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ABSTRACT

The objective of this work is the development of novel, efficient and reliable sparse grid
stochastic collocation methods for solving linear and nonlinear partial differential equations
(PDEs) with random coefficients and forcing terms (input data of the model). These
techniques consist of a Galerkin approximation in the physical domain and a collocation,
in probability space, on sparse tensor product grids utilizing either Clenshaw-Curtis or
Gaussian abscissas. Even in the presence of nonlinearities, the collocation approach leads to

the solution of uncoupled deterministic problems, just as in the Monte Carlo method.

The full tensor product spaces suffer from the curse of dimensionality since the dimension
of the approximating space grows exponentially in the number of random variables. When
this number is moderately large, we combine the advantages of isotropic sparse collocation
with those of anisotropic full tensor product collocation: the first approach is effective for
problems depending on random variables which weigh equally in the solution; the latter
approach is ideal when solving highly anisotropic problems depending on a relatively small
number of random variables. We also include a prior: and a posteriori procedures to adapt
the anisotropy of the sparse grids to each problem. These procedures are very effective for

the problems under study.

This work also provides a rigorous convergence analysis of the fully discrete problem
and demonstrates: (sub)-exponential convergence in the asymptotic regime and algebraic
convergence in the pre-asymptotic regime, with respect to the total number of collocation
points. Numerical examples illustrate the theoretical results and compare this approach
with several others, including the standard Monte Carlo. For moderately large dimensional
problems, the sparse grid approach with a properly chosen anisotropy is very efficient and

superior to all examined methods.
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Due to the high cost of effecting each realization of the PDE this work also proposes
the use of reduced-order models (ROMs) that assist in minimizing the cost of determining
accurate statistical information about outputs from ensembles of realizations. We explore
the use of ROMSs, that greatly reduce the cost of determining approximate solutions, for
determining outputs that depend on solutions of stochastic PDEs. One is then able to
cheaply determine much larger ensembles, but this increase in sample size is countered
by the lower fidelity of the ROM used to approximate the state. In the contexts of
proper orthogonal decomposition-based ROMs, we explore these counteracting effects on the

accuracy of statistical information about outputs determined from ensembles of solutions.
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INTRODUCTION

Uncertainty quantification

Mathematical modeling and computer simulations are nowadays widely used tools to predict
the behavior of physical and engineering problems. All such predictions are obtained
by formulating mathematical models and solving corresponding problems. Therefore,
mathematical models can be regarded as a transformation of available input information
onto desired quantities of interest, and the predictions are the images of specific inputs. The
problem that arises with these models is that, to date, most scientists ignore certain critical
issues that should be addressed.

Some sources of errors arising in computer simulations can be controlled and reduced,
by now, using sophisticated techniques such as a posteriori error estimation (Ainsworth and
Oden, 2000; Babuska and Strouboulis, 2001; Eriksson et al., 1995; Verfiirth, 1996; Johnson,
2000), mesh adaptivity Moon et al. (2006) and the more recent modeling error analysis
(Oden and Vemaganti, 2000; Oden et al., 2001; Oden and Prudhomme, 2002; Braack and
Ern, 2003; Romkes and Oden, 2004; Oden et al., 2005a,b). All this has increased the accuracy
of numerical predictions as well as our confidence in them.

Yet, many engineering applications are affected by a relatively large amount of uncer-
tainty in the input data such as model coefficients, forcing terms, boundary conditions,
geometry, etc (Babuska and Chleboun, 2002, 2003). This can be due to an intrinsic variability
in the physical system as, for instance, in the mechanical properties of many bio-materials,
polymeric fluids, or composite materials, the action of wind or seismic vibrations on civil
structures, etc. These types of uncertainties are known as epistemic since they can be reduced
via additional experimentation, improvements in measuring devices, etc. For example, one
can reduce uncertainties associated with characterization of material properties by carrying
out a more exhaustive experimental program and/or using better measuring devices.

In other situations, uncertainty may come from our difficulty in characterizing accurately



the physical system under investigation as in the study of groundwater flows, where the
subsurface properties such as porosity and permeability in an aquifer have to be extrapolated
from measurements taken only in few spatial locations. In this case the uncertainties are
known as aleatoric since one cannot reduce the associated uncertainties. In practice, it is
necessary to address both types of uncertainties. This problem has been addressed in a
general setting in Cullen and Frey (1999) and some applications to solid mechanics in Ben-
Haim (1996); Mrczyk (1997); Elishakoff (1999); Melchers (1999); Elisakoff and Ren (2003).

The goal of this work is to advance key enabling mathematical and computational
methods for Uncertainty Quantification, focusing on stochastic models and their numerical
simulations.

Although such methods are essential for dealing with realistic experimental data and
assessing reliability of predictions based on numerical simulations, their current understand-
ing and use in the engineering community is quite limited. Additionally, their development
within the computational mathematics community is very much ongoing. See for instance

the cited works below. Uncertainties can be quantified in several ways, for instance:

Worst-case-scenario (or anti-optimization) are useful in cases where we only know little
information on the uncertainty in the input data, namely that the input data lie
in a functional set (that might well be infinite dimensional). These methods have
been treated comprehensively in Hlavacek et al. (2004). It covers mathematical
fundamentals, provides a survey of the pertinent literature, and discusses many

applications. See also the recent work Babuska et al. (2005).

Probabilistic methods characterize uncertainties using stochastic differential equations.
Significant literature is devoted to this subject in both mathematics and engineering
(Ghanem and Spanos, 1991; Kleiber and Hien, 1992; Benth and Gjerde, 1998a,b;
Ghanem and Red-Horse, 1999; Glimm et al., 2003; Xiu and Karniadakis, 2002a; Schwab
and Todor, 2003b,a; Xiu and Karniadakis, 2003; Soize, 2003; Lucor et al., 2003; Lucor
and Karniadakis, 2004; Le Maitre et al., 2004a,c; Soize and Ghanem, 2004; Babuska
et al., 2004b; Badri Narayanan and Zabaras, 2004; Zabaras and Samanta, 2004; Lu and
Zhang, 2004; Xiu and Tartakovsky, 2004; Regan et al., 2004; Babuska et al., 2005d;
Schueller, 2004; Keese and Matthies, 2005; Matthies and Keese, 2005; Frauenfelder
et al., 2005a; Soize, 2005; Rubinstein and Choudhari, 2005; Velamur Asokan and



Zabaras, 2005; Asokan Badri Narayanan and Zabaras, 2005; Mathelin et al., 2005;
Roman and Sarkis, 2006).

