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Isotropic m_omom

e Isotropictransformatioriz, §]* = S|z, y]* basedn
eigen-decompositioof Hessiammatrix.

e Hessiammatrix holdscurvatureinformationandcanbeinterpretedas
alocal metrictensorfor approximatiorerrors.

e Errorexpressiorover isotropicspaceg #, ¢) simplifiesto
BEr(Z. + dz,j. + dj) = Er — 3(dF* + ed?)

e Maximumerroris attainedeitherat (.., y.) or atthe midpointof
longestedgeover isotropicspace.
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Coordinate transformation

e TransformationS consistof arotationto align axesalong
eigervectors, followedby arescalingbasedn eigervalues.
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Quadratic Boam_-

e Assumelocally f(z,y) is well approximatedy quadraticTaylor

NWHAH.,@V = @NAHL\V - .\.A&nm\v

e Error curvesform afamily of conics.Ellipsesif det(H) > 0 for

e Errorformulafor trianglesis
Br(we + do,ye + dy) = Er — 5ld, dy|H|dz, dy]'

whereH is Hessiarmatrix, (z., y.) centerof conic,
nm.ﬂ = mﬂm&«: @wv

\_

expansion.Considerinterpolationerrorover piecaviselineartriangle

corvex surfaceandhyperpolasf det(H) < 0 for saddleshapedtase.
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e Posteriorerrorestimatee;, ~ u — uy, foundby quadratic
interpolationfrom a usersuppliedfunction QXY.

e PLTMQusesHessiarninformationto estimateerrorat mid point
Wiy Ym) — 5 (@i, i) +ulzy, y;)) ~

t
Tq — Tj Ugy Ugy Ti — Ty

| =

Yi — Yj Ugy  Uyy Yi —Yj

o Longestedgebisectionof Rivara.Elementwith highesterrorselected
from heap.Refinementecursvely appliedto neighborgo form a
valid triangulation.
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Mesh unrefinement

e Errorof vertex is maximumerrorassociatedvith neighborelements.
o Vertex with highesterrorselectedrom heapandremovedfrom mesh.

e Resultingvacantregionis retriangulated.
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Continuous transformation

matrix H (z,y) suchthatover theisotropicspace

[dz, dy| H[dz, dy]* = (di* + edj?)

of
NWH\:H + Nﬂw\:m + Nﬂwxwwm =0

for someconstantds, Ko, K.

\_

e Continuous transformationz(z, y), g(x, y)] for continuousHessian

e Classicakesultin differentialgeometryleadto a sufficient condition
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e Packageto solve 2ndorderPDE availablefor freefrom
www.netlib.org

e Userguidepublishedby SIAM, PLTMG: A Software Package for
Solving Elliptic Partial Differential Equations. Users Guide 8.0 by
R. E. Bank.

e Usespiecaviselinearcontinuouslements.

o Capabilitiesfor errorestimationadaptve meshrefinement,
unrefinementsmoothing.

o Exerciseonly meshingcapability with exactsolutionsupplied
explicitly throughuserfunction QXY
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Example 1. A logarithmicsingularityat

(x0,%0) = (0.5,-0.2),
\.A&.J @v = MSAAR_ - &&w + A@ — @&mv\w ,
det(H) = —((z—z0)*+ (y—w0)*) 2.

Coordinategransformatioris

arctan(y — yo, - — Zo) ,

Nzwm.uf@v =
Jzy) = —In((z—z0)*+ (y—w)?)/2.
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reqular mesh over isotropic space
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Figurel: Regularmeshtransformedo isotropicspaceor Examplel.
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Mesh m::ooﬁ:_s@-

e Meshsmoothingto reducethe approximatiorerror by adjusting
coordinate®f vertices.

e Gauss-Seiddike iterationwhereeachvertex is locally adjusted
while keepingall neighboringverticesfixed.

e Boundaryandinterfacenodesareconstrainedo move along
boundaries.

e Typically only 4 to 5 sweepsareperformed.
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Numerical experiments

e Startingfrom initial regularmeshover [0, 1] x [0, 1]. Perform5
cyclesof
1. unrefinemento about500vertices

