € dom min = min(S U T) = if min S < min T then min S else min T

theorem rule cupInDomMax
SE{GIANT#{}=(SUT € dommaz < (S € dommaz A T € dom maz))

theorem rule maxCup
S € dommaz A T € dommaz = mazx(SU T) = if mazr S < maz T then maz T else maz S
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12.10 Induction

We express the induction schemes using set variables. In order to use induction to show Vn : N e
P(n) for some property P, one first forms the set P_values == {n : N | P(n) }, then uses one of
the induction theorems to show N C P_values. Rewriting this (using subDef and inPower) gives
the original goal.

Theorems

theorem disabled rule natInduction
VS:PZ|0eSANVz:Sex+1cS)eNCS

theorem disabled rule natlInduction
VS:PZ|1eSANVz:Sex+1cS)eN; CS

theorem disabled rule natStrongInduction
VS:PZ|(Vz:N|(Vy:N|y<zeyecS)ezecS)eNCS

theorem disabled rule nat1StrongInduction
VS:PZ|(Vz:Ny|(Vy:Ny|y<zeyeS)erzecS)eN; CS
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13 Sequences

Definitions

syntax seq pregen  \seq
syntax iseq pregen  \iseq

seqX =={f: N+ X |3In:Nedomf=1..n}

seq; X == {f :seq X | #f > 0}
iseq X == (seq X) N (N = X)

Theorems
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It is sometimes useful to be able to convert sequence extensions to set extensions.

theorem disabled rule nullSeqDef

0=1

theorem disabled rule unitSeqDef

() ={(L,2)}

theorem rule unitInSeq [X]
(z) eseq X ez e X

theorem rule unitInlseq [X]
(z) €iseqX &z e X

theorem rule inSeql [X]

seseq; X & seseqX N5 =)

theorem rule applyUnitSeq

(r)(1) ==

theorem rule sizeNullSeq [X]
#lZ < X]() =0

theorem rule sizeUnitSeq [X]
Vr:X e#(z)=1

theorem domSeq [X]
Vs:seqX edoms =1..#s

theorem rule unitIsNullSeql

= (z) = ()

theorem rule unitIsNullSeq2

- () = (2)
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theorem rule unitsEqual
() =(y)oz=y

theorem rule ranNullSeq [X]
ran(Z, X]() = {}

theorem rule ranUnitSeq [X]
Viz:X eran(z) = {z}

theorem ranSeqInPower [X]
Vs:seqX erans e PY & seseqY

theorem rule dresSeqInSeq [X]
VS :PXeVa,b:Z; s:seqSe(a..b)<seseqS < (a<1Vb<aVa>#s)

theorem rule seqSize0 [X]
Vs:seqX e #s=0< 5= ()
Automation

theorem grule seq_type [X]
seq X € P(N; + X)

theorem grule seql_type [X]
seq; X € P(seq X)

theorem rule iseq_type [X]
(seq X €ePZVN; e X €ePZ)=iseq X € PZ

theorem grule nullSeqType

() € iseq{}

theorem grule unitSeqType
(z) € iseq{z}

theorem rule seq_sub [Y]
seqX €P(seqY) & X ePY

theorem rule seql_sub [Y]
seq; X €P(seq V) X ePY

theorem rule iseq_sub [Y]
iseqX € P(iseqY) = X €PY
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theorem rule domSeqRule [X]
KnownMember[seq A] N A € PX = dom element = 1.. #element

theorem rule applicationInDeclaredRangeSeq [A, B]
KnownMember[seq A] N1 < z < #element N A € PX = element(z) € X

theorem rule domIseqRule [X]
KnownMember[iseq A] A A € PX = dom element = 1.. #element

theorem rule applicationInDeclaredRangelseq [A, B]
KnownMember[iseq Al A1 < z < #element N A € PX = element(z) € X
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13.1 Concatenation
Definitions

syntax 7 infun3  \cat

[X]
[:_”\_ :seq X xseq X — seq X

Theorems

theorem rule domCat
seq X xseqX € PAAseqX € PB = dom[4, B](—" _)[X] =seq X x seq X

theorem rule catInSeq [X]
Vs, t:seqX @ (s t)€seqY & (se€seqY ANt €seq?Y)

theorem rule sizeCat [X]