Knowledge-based methods characterize uncertainties using fuzzy sets (Bernardini, 1999;
Dubois and Prade, 2000), evidence theory (Dempster-Shafer theory) (Oberkampf et al.,
2001; Kramosil, 2001; Ferson et al., 2003), subjective probability (Vick, 2002; Helton,
1997), Bayesian inference (Box, 1973; Lemm, 2003; Beck and Au, 2002; Yuen and Beck,
2003; Beck and Ching, 2004; Wang and Zabaras, 2005), and other means of including

expert opinions.

It is widely recognized that new methods for treating uncertainty will become important
in virtually all branches of computational mechanics, see Oden et al. (2003); Babuska and
Oden (2005). Above, we mentioned a few approaches that can be applied to solve problems
with uncertainties. All of them can be applied directly and indirectly to a partial differential
equation problem with uncertain input data. The major problem in all these approaches is
the description of the uncertainty in the input set. Attending to this trend, we concentrate
on the probabilistic characterization of uncertainties in mathematical models described by
both linear and nonlinear Stochastic Partial Differential Equations (SPDEs). In particular,
we will focus on the development of mathematical theory and efficient numerical algorithms
to produce reliable numerical approximations for a wide variety of applied problems.

Such uncertainties can be included in the mathematical model adopting a probabilistic
setting, provided enough information is available for a complete statistical characterization
of the physical system. In this framework, the input data are modeled as random variables,
like in the case where the input coefficients are piecewise constant and random over fixed
subdomains, or more generally, as random fields with a given spatial (or temporal) correlation
structure.

Therefore, the goal of the mathematical and computational analysis becomes the pre-
diction of statistical moments (mean value, variance, covariance, etc.) or even the whole
probability distribution of some responses of the system (quantities of physical interest),

given the probability distribution of the input random data.



The stochastic formulation of uncertainty

In many applications the mathematical model depends on a set of parameters, which may be
affected by uncertainty and be represented as random variables with a given joint probability
distribution. For instance, we might think of the deformation of an elastic homogeneous
material in which the Young’s modulus and the Poisson’s ratio (parameters that characterize
the material properties) are random variables, either independent or not.

In other situations, the input data may vary randomly from one point of the physical
domain D to another and their uncertainty should rather be described in terms of random
fields with a given covariance structure (i.e. each point of the domain is a random variable
and the correlation between two distinct points in the domain is known and non-zero, in
general; this case is sometimes referred to as colored noise ). Examples of this situation
are, for instance, the deformation of inhomogeneous materials such as wood, foams, or bio-
materials such arteries, bones, etc.; groundwater flow problems where the permeability in
each layer of sediments (rocks, sand, etc.) should not be assumed constant; the action of
wind (direction and point intensity) on structures; etc.

A possible way to describe such random fields consists of using a Karhunen-Loeve
expansion (Loeve, 1977), a Polynomial Chaos (PC) expansion (Wiener, 1938; Ghanem and
Spanos, 1991) or its generalized version (Xiu and Karniadakis, 2002b). The former represents
the random field as a linear combination of an infinite number of uncorrelated random
variables, while the latter uses polynomial expansions in terms of independent random
variables. Both expansions exist provided that the given random field a : 2 — W, as
a mapping from the probability space into a functional space W, has a bounded second
moment. Other nonlinear expansions can be considered. See, e.g. Grigoriu (2002), for
a technique to express a stationary random field with given covariance structure and
marginal distribution as a function of (infinite) independent random variables; nonlinear
transformations have been used also in Matthies and Keese (2005); Winter and Tartakovsky
(2002). The use of non-polynomial expansions may be advantageous in some situations,
for instance, in groundwater flow problems, the permeability coefficient within each layer
of sediments can feature huge variability, which is often expressed in a logarithmic scale.
In this case, one might want to use a Karhunen-Loeve (or Polynomial Chaos) expansion

for the logarithm of the permeability, instead of the permeability field itself. This leads to



an exponential dependence of the permeability on the random variables and the resulting
random field might even have unbounded second moments. An advantage of such a nonlinear
expansion is that it guarantees a positive permeability almost surely (a condition which is
difficult to enforce with a standard truncated Karhunen-Loeve or PC expansion).

In general, such random fields are properly described only by means of an infinite
number of random variables, whenever the realizations are slowly varying in space, with
a correlation length comparable to the size of the domain, only a few terms in the above
mentioned expansion are typically needed to describe the random field with sufficient
accuracy. Therefore, for these applications, it is reasonable to limit the analysis to just
a few random variables in the expansion, see e.g. Babuska et al. (2003); Frauenfelder et al.
(2005b).

In this work we focus on elliptic partial differential equations whose coefficients and
forcing terms are described by a finite dimensional random vector (finite dimensional noise
assumption, cf. Section 1.2), either because the problem itself can be described by a finite
number of random variables or because the input coefficients are modeled as truncated
random fields. We especially address the situation where the input data are assumed to
depend on a moderately large number of random variables.

The method proposed here, namely an anisotropic Sparse Grid Stochastic Collocation,
extends the isotropic method (Nobile et al., 2006) described in Section 4.4.2 and analyzed
in Section 6.1, which consists of a Galerkin approximation in the space variables and a
collocation, in probability space, on sparse tensor product grids utilizing either Clenshaw-
Curtis or Gaussian abscissas. As a consequence of the collocation approach our technique
naturally lead to the solution of uncoupled deterministic problems, just as in the Monte
Carlo method.

The work Nobile et al. (2006) revealed that the isotropic sparse collocation algorithm
is very effective for problems whose input data depend on a moderate number of random
variables, which “weigh equally” in the solution. For such isotropic situations the displayed
convergence is faster than standard collocation techniques built upon full tensor product
spaces. On the other hand, the convergence rate of the isotropic sparse collocation algorithm
(see Nobile et al. (2006) and Section 6.1) deteriorates for highly anisotropic problems, such
as those appearing when the input random variables come e.g. from Karhunen-Loeve -type

truncations of “smooth” random fields. In such cases, a full anisotropic tensor product



approximation may still be more effective for a small or modest number of random variables.
However, if the number of random variables is large, the construction of the full tensor
product spaces becomes infeasible, since the dimension of the approximating space grows
exponentially fast with respect to the number of random variables in the problem.