2. meshsmoothing
3. refinemento desiredmeshsize

4. meshsmoothing

equidistrituting property Meshll essentiallyis Meshl with /4
rotationandhassupercorvergenceproperty

e Meshl is aregularmeshof squaresverisotropicspaceandhaserror
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Minimum | Median 90 Maximum | Numberof

error error | percentile error elements
Meshl 3.56e-04 | 3.56e-04| 3.56e-04 | 3.56e-04 918
Meshll || 3.44e-06 | 3.44e-06| 3.44e-06 | 3.44e-06 923
PLTMG | 1.53e-04 | 4.40e-04| 6.35e-04 | 1.15e-03 1897

\_

Tablel: Summaryof resultsfor Examplel.
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Example 2. A nearsingularityat

(

o, Yo

flz,y

)
)

= (0.5,-0.2)

’

(z - &ovm —(y— @&m

det(H)

Z(z,y)

((x—m0)* + (y—w0)*)*

I

=36((z —w0)* + (y —90)") ™" -

Coordinateéransformations

(=,

Y

)

vo(r- (z —20)* + (y — v0)*
Y—"Y
/\mﬁala&er (y—w)*
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Figure2: Final meshby PLTMGver isotropicspacefor Examplel.

Final meshover isotropic spac

PLTMG mesh over isotropic space
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Figure3: Final meshproducedoy PLTMGor Examplel.
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Final meshproducedby PLTMG

PLTMG

Figure6: Final meshproducedoy PLTMGor Example2.
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Minimum | Median 90 Maximum | Numberof

error error | percentile error elements
Meshl 1.30e-02 | 1.30e-02| 1.30e-02 | 1.30e-02 920
Meshll || 1.27e-04 | 1.79e-04| 3.18e-04| 6.93e-04 921
PLTMG | 5.32e-03 | 1.62e-02| 2.41e-02| 4.71e-02 1894

Table2: Summaryof resultsfor Example2.
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Regular meshover isotropic spac

reqular mesh over isotropic space
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Figure4: Regularmeshtransformedo isotropicspaceor Example2.
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PLTMG mesh over isotropic space
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Figure5: Final meshby PLTMGver isotropicspacefor Example2.
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Figure8: Final meshby PLTMGQver isotropicspacefor Example3.
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Final meshproducedby PLTMG

PLTMG

Figure9: Final meshproducedoy PLTMGor Example3.

ORNL

\ \

24

Computer Science and Mathematics Division

4 Banies

Example 3. A moresererenearsingularityat

(zo,%0) = (0.5,-0.2),
flzy) = R —8(x I.MMV (y — wo) “
R = (z—20)*+(y—w0)*
Qet(H) = —400((x — o) + (s 0)*)"

Coordinateéransformations

(y — @o% —(z - &o%

(=) +@W—w)*)?/) "’
(z = 20)(y — wo)
((z —20)* + (y — 0)*)?

glz,y) = 2V5

\_
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Regular meshover isotropic spac

reqular mesh over isotropic space

Figure7: Regularmeshtransformedo isotropicspaceor Example3.
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Minimum | Median 90 Maximum | Numberof

error error | percentile error elements
Meshl 4.54e-01 | 4.54e-01| 4.54e-01| 4.60e-01 916
Meshll || 3.69e-03 | 6.69e-03| 1.63e-02| 9.64e-02 918
PLTMG| 1.58e-01| 5.56e-01| 8.40e-01| 1.51e+00 1892

Table3: Summaryof resultsfor Example3.
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e Graphicalillustrationof aneffective meshover theisotropicspace.

o If we considethemedianand90 percentileerrorsasthe basisfor
comparisonthenPLTMGandMeshl deviate by at mosta factorof 2.

e Theresultssuggesthesolutionadaptve methodologyemplo/edin
PLTMGEs very effective andis capableof generatingnesheshat
approactthetheoreticallyefficiengy of optimalmeshes.
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