Vs, t:seqX @ #(s ™ t) = (#5) + (#t)

theorem rule applyCat [X]
Vs,t:seqX eVn:1..#s+#te (s t)(n)=if n < #s then s(n) else t(n — #s)

theorem rule ranCat [X]
Vs,t:seqX eran(s " t) =ransUrant

theorem rule nullCat [X]
Vs:seqX o () "s=3s

theorem rule catNull [X]
Vs:seqX es ™ ()=s

theorem disabled rule catRightCancellation [X]
Vs,t,buiseqX o (s Tu=t"u)s=t

theorem disabled rule catLeftCancellation [X]
Vs, t,u:seqX o (s " t=s"u)st=u

theorem rule catsEqual [X]
Vz,y:X; s,t:seqX o(z) "s=(y) " ter=yAs=1

theorem rule catAssociates [X]
Vs, t,u:seqX o(s™t) Tu=s"(t" u)

theorem rule catYieldsNullseq [X]
Vs,t:seqXo((s"t)=))ecs=)At=)
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13.2 Sequence decomposition

Definitions

= [X]

Z/EVES Project TR-99-5493-05b

head, last : seq; X — X
tail, front : seq; X — seq X

{( disabled rule headDef ))
Vs :seq; X e head s = s(1)

{( disabled rule lastDef ))
Vs:seqy X o last s = s(#s)

(( disabled rule tailDef ))
Vs:sequ X @tails=(An:1..#s—1es(n+1))

{( disabled rule frontDef ))
Vs:seqq X @ fronts=(An:1..#s—1es(n))

Theorems

theorem rule headInSet [X]
VY:PXeVs:seq, Y eheadse€ YV

theorem rule lastInSet [X]
VY :PXeVs:seq Yelastse Y

theorem rule taillnSeq [X]
VY :PX eVs:seq, Y e tails €seqY

theorem rule frontInSeq [X]
VY :PX eVs:seq Y e fronts €seqY

theorem headTailComposition [X]
Vs:seq; X @ s = (head s) ™ (tail s)

theorem frontLastComposition [X]
Vs:seq X e s=(fronts) ™ (last s)

theorem rule cardTail [X]
Vs :seqq X o #(tail s) = (#s) — 1

theorem rule applyTail [X]
Vs:sequ X | 1< n<#se(tails)(n) =s(n+1)

theorem rule cardFront [X]
Vs :seqy X o #(fronts) = (#s) — 1
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theorem rule applyFront [X]
Vs:sequ X |1 < n<#se (fronts)(n)=s(n)

theorem rule headUnit [X]
Vz:X ehead () =2z

theorem rule headCat [X]
Vs, t:seqX | - s= () e head (s " t) = head s

theorem rule tailUnit [X]
Vz:X etail{z)=/{)

theorem rule tailCat [X]
Vs, t:seqX | - s={) etail (s t) = (tails) "t

theorem rule lastUnit [X]
Vz:Xelast{z) ==z

theorem rule lastCat [X]
Vs,t:seqX |-t =) elast (s t)=lastt

theorem rule frontUnit [X]
V:X e front(z) =)

theorem rule frontCat [X]
Vs, t:seqX |-t =) o front(s™t)=1s" (frontt)
Automation

theorem rule tail_result [X]
Vs :seq; X |seq(rans) e PZ o tails € Z

theorem rule front_result [X]
Vs:sequ X |[PsePZ e frontseZ

theorem rule head_result [X]
Vs:sequ X |[rans € PZ e heads € Z

theorem rule last_result [X]
Vs:seq; X |[rans € PZ o lasts € Z
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13.3 Reversal
Definitions

—[X]
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rev : seq X — seq X

{(rule revNull ))
rev () = ()

{(rule revUnit ))
Vz:X erev(x) = (z)

{(rule revCat )
Vs,t:seqX e rev(s "~ t) = (revt) " (revs)