The main contribution of this work is to propose and analyze the use of anisotropic
sparse tensor product spaces constructed from a weighted Smolyak interpolant with suitable
abscissas. This approach is particularly attractive in the case of truncated expansions of
random fields, since the anisotropy can be tuned to the decay properties of the expansion.
We will present a priori and a posteriori procedures for choosing the anisotropy of the sparse
grids which are extremely effective for the problems under study.

This work provides a rigorous convergence analysis of the fully discrete problem and
demonstrates: (sub)-exponential convergence in the asymptotic regime and algebraic con-
vergence in the pre-asymptotic regime, with respect to the total number of collocation points.
Numerical examples illustrate the theoretical results and are used to compare this approach
with several others, including the standard Monte Carlo. In particular, for moderately large
dimensional problems, the sparse grid approach with properly chosen anisotropy seems to
be very efficient and superior to all examined methods.

The Monte Carlo method described in Fishman (1996a) is the classical and most popular
approach for approximating expected values of quantities of interest depending on the
solution of a partial differential equations with random inputs. The algorithm approximates
the desired expectation by a sample average of independent identically distributed (iid)
realizations. When solving partial differential equations with random inputs, this method
implies the solution on one deterministic differential equation for each realization of the
input parameters. This makes the method simple to implement, allows for maximal code
reusability and it is straightforward to parallelize. Its numerical error is approximately
O(1/v/M), where M is the number of realizations. The advantage of utilizing this approach
is that the rate does not deteriorate with respect to the number of random variables in the
problem, making the method very attractive for problems with large dimensional random
inputs. On the other hand, when solving large-scale applications, the exponent 1/2 in the rate
of convergence generates a tremendous amount of computational work required to achieve
accurate solutions. Other ensemble based methods like Quasi Monte Carlo, Latin Hypercube

Sampling, etc. (see e.g. Niederreiter (1992); Helton and Davis (2003) and references therein),



have been devised to produce faster convergence, O(log(M)" /M), where the coefficient r > 0
becomes larger with the dimension of the random input. We explore alternative methods that
obtain faster convergence rates, exploiting the high regularity that the solution of elliptic
PDEs may have with respect to the random input, while preserving the implementation
advantages of ensemble-based methods.

In the last few years, other approaches have been proposed, which in certain situations
feature a much faster convergence rate. We mention, among others, the Spectral Galerkin
method (Ghanem and Spanos, 1991; Xiu and Karniadakis, 2002a; Babuska et al., 2004b,
2005d; Frauenfelder et al., 2005b; Matthies and Keese, 2005; Le Maitre et al., 2004b;
Roman and Sarkis, 2006), Stochastic Collocation (Babuska et al., 2005¢; Tatang, 1995;
Mathelin et al., 2005; Xiu and Hesthaven, 2005), perturbation methods or Neumann
expansions (Gaudagnini and Neumann, 1999; Winter and Tartakovsky, 2002; Babuska and
Chatzipantelidis, 2002a; Karniadakis et al., 2005; Todor, 2005).

A non-ensemble-based substitute for the Monte Carlo method is the so called Spectral
Galerkin method, see e.g. Ghanem and Spanos (1991). It employs standard approximations
in space (finite elements, finite volumes, spectral or h-p finite elements, etc.) and polynomial
approximation in the probability domain, either by full polynomial spaces, see Xiu and
Karniadakis (2002a); Matthies and Keese (2005); Ghanem (1999), tensor product polynomial
spaces, see Babuska et al. (2004b); Frauenfelder et al. (2005b); Roman and Sarkis (2006)
or piecewise polynomial spaces, see Babuska et al. (2004b); Le Maitre et al. (2004b). This
family of methods exploit the regularity of the solution to acquire faster convergence rates.
However, in general, this technique requires solving a system of equations that couples all
degrees of freedom in the approximation to the stochastic solution.

A new numerical technique, which has gained much attention recently by the computa-
tional community is Stochastic Collocation, which can be based either on full or sparse tensor
product approximation spaces (Babuska et al., 2005¢; Ganapathysubramanian and Zabaras,
2006; Nobile et al., 2006; Mathelin et al., 2005; Xiu and Hesthaven, 2005). As shown in
Babuska et al. (2005¢), Stochastic Collocation essentially preserves the fast convergence of
the Spectral Galerkin method, even coinciding in particular cases, while maintaining an
ensemble-based approach, just as Monte Carlo. In particular, in the work Babuska et al.
(2005¢) proposed a Stochastic Collocation/Finite Element method based on standard finite

element approximations in space and a collocation on a tensor grid built upon the zeros of
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orthogonal polynomials with respect to the joint probability density function of the input
random variables. It was shown that for an elliptic PDE the error converges exponentially fast
with respect to the number of points employed in each probability direction. Furthermore,
even in presence of input data which depend nonlinearly on the driving random variables,
the Stochastic Collocation can be easily implemented and leads naturally to the solution of
uncoupled deterministic problems as for the Monte Carlo method. It can also treat efficiently
the case of non independent random variables with the introduction of an auxiliary density
and handle for instance cases with lognormal diffusivity coefficient, which is not bounded in
2 x D but that has bounded realizations.

Hence, Stochastic collocation seems to be an ideal method for computing realistic
statistics from solutions of PDEs with random input data, but the challenge comes when
solving problems with a relatively large number of input random variables. Therefore,
our goal is investigating variants of this procedure to attain highly accurate solutions
while reducing the curse of dimensionality. To extend the applicability of the collocation
method to cases with large dimensional random inputs, several sparse-approximation-based
methods have been recently explored (Xiu and Hesthaven, 2005; Nobile et al., 2006, 2007;
Ganapathysubramanian and Zabaras, 2006). Aligned with this research effort, the main
contribution of this work is to propose and analyze a novel anisotropic stochastic collocation
method that is based on a weighted version of the Smolyak algorithm. As our numerical
and theoretical results indicate that this method seems very promising and worth exploring
further, both from the implementation and the theoretical point of view.

The outline of this work is the following: in Chapter 1 we introduce the mathematical
problem and the main notation used throughout. Here we also state assumptions on the
parameterization of the random inputs, which is useful when later transforming the original
stochastic problem into a deterministic parametric one, and on the problem solution’s
regularity, which is used to later prove the error estimates in Chapter 6.

In Chapters 2 and 3 we focus on applications to both linear and nonlinear elliptic PDEs
with random input data respectively. The main ideas here are to exhibit the well-posedness of
the PDEs under study and to verify the assumptions from Chapter 1 in a particular setting,
showing that they are justified and that one can extend them to a variety of problems.

