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S
u

m
m

ary

�

Tw
o

types
ofasym

ptotically
optim

albilinear
quad

rilateral
m

eshes
for

m
inim

izing
the

m
axim

um
interpolation

errors.

�

For
convex

d
ata

function,the
error

for
each

elem
entis

approxim
ately

constant.

�

For
sad

d
le-shaped

d
ata

function,an
O

(h
3)convergence

rate
m

ay
be

possible.

�

B
oth

m
eshes

are
generated

from
a

uniform
square

m
esh

in
the

‘isotropic’space.
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puter
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M
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R
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L

'&

$%
O

verview

�

W
e

m
otivate

the
d

iscussion
w

ith
the

equid
istribution

criteria
for

an
optim

alm
esh

in
one-d

im
ension.

�

W
e

use
a

sim
ple

Q
uad

ratic
m

od
elto

d
erive

an
error

m
od

elfor
bilinear

interpolation.

�

W
e

show
thata

square
over

the
‘isotropic’space

is
the

optim
al

shape.

�

W
e

m
ention

a
classicalresultin

d
ifferentialgeom

etry
to

generate
the

coord
inate

transform
ation.

�

N
um

ericalresults
are

presented
thatillustrate

equid
istribution

oferror
and

O
(h

3)superconvergence.
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O
p

tim
alm

esh
in

on
e

d
im

en
sion

�

O
ptim

alplacem
entofvertices

for
piecew

ise
linear

interpolation
by

equid
istribution

ofd
ensity

function
Φ

(x)

Z

x
i+

1

x
i

Φ
(x)

�

constant,
Φ

(x)

= q
jf

0
0(x)j
:

�

L
etthe

interpolation
error

for
a

d
ata

function
f(x)over

[a;b]
(E

(a)
=

E
(b)

=

0)be

E
(x)

=

(x

�

a)(x

�

b)f2 =2

;

E
(x

c

+

dx)

=

E
(x

c )

+

(dx) 2f2 =2

;

x
c

=

(a

+

b)=2

=
E

(x
c )

+

�dx̃
2=2

;

w
here

�dx̃
2

=

f2 dx
2

,�
=

sign(f2 ),and
f2

�

f

0
0(x

c ).
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�
M

axim
um

error
is

attained
atx

c and
is

related
to

dx̃
2=2.

�

A
uniform

m
esh

in
x̃-space

lead
s

to
an

optim
alm

esh
in

the
originalx-space.

�

Integrating
dx̃

= p
jf

0
0(x)jdx

yield
s

x̃(x)

=

Z

xx
0 q

jf

0
0(t)jdt

+

x̃(x
0 )

:

�

A
uniform

m
esh

in
x̃-space

yield
s

the
equid

istributing
propertyconstant

=

dx̃
i

=

x̃
i+

1
�

x̃
i

=

x̃(x
i+

1 )

�

x̃(x
i )

;

=

Z

x
i+

1

x
0

q
jf

0
0(t)jdt
�

Z

x
i

x
0 q

jf

0
0(t)jdt

;

=

Z

x
i+

1

x
i

q
jf

0
0(t)jdt
:
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S
im

p
le

q
u

ad
ratic

m
od

el

�

A
ssum

e
d

ata
function

f(x;y)is
w

ellapproxim
ated

by

f(x;y)

=

f(x
c

+

dx;y
c

+

dy)

�

f(x
c ;y

c )

+

r

f(x
c ;y

c )[dx;dy]

+

12 [dx;dy]H
[dx;dy] t

w
here

m
atrix

H
is

the
H

essian.

�

T
he

function
is

‘convex’ifd
et(H

)

>

0
and

‘sad
d

le-shaped
’if

d
et(H

)

<

0.
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Isotrop

ic
tran

sform
ation

�

L
et

H
be

d
iagonalizable

as

H

=

Q
t 24
�

1
0

0

�

2 35

Q

=

S
t 24

1
0

0

� 35

S

;

S

=

24 p
j�

1 j

0

0

p
j�

2 j 35

Q

;

w
here

�
=

sign(d
et(H

)),and
Q

is
orthogonal,Q

tQ

=

I.
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Transform
ation

S
is

a
rotation

to
align

eigenvectors
along

the
coord

inates
axes

then
follow

ed
by

a
sim

ple
scaling.

�

L
et[x̃;ỹ] t

=

S[x

;y] t,und
er

this
transform

ation
S,

[dx;dy]H
[dx;dy] t

=

(dx̃) 2

+

�(dỹ) 2:

�

O
ver

the
transform

ed
space

(x̃(x;y);ỹ(x

;y)),the
H

essian
m

atrix
is

red
uced

to
a

sim
ple

form
w

ith
no

preference
for

any
d

irection.W
e

shallcall(x̃ ;ỹ)the
‘isotropic’space.
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E
rror

for
B

ilin
ear

Q
u

ad
rilateral

�

B
asis

d
efi

ned
over

(p;q)

2

[0;1]

�

[0;1]

x(p

;q)
=

i=

4

∑i=
1 x

i �

i (p

;q);

y(p

;q)