Theorems

theorem rule revinSeq [X]
Vs:seqX erevs €seqY & s €seq Y

theorem rule revinlseq [X]
Vs:seqX erevs €iseqY < s €iseq Y

theorem rule revRev [X]
Vs:seqX o rev(revs) =s

theorem rule domRev [X]
Vs :seqX e dom(revs) = dom s

theorem rule ranRev [X]
Vs :seq X eran(revs) =rans

theorem rule cardRev [X]
Vs:seqX o #(revs) = #s

theorem rule tailRev [X]
Vs :seq; X e tail(rev s) = rev (front )

theorem rule frontRev [X]
Vs :seq; X e front(revs) = rev (tail s)

theorem rule headRev [X]
Vs :seq; X e head(rev s) = last s

theorem rule lastRev [X]
Vs :seqq X e last(rev s) = head s

theorem rule applyRev [X]
Vs:seqX |1 <n<#se(revs)(n)=s(l+ (#s)—n)
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13.4 Filtering
Definitions

syntax [ infund  \filter
syntax | infund  \extract

—=[X]
_1_:PZ xseq X — seq X
__:seqX xPX —seq X
squash : (N + X) — seq X

{( extractDef ))
VE:PZ; s:seqX @ E| s = squash(E < s)
{(filterDef ))
Vs:seqX; F:PX es|F = squash(st>F)
{( squashDef ))
Vf . Nl + X o
Jg:1..4#f = (domy)
| (Vi,j :domg [ i <jeg(i)<g(j))
o squash(f) =gsf

Spivey specifies _ | _: PNj x ...; there seemed to be no obvious reason why that domain could
not be enlarged.
Theorems

theorem rule extractNull [X]
VE:PZe E[X]()=()

theorem disabled rule extractUnit [X]
VE :PZ; z: X e E1{(z)=if 1 € F then (z) else ()

theorem rule extractUnitl [X]
VE:PZ;z:X|1ecEeET(zx)=(x)

theorem rule extractUnit2 [X]
VE:PZ;z:X|1¢EeE](z)=)

theorem disabled rule extractAll [X]
VE :PZ; s:seqX |[doms cPEFeE|s=s

theorem disabled rule extractNone [X]
VE:PZ; s:seqX | (doms)NE={}e E]s=)

theorem rule nullExtract [X]
Vs:seqX o{}1s=
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theorem rule extractIsSeq [X]
VE:PZ; Y :PXeVs:seqY e F|seseqY

theorem rule extractIsIseq [X]
VE:PZ; Y :PXeVs:iseqY e F]s€iseqY

theorem disabled rule sizeExtract [X]
VE:PZ; s:seqX o #(FE 1 s)=#(EN(L..#s))

theorem rule nullFilter [X]
VF:PXe()|F=(

theorem disabled rule filterUnit [X]
VF:PX; z:Xe(x)|F=if x € F then (z) else ()

theorem rule filterUnitl [X]
VF:PX eVz:Fe(x)|F=/x)

theorem rule filterUnit2 [X]
VF:PX;z:X|-zeFe(zx)|F=(

theorem rule filterCat [X]
VF:PX;s,t:seqXeo(s " t)[F=(s[F)"(tF)

theorem disabled rule filterAll [X]
VF:PX; s:seqX | FNrans={}es[F =)

theorem disabled rule filterNone [X]
VF:PX; s:seqX |[rans C Fes[F=s

theorem rule filterNull [X]
Vs:seqX es|{} =)

theorem rule filterInSeql [X]
Vs:seqX; F:PZe(s|F)€eseqZ

theorem rule filterInSeq2 [X]
Vs:seqZ; F:PX e(s|F)€eseqZ

theorem rule filterInlseql [X]
Vs:iseqX; F:PZ e (s|F)€iseqZ

theorem rule filterInlseq2 [X]
Vs:iseqZ; F:PX e (s|F)€iseqZ
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theorem rule ranFilter [X]
Vs:seqX; F:PX eran(s| F) = (rans)NF

theorem rule revFilter [X]
Vs:seqX; F:PX erev(s|F)=(revs)|F

theorem rule sizeFilter [X]
Vs:seqX; F:PX e#(s|F)<7s

theorem rule squashInSeq [X]
VY :PXeVf:N;+ Y esquash(f) €seqY

theorem rule squashInlseq [X]
VY :PXeVf:Ny» Y esquash(f) € iseq Y

theorem rule squashNull [X]
squash[X]({}) = ()

theorem rule squashUnit [X]
Vp: Ny x X e squash{p} = (p.2)

There should be other rules about squash.