In Chapter 4 we introduce the approximation spaces and provide an overview of the

before mentioned numerical procedures used to solve such problems. If the number of random



variables is moderately large, we motivate the consideration of sparse tensor product spaces
as first proposed in Smolyak (1963) and further investigated by, e.g. Gerstner and Griebel
(1998a); Barthelmann et al. (2000a); Frauenfelder et al. (2005b); Xiu and Hesthaven (2005),
which will be the primary focus of this chapter. The use of sparse grids allows one to reduce
dramatically the number of collocation points, while preserving a high level of accuracy. We
also describe the anisotropic sparse approximation method to be considered as well as the
different interpolation techniques to be employed.

The Karhunen-Loeve representation of the input random fields naturally requires
anisotropic refinements in the probability direction. The most important random variables in
the expansion have the largest influence on the solutions, hence demanding higher polynomial
degrees in those directions. In Chapter 5, we provide a priori and a posteriori procedures
for tuning the anisotropy of our sparse grid method to the problem at hand.

In Chapter 6 we provide a complete error analysis for both the isotropic and anisotropic
sparse grid Stochastic Collocation methods considered, including cases where the sparse
interpolant uses both Clenshaw-Curtis and Gaussian abscissas. This analysis relies on
the regularity of the solution and exploits the behavior of sparse approximations from the
anisotropic Smolyak method. We also address the case where the input random variables
come from suitably truncated expansions of random fields and discuss how the size of the
sparse grid can be algebraically related to the number of random variables retained in the
expansion in order to have a discretization error of the same order as that of the error due
to the truncation of the input random fields.

To demonstrate the effectiveness of the proposed methods in Chapter 7 we present
some numerical results validating our theoretical results. We also include a comparison
of our proposed methods with other ensemble-based approaches, including Monte Carlo. In
Chapter 8 we summarize the significance and achievements of our work.

The complexity of such problems may be decreased further by means of reduced order
modeling (ROM) in physical space. In Chapter 9 we introduce the concept of a reduced
order model for solving related nonlinear SPDEs. It is in this area that we hope to devote
much future research. In particular, the coupling of this technique with beforementioned
sparse approximation techniques is an important approach which is expected to also be a
breakthrough in the area. Finally, in Chapter 10 we offer some concluding remarks and

immediate and future directions we intend to investigate.



CHAPTER 1

PROBLEM SETTING

In this chapter we introduce the mathematical problem and the main notation used
throughout. Here we also state assumptions on the parameterization of the random inputs,
which is useful when later transforming the original stochastic problem into a deterministic
parametric one, and on the problem solution’s regularity, which is used to later prove the

error estimates in Chapter 6.
1.1 Notation and function spaces

We begin by letting Y = (Yi(w), Ya(w), ..., Yn(w)) be an RN-valued random variable in a
complete probability space (2, F, P). Here € is the set of outcomes, F C 2 is the o-algebra
of events and P : F — [0,1] is a probability measure. For ¢ € [1,00), let (L%(Q))" be the

N
set comprising those random variables Y with Z/ Vi (w)|? dP(w) < 4o00. If Y € Lp(Q)
i=1 79

we denote its expected value by
BIY) = [ Y@ dPw) = [ v dur(y)
Q RN

where py (y) is the distribution measure for Y, defined for the Borel sets beB (RM), by

uy(b) = P <Y‘1(Z)>. If py is absolutely continuous with respect to the Lebesgue measure

then there exists a density function p : R — [0, 00) such that

/R yrly) dy.

Analogously, whenever Y € (L%(Q))N, the positive semi-definite covariance matrix of Y,
cov[Y] € RV*N "is defined by cov[Y](4,j) = cov(V;,Y;) = E[(Y; — E[Y}]) (Y; — E[Y;])] for

i,7 = 1,2,...,N. Moreover, whenever u = u(w,z) is a stochastic function with w € Q
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and z € D, its covariance function is defined by cov[u] x (z1, ) = cov (u(-, 21),u(-, 25)) for
T, Ty € D.

Here, N will denote the set of the nonnegative integer numbers and N, will be used for
the set of the positive integer numbers. Let d € N, and D be a bounded domain of R
with polygonal boundary dD. Denote by |D| = [, 1 dz the volume of D, i.e. the Lebesgue
measure of D. For s € N and ¢ € [1,00], let #*9(D) be the Sobolev space of functions
having generalized derivatives up to order s in the space LY(D). Using the standard multi-
index notation, v = (y1,...,74) is a d-tuple of non-negative integers, i.e. v € N% and its
length is given by |vy| := ijl ~i- The Sobolev norm of v € #*%(D) will be denoted by

1/q

||U||Ws,q(p) = Z / |07v|? dx , 1<g< oo

|vI<s

and
[0]s.00 () = max (ess sup |87v|> :
lvI<s D

We note that the space #%%(D) is a Hilbert space, with inner product (-, )y sz2(p) defined
by
(U,w)«//sz(D) = Z (871;, 87w)L2<D) .

lvI<s
We will write H*(D) = #*%*(D), and hence |||
(-, )ws2(p). We will use the function space Hj(D) which is a subspace of H'(D), consisting

Hs(D) — ||'||Ws,2(p) and ('7')H5(D) =

of functions which vanish at the b10121ndary of D in the trace sense, and equipped with the
norm ||UHH&(D) = {/D |Vol? dx} / . Whenever s = 0 we will keep the notation L?(D)
instead of #%9(D).

Since stochastic functions have intrinsically different structure with respect to w and
with respect to x, the analysis of numerical approximations requires the definition of new

functional spaces. For s € N and ¢ € [1,00] we define the stochastic Sobolev spaces

LR =LE(Q;w*1(D)) and L = Ly (S #7°1(D)) by:
L8 = {v Q2 x D — R | v is strongly measurable and / [o(w, )Yyea(py dP(w) < +oo}
and

L= {v :Q x D — R | v is strongly measurable and P — esssup ||v(w, -)HQWM(D) < —i—oo} :
weld

11



We now focus our attention on an elliptic operator £, linear or nonlinear, on a domain
D C R4, which depends on some coefficients a = a(w,z) with x € D, w € Q. Similarly, the
forcing term f = f(w,x) can be assumed random as well.