=

i=

4

∑i=

1 y
i �

i (p

;q)

E
(p

;q)

=

i=

4

∑i=

1
f(x

i ;y
i )�

i (p

;q)�

f(x(p

;q);y(p

;q))

�

E
rror

expression
for

a
generalquad

rilateralis
quite

com
plicated

.
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�

T
he

interpolation
error

for
a

convex
parallelogram

w
ith

a
quad

ratic
d

ata
function

has
a

sim
ple

form
w

ith
(p

c ;q
c )

=

(
12 ;

12 ),

E
(p

;q)

=

E
Q

�

12
( �

1 (p

�

p
c ) 2

+

�

2 (q

�

q
c ) 2)

w
here

[u
x ;u

y ]

=

[x
2

�

x
1 ;y

2

�

y
1 ];

[v
x ;v

y ]

=

[x
4

�

x
1 ;y

4

�

y
1 ]

�

1

=

[u
x ;u

y ]H
[u

x ;u
y ] t;

�

2

=

[v
x ;v

y ]H
[v

x ;v
y ] t

E
Q

=

E
(p

c ;q
c )

=

18
( �

1

+

�

2 )
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p
tim

alQ
u
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rilateralS

h
ap

e

�

C
onsid

er
the

error
attained

atthe
centroid

ofa
generalconvex

quad
rilateral.

E
M

=

14

i=

4

∑i=

1
f(x

i ;y
i )

�

f(x
c ;y

c )

w
here[x

c ;y
c ]

=

[(x
1

+

x
2

+

x
3

+

x
4 )=4;(y

1

+

y
2

+

y
3

+

y
4 )=4]

�

T
he

expression
can

be
sim

plifi
ed

over
the

isotropic
space,

E
M

=

18

i=

4

∑i=

1 �(x̃
2i

+

ỹ
2i )

�

(x̃
2c

+

ỹ
2c ) �

=

18
(L

21

+

L
22

+

L
23

+

L
24 )
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(x̃
c ;ỹ

c )

(x̃
1 ;ỹ

1 )

(x̃
2 ;ỹ

2 )

(x̃
3 ;ỹ

3 )

(x̃
4 ;ỹ

4 )

L
1

L
2

L
3

L
4

�

1 �

2

�

3
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�

A
rea

ofquad
rilateralover

isotropic
space

is

A
rea

=

12
(L

1 L
2 sin(�

1 )

+

L
2 L

3 sin(�

2 )

+

L
3 L

4 sin(�

3 ))

�

L
4 L

1 sin(�

1

+

�

2

+

�

3 ))

�

Since
transform

ation
S

is
a

rotation
and

scaling,area
over

the
isotropic

space
is

scaled
by p

j�

1 �

2 j
= p
jd

et(H
)j(intrinsic

to
H

).

�

B
y

calculus,w
e

can
show

the
ratio

E
M

=A
rea

is
m

inim
ized

and
attained

by
a

square

L
1

=

L
2

=

L
3

=

L
4 ;

�

1

=

�

2

=

�

3
=

�
=4;

E
M

=

L
22

;

A
rea

=

L
2

�

H
ence

the
m

osteffi
cientshape

for
allgeneralconvex

bilinear
quad

rilaterals
is

a
square

over
the

isotropic
space.
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E
rror

for
S

q
u

are

�

T
he

error
expression

for
a

parallelogram
is

E
(p

;q)

=

18
( �

1

+

�

2 )

�

12
( �

1 (p

�

p
c ) 2

+

�

2 (q

�

q
c ) 2):

�

For
a

square
in

isotropic
space,

[ũ
x ;ũ

y ]

=

[L

;0];

[ṽ
x ;ṽ

y ]

=

[0;L];

�

1

=

ũ
2x

+

�ũ
2y

=

L
2;

�

2

=

ṽ
2x

+

�ṽ
2y

=

�L
2;

E
(p

;q)

=

L
28 �(1

+

�)�

4((p

�

p
c ) 2

+

�(q

�

q
c ) 2) �

=

L
22

((q

�

12 ) 2

�

(p

�

12 ) 2)
if

�
=

�

1.

�

T
he

m
axim

um
error

is
proportionalto

L
2

and
attained

either
at

the
center

( �
=

1)or
ata

m
id

pointofan
ed

ge
(�

=

�

1).
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E

xactFit

�

T
he

error
expression

for
a

parallelogram
is

E
(p

;q)

=

18
( �

1

+

�

2 )

�

12
( �

1 (p

�

p
c ) 2

+

�

2 (q

�

q
c ) 2):

�

A
ssum

e
f(x;y)is

sad
d

le-shaped
(d

et(H
)

<

0;�
=

�

1),then
both

�

1
and

�

2
vanish

for

[ũ
x ;ũ

y ]

=

[L

;L]
and

[ṽ
x ;ṽ

y ]

=

[�

L

;L]

w
hich

correspond
s

to
a

square
rotated

by

�
=4.