Automation

We should perhaps offer filterResult, extractResult, and squashResult.
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13.5 Mapping over a sequence

Mapping a function f over a sequence s = (1, 1,...) results in the sequence (f(z1),f(z2),...).
There is no special function for this in Z; since sequences are functions, composition can be used
instead. The above result can be expressed as f o s or sgf.

Theorems

The following three theorems allow for the computation of mapping of a function over a literal
sequence.

theorem rule mapSeqNull [X, V]
VEiX e Ye(sf=

theorem rule mapSeqUnit [X, V]
Vi: X+ Y;2: X |zecdomfe(z)sf=(f(z))

theorem rule mapSeqCat [X, Y]
Vi: X+ Y; s t:seqX |rans Cdomf Arant Cdomfe (s t)gf=(ssf) " (tsf)
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13.6 Relations between sequences
Definitions

syntax prefix inrel  \prefix
syntax suffix inrel  \suffix
syntax in inrel  \inseq

= [X]
_ prefix _, _suffix _,_in _:seq X < seq X

Vs,t:seqX @ sprefix t & (Ju:seqX es " u

Vs,t:seqX esint< (Ju,v:seqX e u" s

= 1)

Vs, t:seqX e ssuffixt < (Ju:seqX eu"s=t)

o =1t)

Theorems

theorem rule nullPrefix [X]
Vt:seqX e () prefix t

theorem rule prefixNull [X]
Vs:seqX e s prefix () & s =)

theorem rule nullSuffix [X]
Vit:seqX e () suffix t

theorem rule suffixNull [X]
Vs:seqX e ssuffix () & s=()

theorem rule nulllnseq [X]
Vit:seqX e ()int

theorem rule inseqNull [X]
Vs:seqX esin () < s=)

theorem prefixRev [X]
Vs, t:seqX e s prefix t < rev(s) suffix rev(t)

theorem inSeqRev [X]
Vs,t:seqX o rev(s)inrev(t) = sint

The partial order laws should be added.

(0]
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13.7 Distributed concatenation

Definitions

— [X]

™/ :seq(seq X) — seq X
{(rule dcatNull))

~/0 =10

{(rule dcatUnit ))

Vs:seqX @ " /(s)=s

{(rule dcatCat )
Vs, t:seq(seq X) e /(s T t) = (T/s) " (T/ 1)

Theorems

theorem rule dcatInSeq [X]
Vs:seq(seqX); YV :PX e /scseqY & s €seq(seqY)
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13.8 Disjointness and partitioning
Definitions

syntax disjoint prerel  \disjoint
syntax partition inrel ~ \partition

disjoint _: P(I + P X)
_partition_: (/ +PX) - PX

{( disabled rule disjointDef ))
VS:I+PX edisjoint S« (Vi,j:domS |—i=jeS()NSGE) ={})

{(rule partitionDef ))
VS:I+PX; T:PX eS partition T < disjoint S A J(ran S) = T

Theorems

theorem rule disjointEmpty [I, X]
disjoint [I, X]{}

theorem rule disjointNull [X]
disjoint [Z, X] ()

theorem rule disjointUnit [I, X]
Vz:IxPX edisjoint {z}

theorem rule disjointUnitSeq [X]
Vz:PX edisjoint (z)

theorem disabled rule disjointCat [X]
Vs, t:seq(lPX) e disjoint (s ™ t) < disjoint s A disjoint ¢ A ([J(ran s)) N (U(ran t)) = {}