Consider the stochastic elliptic boundary value problem: find a random function,
u: Qx D — R, such that P-almost everywhere in €, or in other words almost surely

(a.s.), the following equation holds:
L(a)(u)=f inD (1.1.1)

equipped with suitable boundary conditions. Before introducing some assumptions we
denote by W (D) a Banach space of functions v : D — R and analogously to the above
construction we define, for ¢ € [1, 00|, the stochastic Banach spaces L%, = L%(Q2; W (D)) and
LY = L (W (D)) by:

L% = {v : Q — W(D) | v is strongly measurable and /Q [o(w, My (pydP(w) < —i—oo}
and
Ly = {v : Q — W(D) | v is strongly measurable and P — esssup [[v(w, ) [fpy < —i—oo} :
we

Of particular interest is the space L%(§; W (D)), consisting of Banach valued functions that
have finite second moments.

We will now make the following assumptions:

Ap) the solution to (1.1.1) has realizations in the Banach space W (D), i.e. u(-,w) € W(D)

almost surely and Yw € 2

[u W)llwpy < CIFEw)lwe o),

where we denote W*(D) to be the dual space of W (D), and C'is a constant independent

of the realization w € ().

Ay) the forcing term f € L%(Q; W*(D)) is such that the solution w is unique and bounded
in L%4(Q; W(D)).

Here we give two example problems that are posed in this setting:

12



Example 1.1.1 The linear problem

{ =V - (a(w, ) Vu(w,-))

u(w, -)

flw,-) inQx D,
0

on 2 x 0D, (1.1.2)

with a(w, -) uniformly bounded and coercive, i.e.
there exists Apmin, Gmaz € (0, +00) such that P(w € Q: a(w, ) € [amin, Gmaz] VT € D) = 1

and f(w,-) square integrable with respect to P, i.e.

/ E [fQ} dr < +00,
D

satisfies assumptions Ay and Ay with W (D) = HY(D) (see Chapter 2 and Babuska et al.
(2005¢)).

Example 1.1.2 Similarly, for k € N*, the nonlinear problem

{ =V - (a(w, ) Vu(w, ")) +u(w, u(w,)|* = g(w,-) in Q1 X D, (1.1.3)

u(w, ) = on 2 x 9D,
with a(w, ) uniformly bounded and coercive and f(w,-) square integrable with respect to P,
satisfies assumptions Ay and Ay with W (D) = HY(D)NL*2(D) (see Chapter 3 and Babuska
et al. (2007)).

1.2 On finite dimensional noise

In some applications, the coefficient a and the forcing term f appearing in (1.1.1) can be
described by a random vector Y = [Vi,...,Yy] : @ — R¥ as in the following examples. In

such cases, we will emphasize such dependence by writing ay and fy.

Example 1.2.1 (Piecewise constant random fields) Let us consider again problem (1.1.2)
where the physical domain D is the union of non-overlapping subdomains D;, i =1,..., N.
We consider a diffusion coefficient that is piecewise constant and random on each subdomain,
1.€.

N
an(w, ) = amin + Z 0; Y;(w)1p,(z).
i=1

Here 1p, is the indicator function of the set D;, 0;, Gmin are positive constants, and the

random variables Y; are nonnegative with unit variance.
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In other applications the coefficients and forcing terms in (1.1.1) may have other types of
spatial variation that is amenable to describe by an expansion. Depending on the decay of
such expansion and the desired accuracy in our computations we may retain just the first N

terms.

Example 1.2.2 (Karhunen-Loéve expansion) We recall that any second order random
field g(w, x), with continuous covariance function covlg] : D x D — R, can be represented
as an nfinite sum of random wvaritables, by means, for instance, of a Karhunen-Loéve

expansion (Loeve, 1977). To this end, introduce the compact and self-adjoint operator

T, : L*(D) — L*(D), which is defined by

Tyo(:) = /D covlg)(z,)v(z) dv Vv € L*(D).

Then, for mutually uncorrelated real random variables {Y;(w)}2, with zero mean and unit

variance, i.e. E[Y;] =0 and E[Y;Y;] = 6;; fori,j € Ny, the ezpansion is given by

9(w,z) = Elg|(x) + Z VAibi(@) Yi(w)

where {\;}72, is a sequence of non-negative decreasing eigenvalues of T, and {b;}3°, the

corresponding sequence of orthonormal eigenfunctions satisfying
Tgbi = )\16“ (bi7bj)L2(D) = 5@']’ fOT Z,j € N+.

In addition, for v = 1,..., the mutually uncorrelated real random variables are uniquely

determined by
1
Vi) = < [ (gwo) - Elgl(e)) bia)d
Vi Jp
The truncated Karhunen-Loéve expansion gy, of the stochastic function g, is defined by

gn(w,z) = Elg)(z) + Z VAibi(z) Yi(w) VYN € N;.

Then by Mercer’s theorem (cf. (Riesz and Sz-Nagy, 1990, p. 245)) it follows that

lim {s%pE [(9 - gN)ﬂ} = lim {S%p <_§: M)?)} =

Observe that the N random wvariables in (1.2.2), describing the random data, are then

weighted differently due to the decay of the eigen-pairs of the Karhunen-Loéve expansion.
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The decay of eigenvalues and eigenvectors has been investigated e.q. in the works Frauenfelder

et al. (2005b) and Todor (2005).

The above examples motivate us to consider problems whose coefficients are described by
finitely many random variables. Thus, we will seek a random field uy : Q x D — R, such

that a.s., the following equation holds:

'C(CLN>(UN) = fN in D, (121)

We assume that equation (1.2.1) admits a unique solution uy € L%(;W(D)). We
then have, by the Doob-Dynkin’s lemma (cf. Oksendal (2003)), that the solution uy of the
stochastic elliptic boundary value problem (1.2.1) can be described by uy = uy(w,z) =
un(Yi(w),...,Yn(w),z). We underline that the coefficients ay and fy in (1.2.1) may be
an exact representation of the input data as in Example 1.2.1 or a suitable truncation of
the input data as in Example 1.2.2. In the latter case, the solution uy will also be an
approximation of the exact solution u in (1.1.1) and the truncation error u — uy has to be

properly estimated, see for instance section 6.1.3 and the work (Nobile et al., 2006, Section

42).