�

T
his

suggests
an

‘exactfi
t’(E

(p

;q)

�

0)and
the

sim
ple

quad
ratic

m
od

elis
inad

equate
to

fully
capture

the
error

properties.
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D
ifferen

tialG
eom

etry

�

T
he

‘isotropic’space
(x̃(x;y);ỹ(x

;y))has
the

property

[dx;dy]H
[dx;dy] t

=

dx̃
2

+

�dỹ
2

�
To

generate
a

globalcoord
inate

transform
ation

(x̃(x;y);ỹ(x

;y))
w

e
interpret

H
as

a
m

etric
tensor

h
11

=

@

2

@

x
2

f(x;y)

= �
@

x̃

@

x �

2

+

� �
@

ỹ

@

x �

2

;

h
12

=

@

2

@

x@

y
f(x ;y)

=

@

x̃

@

x

@

ỹ

@

y

+

�
@

ỹ

@

x

@

x̃

@

y

;

h
22

=

@
2

@

y
2

f(x;y)

= �
@

x̃

@

y �

2

+

� �
@

ỹ

@

y �

2

:
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C
lassicalresultin

d
ifferentialgeom

etry
for

characterizing
a

‘fl
at’space

gives
the

cond
ition

for
fi

nd
ing

(x̃(x ;y);ỹ(x

;y))as

0
=

Γ

=

d
et 0BBBB@

h
11

@

h
11

@

x

@

h
11

@

y
h

12

@

h
12

@

x

@

h
12

@

y
h

22

@

h
22

@

x

@

h
22

@

y

1CCCCA
:

�

Suffi
cientcond

ition
is

K
1 h

11

+

K
2 h

12
+

K
3 h

22

=

0

for
som

e
constants

K
1 ,K

2 ,K
3 .17
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N
u

m
ericalR

esu
lts

�

M
esh

generated
over

[0;1]

�

[0;1].G
enerate

only
elem

ents
entirely

w
ithin

d
om

ain
(ignore

d
istortion

atbound
ary).

�

M
esh

Icorrespond
s

to
a

uniform
m

esh
ofsquares

in
‘isotropic’

space
and

equid
istributes

the
error.

�

M
esh

Ishow
s

expectO
(h

2)convergence.A

4
X

increase
in

elem
ents

lead
s

to
a

4
X

d
ecrease

in
error.

�

M
esh

IIcorrespond
s

to
a

rotated
uniform

m
esh

ofsquares.

�

M
esh

IIis
m

uch
m

ore
accurate

than
M

esh
Iand

show
O

(h
3)

superconvergence
property.A

4
X

increase
in

elem
ents

lead
s

to
a

8
X

d
ecrease

in
error.
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E

xam
p

le
1

�

A
logarithm

ic
singularity

at(x
0 ;y

0 )

=

(0:5;�

0:2)

f(x;y)

=

ln((x

�

x
0 ) 2

+

(y

�

y
0 ) 2)=2

�

N
ote

the
m

esh
is

rad
ially

sym
m

etric.

M
inim

um
M

ed
ian

90
M

axim
um

N
um

ber
of

error
error

percentile
error

elem
ents

M
esh

I
3.56e-04

3.56e-04
3.56e-04

3.56e-04
918

M
esh

II
3.44e-06

3.44e-06
3.44e-06

3.44e-06
923
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M
esh

I
for

E
xam

p
le

1
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M
esh

II
for

E
xam

p
le

1
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R
esu

lts
for

E
xam

p
le

1

E
rror P

rofile

M
esh I

M
esh II

E
rror

E
lem

ent N
o.

3 4 5 7

1e-05

1.5 2 3 4 5 7

1e-04

1.5 2 3 4

0.00
200.00

400.00
600.00

800.00
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R

esu
lts

for
E

xam
p

le
1

M
inim

um
M

ed
ian

90
M

axim
um

N
um

ber
of

error
error

percentile
error

elem
ents

M
esh

I
3.56e-04

3.56e-04
3.56e-04

3.56e-04
918

M
esh

I
8.90e-05

8.90e-05
8.90e-05

8.90e-05
3841

M
esh

I
2.22e-05

2.22e-05
2.22e-05

2.22e-05
15674

M
esh

II
3.44e-06

3.44e-06
3.44e-06

3.44e-06
923

M
esh

II
4.30e-07

4.30e-07
4.30e-07

4.30e-07
3847

M
esh

II
5.37e-08

5.37e-08
5.37e-08

5.37e-08
15695
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E
xam

p
le

2

�

A
near

singularity
at(x

0 ;y
0 )

=

(0:5;�

0:2)

f(x;y)

=

(x

�

x
0 ) 2

�

(y

�

y
0 ) 2

((x

�

x
0 ) 2

+

(y

�

y
0 ) 2) 2

M
inim

um
M

ed
ian

90
M

axim
um

N
um

ber
of

error
error

percentile
error

elem
ents

M
esh

I
1.30e-02

1.30e-02
1.30e-02

1.30e-02
920

M
esh

II
1.27e-04

1.79e-04
3.18e-04

6.93e-04
921
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M
esh

II
for

E
xam
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le

2
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