7
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13.9 Induction
The comments on integer induction apply equally well here.
theorem disabled rule seqInduction [X]

VA:PX eV S:P(seqAd) | ) € SANVz:Ae{z)c S)AN(Vs,t:Ses " teS)eseqACS

theorem disabled rule seqLeftInduction [X]
VA:PX; S:P(seqX)| () e SA(Vz:A;s:Se(z) " s€S)eseqACS

theorem disabled rule seqRightInduction [X]
VA:PX; S:P(seqX)|)eSANVT:A;5:Ses " (z)eS)eseqAC S

theorem disabled rule seqlInduction [X]
VA:PX eVS:P(seqA)| (Vz:Ae{z)e S)AN(Vs,t:Ses " tecS)eseq ACS
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14 Bags

Definitions

syntax bag pregen  \bag
We define bag X as X + Nj rather than X — N so that A C B implies bag A C bag B.

bag X ==X - N;

Theorems

It is sometimes useful to turn bag extensions into set extensions.
theorem disabled rule nullBagDef
[={}

theorem disabled rule unitBagDef

[2]) = {(z, 1)}

theorem grule unitBagType
[] € bag{z}

theorem rule unitInBag
[z] € bag X &z € X
Some specifiers use set constructions as bags; the following three rules account for that:
theorem rule nullsetInBag [X]

{} € bag X

theorem rule unitsetInBag [X]
{z}ebagX @z X xN;

theorem rule cupInBag [X]
VS, T:P(X xZ); Y:PX|(domS)Ndom T = {}
eSUTecbagY & ScbagY AT €ebagV

theorem rule sizeNullBag [X]
#X < ZJ[] =0

theorem rule sizeUnitBag [X]
Vz: X e#[z] =1

theorem rule unitIsNullBagl

~ =] =1

theorem rule unitIsNullBag2

~ [ = [«]
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theorem rule unitBagsEqual
[=] =yl &z =y

If B is a bag, dom B gives the set of elements of the bag.

theorem rule domNullBag [X]
dom[X, Z|[[] = {}

theorem rule domUnitBag [X]
Vz:X edom[z] ={z}
Automation

theorem grule bag_type
bag X € P(X - Ny)

theorem rule bag_sub
bagX € P(bagY) < X €PY

theorem rule bag_ideal
PR e P(bag X) < R € bag X

theorem grule nullBagType

[ € bag{}
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14.1 Bag count
Definitions

syntax in inrel  \inbag
syntax § infunb  \bcount

—[X]

_in_: X < bagX
count : bag X — (X — N)
_f_:bagX x X —- N

{( disabled rule inbagDef ))
Vz:X; B:bagX ezin Bz edomB

{(rule countDef ))
Vz:X; B:bagX e (count B)r = Bz

{( disabled rule bcountDef ))
Vz:X; B:bagX e Bz =if zin B then B(z) else 0

Theorems

theorem rule domCount [X]
V B : bag X e dom(count B) = X

theorem rule inNullBag [X]
- e in [X][]

theorem rule inUnitBag [X]
cinlyl ereXAz=y

theorem rule bcountNullBag [X]
Vez:Xe[tz=0

theorem rule bcountUnitBag [X]
Vaz,y: X e [z]fy=if z = y then 1 else 0

theorem bagExtensionality [X]
VA B:bagX e A=B & (Vz: XeAfz =Btz
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14.2 Subbags
Definitions

syntax C inrel  \subbageq

= [X]
_C_:bagX < bag X

{( disabled rule subbagDef ))
VA B:bagX e ALB& (Vz: Xe Atz < Bfx)

Theorems

theorem rule nullBagSubbag [X]
VB:bagX e[| C B

theorem rule unitBagSubbag [X]
Vz:X; B:bagX e[z]C B< zin B

theorem rule subbagSelf [X]
VB:bagX e BL B

We need more rules about subbags, e.g., transitivity.
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14.3 Bag scaling
Definitions
syntax ® infunb  \otimes

—=[X]
_®_:NxbagX — bag X

{(rule becountBagScale ))
Vn:N; B:bagX; z: X e(n®B)tz=nx*(Bfz)