Remark 1.2.3 (Nonlinear coefficients) In certain cases, one may need to ensure quali-
tative properties on the coefficients ay and fn and it may be worth while to describe them
as nonlinear functions of Y. For instance, in Fxample 1.1.1 one is required to enforce
positiveness on the coefficient an(w, ), say an(w,T) > Qmin for all z € D, a.s. in Q. Then
a better choice is to expand log(an —amin). The following standard transformation guarantees

that the diffusivity coefficient is bounded away from zero almost surely

log(ay — min)(w,7) =bo(z) + >/ Aubu(@)V;(w), (1.2.2)

1<n<N

i.e. one performs a Karhunen-Loéve expansion for log(an — amin), assuming that ay > amin
almost surely. On the other hand, the right hand side of (1.2.1) can be represented as a

truncated Karhunen-Loéve expansion

In(w, ) =co@) + D Vinn(1)Ya(w).

1<n<N
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Remark 1.2.4 [t is usual to have fn and ay independent, because the forcing terms
and the parameters in the operator L are seldom related. In such a situation we have
any(Y(w),z) = an(Y.(w),z) and fn(Y(w),z) = fn(Yi(w),x), with Y = [Y,, Y| and
the vectors Y,, Y are independent.

For this work we denote I';, = Y,,(£2) the image of Y,,, where we assume Y, (w) to be

bounded. Without loss of generality we can assume I',, = [—1,1]. We also let 'V = Hivzl I,
and assume that the random variables [Y7,Y5,...,Y,] have a joint probability density

function p : TV — R, with p € L>°(I'NV). Thus, the goal is to approximate the function
uy = un(y,z), for any y € TV and 2 € D. See also the works Babuska et al. (2005¢) and
Babuska et al. (2004b).

Remark 1.2.5 (Unbounded Random Variables) By using a similar approach to the
work Babuska et al. (2005¢) we can easily deal with unbounded random variables, such as
Gaussian or exponential ones. For the sake of simplicity in the presentation we focus our

study on bounded random variables only.

1.3 Regularity

Before discussing various collocation techniques and going through the convergence analysis
of such methods, we need to state some regularity assumptions on the data of the problem and
consequent regularity results for the exact solution uy. We will perform a one-dimensional
analysis in each direction y,, n = 1,..., N. For this, we introduce the following notation:
I = H?le I';, y; will denote an arbitrary element of I'y. We require the solution to problem

JFn
(1.1.1) to satisfy the following estimate:

Assumption 1.3.1 For each y, € 1., there exists 7,, > 0 such that the function
un(Yn, Y5, ) as a function of y,, uy : Ty — COT; W (D)) admits an analytic extension

u(z,y:,x), z € C, in the region of the complex plane
X(Tpym) ={2€C, dist(z,T',) <1} (1.3.1)

Moreover, Vz € X(T'y; 1),
lun (2) [l corsswpy < A (1.3.2)

with A a constant independent of n.
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The previous assumption should be verified for each particular application. In particular,
this has implications on the allowed regularity of the input data, e.g. coefficients, loads, etc.,
with respect to y,,n =1,2,..., N, of the SPDE under study. In the next Chapter we recall
some theoretical results and validate Assumption 1.3.1, which was shown in (Babuska et al.,
2005¢, Section 3), for the linear problem introduced in Example 1.1.1. The more difficult
SPDE is analyzed in Chapter 3 where we describe similar theoretical results for the nonlinear

problem described in Example 1.1.3.
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CHAPTER 2

LINEAR ELLIPTIC PDES WITH RANDOM INPUT
DATA

In this chapter we give more details concerning the linear problem described in Example
1.1.1. The main ideas here are to exhibit the well-posedness of the PDEs under study and to
verify the assumptions from Chapter 1 in a particular setting, showing that they are justified
and that one can extend them to a variety of problems. To begin, we describe the following

stochastic Hilbert spaces which were defined in Chapter 1:

o Vp=L%4(Q; HY(D)) equipped with the norm
lollp = [ B [I0F]do = B [I9000y) = 2 [y o)
o Vp, = {v eVp: fD [a|Vv|?] dx < —|—oo} equipped with the norm

ol = [ Blal Vol ds

Observe that under the assumptions of Example 1.1.1., the space Vp, is continuously

embedded in Vp and
1

[l < 1] p.a-

Moreover, this embedding allows us to control the solution u of problem (1.1.2) in the space
Vp.
Problem (1.1.2) can be written in a weak form as: find u € Vp, such that

/E[aVu-Vv] dx = / E[fv]dx Yv € Vpg,. (2.0.1)
D

D
A straightforward application of the Lax-Milgram theorem allows one to state the well

posedness of problem (2.0.1); precisely:
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Lemma 2.0.2 Under the assumptions defined in Example 1.1.1, problem (2.0.1) admits an
unique solution u € Vp,. Moreover, the following a priori estimates hold

C
{3 1f(w, )2y as. (2.0.2)

lull 2oy < "

and

C 1/2
ull 22 @m0y < a—P (/ E[f?] dx) : (2.0.3)
D

min

In the previous Lemma Cp denotes the constant appearing in the Poincaré inequality:
HwHLz(D) S CPvaHLQ(D) Vw € H(%(D)

Once we have the input random fields described by a finite set of random variables, i.e.
a(w,z) = ay(Y1(w),...,Yn(w), ), and similarly for f(w,z), the “finite dimensional” version
of the stochastic variational formulation (2.0.1) has a “deterministic” equivalent which is the
following: find uy € L2(I'V; Hg(D)) such that

/ p (anVuy, Vv)r2py dy = /
N

- p (fn,v)2py dy, Vv e L/ZJ(FN; H;(D)). (2.0.4)
Observe that in this work the gradient notation, V, always means differentiation with respect
to x € D only, unless otherwise stated. The stochastic boundary value problem (2.0.1) now
becomes a deterministic Dirichlet boundary value problem for an elliptic partial differential
equation with an N—dimensional parameter. For convenience, we consider the solution uy
as a function uy : TV — H}(D) and we use the notation uy(y) whenever we want to
highlight the dependence on the parameter y. We use similar notations for the coefficient

ay and the forcing term fy. Then, it can be shown that problem (2.0.1) is equivalent to

/DaN(y)VuN(y) -Vodr = /DfN(y)gb dx, V¢ € Hy(D), p-a.e. in TV, (2.0.5)

For our convenience, we will suppose that the coefficient ay and the forcing term fy admit
a smooth extension on the p-zero measure sets. Then, equation (2.0.5) can be extended a.e.
in 'V with respect to the Lebesgue measure (instead of the measure pdy).

It has been proved in Babuska et al. (2005¢) that problem (2.0.5) satisfies the analyticity
result stated in Assumption 1.3.1. For instance, if we take the diffusivity coefficient as in
Example 1.2.1 and a deterministic load, the size of the analyticity region is given by

a .
= ——. 2.0.
T, 1o, (2.0.6)
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On the other hand, if we take the diffusivity coefficient as a truncated expansion like in

Remark 1.2.3, then the analyticity region ¥(I',; 7,,) is given by

1
T =
4y )‘n”anL‘X’(D)

(2.0.7)

Observe that, in the latter case, as v/A,||by|l(py — 0 for a regular enough covariance
function, see Frauenfelder et al. (2005b), the analyticity region increases as n increases. This
fact introduces, naturally, an anisotropic behavior with respect to the “direction” n. This
effect will be exploited in the numerical methods proposed in the next sections and is the
subject of ongoing research. In the next Chapter we will extend the theoretical results for the
nonlinear elliptic SPDE described by Example 1.1.2 and explore the complications arising

when analyzing such problems.

20



CHAPTER 3

NONLINEAR ELLIPTIC PDES WITH RANDOM
INPUT DATA

In this Chapter we focus our attention to the nonlinear problem described in Example 1.1.2.
Similar to the previous Chapter, the goal here is to first thoroughly examine the theoretical
aspects of the continuous problem, where we exhibit the well-posedness of the nonlinear
SPDE, and to second, verify the assumptions from Chapter 1. Similar to the linear problem
described by Example 1.1.1 and analyzed in Chapter 2 we extend otherwise deterministic
techniques to assist in analyzing these complicated SPDEs.

We open this chapter introducing the following Banach spaces whose definitions can be

found in Chapter 1, where we recall the stochastic Hilbert spaces defined in Chapter 2:

o Vp=Vp [ Li? (Q; L¥2(D)) equipped with the norm

vl = </DE [[V0]?] dx) 1/2 . (/DE e dx> 1/(k+2)

1/(k+2)
= llelle + (B [JoliiZ ) )

. ‘~/p7a = {v cVp : |vllpa + E [HUHIZﬁQ(D)} < +oo}, equipped with the norm

1/(k+2)
[0l7,0 = Iollpa + (B [lels2m]) -

Similarly to Chapter 2, observe that under the assumptions of Example 1.1.3 the space 171:@
is continuously embedded in Vp. Finally, we also acquire the embedding Ve in Vp. Again,
this allows us to control the solution u of problem (1.1.3) in the space Vp.

We begin the analysis with a simple lemma deduced from Young’s inequality:
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Lemma 3.0.3 For some constant C(k) > 0 and v € Vp, the norm |vlls satisfies the

following inequality:

oz <2 [ (IVolap) ) + B (Il vl ) + k)] -

Proof. The proof follows as a direct application of Young’s inequality:

1/2 1/(k+2)7 2
(/ E [|Vv]?] dx) + </ E [[v]**?] dx) ]
D D
2/(k+1)
< [E 1901220y + (B I o120 ) }

<2[B [IV0lam)] + B [ ol )| + C8)]

lvlis =

where we define

k 2 \ Wk
Ck)=——=|——= 3.0.1
© =533 (i13) 60
for k € N*. O
Similarly to Evans (1998) we establish the global existence and uniqueness of a weak

solution to the nonlinear elliptic stochastic partial differential equation (1.1.3). To begin, we

consider the Lagrangian function
Z:R{x R x D — R,

defined by
Z(Vu,u,z) = E[L(Vu(w, ), u(w, ), z,w)], (3.0.2)

where

lu(w, 2)|"? — f(w,z)u(w,z), (3.0.3)

L(Vu(w,2), u(w, 2),2,0) = 5 alValw, 2)P +

and # : ‘7]37@ — R by
F(u) = / Z(Vu,u,x) dz. (3.0.4)
D

In what follows we identify conditions on the Lagrangian . which ensure that the functional

Z does indeed have a minimizer, at least within the appropriate Banach space ‘7]37(1.
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3.1 Coercivity, lower semicontinuity

In general we will require some hypothesis controlling .% (u) for “large” functions u. Certainly
the most effective way to ensure this would be to hypothesize that . (u) “grows rapidly as

|u| — o0”. More specifically we have the following lemma:

Lemma 3.1.1 (Coercivity Condition) Assume that £ is defined by (5.0.2). Then there

exists constants €,0 > 0 such that
F(u) >e||u||~—5 (3.1.1)

Futhermore, F(u) — o0 as ||ul|z — oo. It is customary to call (3.1.1) a coercivity

condition on .Z(u).

Proof. The proof of the coercivity condition (3.1.1) follows from Lemma 3.0.3 and the

Cauchy-Schwarz, Poincaré and Young inequalities. First we define the constant

5(16) = min {%Tm’ %_'_2}
then from (3.0.4) we get
F(W) > amin B (IVulliagny) + 55 2 (1 0lie) = B (Jullagoy 12200
> 2 5 (1Vulla) + g B (I i) = = B (16100
~ 35 B (Il

Amin 1 CP
> 20 B (| Vullin)) + =5 B (I ulfi)) = —= B (If1720))

mwn

Qmin 1 CP
=220 B (I Vuliap)) + 55 B (I ullitm) ) = == B (I1f120)

man

4
> C(k) [E (|rVuHL2D>)+E(H )] = 3 0B (1100
. O

lully = == B (11320 +2C ()

mzn

where we take N
C
e=— and § = —2

2 min

B (1 lp)) —2C(K)
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and C(k) is defined by (3.0.1). O

We next turn our attention to the basic task of finding minimizers for the functional .7 .
First let us remind the reader of some useful definitions and quote a few theorems that will
prove to be very beneficial to our discussion. We begin with the notion of a function being

weakly lower semicontinuous.

Definition 3.1.2 We say that a function ¥ is (sequentially) weakly lower semicontin-
uous on Vp,a, provided

F(u) < liminf .7 (uy)

k—oo
whenever

up — u weakly in Vp,

Our goal therefore is to now identify reasonable conditions on the nonlinearity .Z that ensure
Z (+) is weakly lower semicontinuous. It is important to have a large supply of weakly lower

semicontinuous functions. The following is often convenient:

Definition 3.1.3 A function # on ‘7]37(1 15 called convex if
F(A\r+ (1= Ny) <AF () + (1= N)F(y)
for all z,y € Vp, and X € [0,1].

We then have the following Lemma which will aid in showing .Z(-) is weakly lower

semicontinuous on Vp,.