Theorems

theorem rule bagscaleBy0 [X]
VB :bagX e0® B =[]

theorem rule bagscaleByl [X]
VB:bagX e1® B=DB

theorem rule bagscaleNull [X]
Vo :Nena [X][] =[]

theorem rule bagscalebagscale [X]
Vn,k:N; B:bagX en® (k® B)=(n*k)® B

theorem rule domBagscale [X]
Vn:N;y; B:bagX e dom(n® B) =dom B

theorem rule ranBagscale [X]
Vn:Ny; B:bagX eran(n ® B) =ran B

theorem rule inbagscale [X]
Vr:X;n:N; B:bagXezinn®@B<zxinBA-n=0

theorem rule bagscaleInBag [X]
Vn:N; B:bagX; V:PXe(n®B)cbagY & n=0V BecbagV

Automation

The following rules allow the computation of scaling of bags expressed by set comprehensions.

theorem rule bagScaleNullset [X]
Vn:Nen [X[{}=1{}

theorem rule bagScaleUnitSet [X]
Vo, k:N;z: X en®{(z,k)} ={(z,n*xk)}

theorem rule bagScaleUnion [X]
VS, T:P(XXxZ)| (SUT)ebagX en®@(SUT)=n®S)U(nx T)
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14.4 Bag union

syntax W infun3d  \uplus
Function _ W _ is predefined.

Theorems

theorem rule domBagUnionFunction [X]
bag X x bag X € PA AbagX € PB = dom[A, B](_W_)[X] = bag X X bag X

theorem rule ranBagUnionFunction [X]
bag X x bag X € PA AbagX € PB = ran[4, B](_w_)[X] =bag X

theorem rule domBagUnion [X]
VA, B:bag X e dom(AW B) = (dom A) U (dom B)

theorem rule inBagUnion [X]
VA ,B:bagX ez in (AWB) < (zin A) V (z in B)

theorem rule countBagUnion [X]
VA B :bagX; z: X e (AWB)fz=Afz+ Bz

theorem rule bagUnionInBag [X]
VY :PX; A B:bagX e AW B cbagY <& AcbagY AN B€bagV

theorem rule bagUnionNullLeft [X]
VB:bag X e [JWB =B

theorem rule bagUnionNullRight [X]
VB:bagX e BW[]] =B

theorem rule bagUnionCommutes [X]
VA, B:bagX e AWB=BWA

theorem rule bagUnionAssociates [X]
VA B,C :bagX e (AWB)w C = Aw (B C)

theorem rule bagUnionPermutes [X]
VA,B,C:bagX e AW (BW(C)=BW (AW ()
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14.5 Bag difference
Definitions

syntax U infun3d  \uminus

—[X]

_YJ_:bag X x bag X — bag X

{(rule beountUminus ))
VA,B:bagX; z: X e (AU B)tz =maz{0,(Atz)— (Btz)}

Theorems

theorem rule inBagDifference [X]
VA, B:bagX; z: X ezin(AUB)& Az > Btz

theorem rule bagDifferenceNullLeft [X]
VB :bagX e [[UB =]

theorem rule bagDifferenceNullRight [X]
VB:bagX e BU[]] =B

theorem rule bagDifferenceSubbag [X]
VA, B,C:bagX e (AUB)C C< ACBWY(C
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14.6 Items

Definition
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[X]
l:items :seq X — bag X

Theorems

theorem rule itemsNullSeq [X]
items[X]() =[]

theorem rule itemsUnitSeq [X]
Vz:X eitems|X](z) = [z]

theorem rule itemsCat [X]
Vs, t:seqX e items(s " t) = (items s) W (items t)

theorem rule inltems [X]
Vs:seqX e zin (items s) & & €rans

theorem rule itemsInBag [X]
Vs:seqX; VY:PX eitemss€bagy & s€seqY

theorem rule domltems [X]
Vs :seq X e dom(items s) =rans

theorem disabled rule countltems [X]
Vs:seqX; z: X o (itemss) iz =#(s>{z})
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