Lemma 3.1.4 The Lagrangian £, defined by (3.0.2), is smooth, bounded below, and in
addition

the mapping (p,u) — Z(p,u,x) is strictly convez,

for each x € D. Therefore, F is strictly convex on ‘N/p@.

Proof. The fact the .Z is smooth is trivial to see and the boundedness follows directly from
Lemma 3.1.1. To see the mapping (p,u) — Z(p,u, x) is strictly convex recall that the sum
of convex functions is also convex and thus, only one term is required to be strictly convex
to enforce the same in the resulting function. It follows immediately from (3.0.2) and (3.0.3)

that the second and final terms of .Z are convex, but not “strictly so”. Therefore, one is only
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required to show that the mapping p — Z(p,u,x) is strictly convex to achieve the desired
result. To do so simply define the function f : R — R by f(p) = p?. Taking A € [0,1] and
following Definition (3.1.3) we get that

O+ (L= A)g) = A f(2) = (L= ) f(y) = (A = \)a? + 20(1 — A)ay
+((1 =)= (1=A))y’
= A = 1)(@? + 22y + 1)
=AA—1D)(z+y)*>0.
Then replacing p with Vu and taking expectations the result follows. O
The convexity in the first argument is fundamental when trying to exhibit the existence
of a minimizer. First we will require .# to be weakly lower semicontinuous on ija which

leads us to the following general result, whose proof can be found in (Reed and Simon, 1990,

p.356), pertaining to weakly lower semicontinuous functions on Banach spaces:

Proposition 3.1.5 Let F be a function from a Banach space B to R. Suppose that F
1s conver on B, and that F 1is norm lower semicontinuous. Then F is weakly lower

semicontinuous.

Since our goal is to demonstrate that there exists a minimizer of .# in ‘7]3@, then the
prerequisite will be that .# is weakly lower semicontinuous. With Proposition 3.1.5 we

proceed and arrive at the following theorem.

Theorem 3.1.6 Assuming that £ satisfies the conditions of Lemma 3.1.4, then the function

F defined by (3.0.4) is weakly lower semicontinuous on ‘7]3’0(.

Proof. The last term is obviously weakly continuous and the second term is weakly lower

semicontinuous by Proposition 3.1.5. As for the first term, let u,, — u weakly; then

[ v de =sup {|(5.a Va)sao | : £ € D) W) = 1}
sup { (V- (af), w)remy] + £ € (D), [ oy = 1}
sup { i (V- (@), wn)rzoy | f € CF(D), 1 ) = 1}
= sup { i |(,aVun)re] : £ € CE(D, 171y = 1

< lim inf/ a|Vu,|? dz.
D

n—oo
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Then taking the expected value yields

/ E [a|Vu|?] dz < lim inf/ E [a|Vu,|?] dz.
D o D

We can now conclude that .Z (-) is weakly lower semicontinuous. O

3.2 Existence and uniqueness of minimizers

We can at last establish that .# has a minimizer among all possible functions in ‘7]37&.

Theorem 3.2.1 (Existence of a minimizer) Assume that £ satisfies the conditions of
Lemma 3.1.4 and the coercivity condition (3.1.1), then there exists at least one function
u e ‘7p’a satisfying

F(u) = min F(w).

'UJEVPYG

Proof. Set m := inf F(w). If m = 400 we are done, and so we henceforth assume m

w€‘7p7a

is finite. Select a minimizing sequence {uy}3>,. Then
F(u) — m as k — o0. (3.2.1)

We would like to show that some subsequence of {uy}72, converges to an actual minimizer.

From (3.2.1) we know that, for all k
mgﬂ(uk)<m+% <m+ 1.
The coercivity condition (3.1.1) guarantees that
F(ur) > €l — 6,
and hence, we arrive at the following inequality

1
Jug |5 < “(m+144). (3.2.2)
Since m is finite, we conclude from (3.2.1) and (3.2.2) that

sup [uk]|p < oo.

This estimate ensures that {uy}72, is bounded in Vp. Consequently there exists a subse-

quence {ug; }32; C {ux}p, and a function u € Vp such that
ug; — u weakly in Vp.
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We assert next that u € ‘7]37(1. In view of Theorem 3.1.6 and the coercivity condition (3.1.1)

we have for some constant C, > 0,

m = liminf F(uy,) > F(w) > Callullp, — B ([0l apy 11200

J—0o0

C P Amin
> Cullullp = o B (1 law) = G 2 (lulfemy)

Therfore, it is easy to see that

C(P 2 Amin 2
(1 + 2 B (1) + 522 B (M) ) < o0

mwn

lullpa < &

a

Since u € Vp,a then it follows that

F(u) =m = min F(w).
wEVP,a

O
We turn next to the problem of uniqueness. In general there can be many minimizers,

but Lemma 3.1.4 ensures that this does not happen here, as will be shown next.

Theorem 3.2.2 (Uniqueness of minimizer) Assume that £ satisfies the conditions of

Lemma 3.1.4. Then a minimizer u € ‘7]37@ of Z(+) is unique.

Proof. Assume u,u € ‘7}37@ are both minimizers of % () over ‘7]3’(1. Then v := %ﬂ € ‘7p’a.

Following from the strict convexity proved in Lemma 3.1.4

Fw) = F (“ : a) <SP+ 37 ).

Hence, from Theorem 3.2.1 we get that m = inf .y ~F(w) = F(u) = F (u) which implies

F)< —+ ==
W) <5 +5=m

Therefore, u = u for a.e. x € D and for a.s. w € 2. O

3.3 Weak solutions of a nonlinear stochastic PDE

We wish next to demonstrate that any minimizer u € ‘7]37@ of .% solves the nonlinear SPDE
(1.1.3) in some suitable sense. Conversely, since the joint map (p,u) — Z(p,u, ) is convex

for each x then each such solution of (1.1.3) is in fact a minimizer. This does not follow from
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direct calculations since we only know that u € ‘7]37@. We do know that .Z and its derivatives

satisfy the following growth conditions:
1L (Vu,u,2)| < C (amaz E [|Vul’] + E [|u"*?] + 1) (3.3.1)

and also
| Dy (Vu, u,z)| < C(amas E[|Vul])

(3.3.2)
|D,Z (Vu,u,z)| < C(E [Jul*] 4+ 1)

for some constant ' = max {k_}ﬂ’ E] f]} This motivates the following.

Definition 3.3.1 We say u € ‘7]3,& is a weak solution of the boundary-value problem (1.1.3)
for the nonlinear stochastic PDE provided

/ EaVu - Vv| dz +/ E [ulu|*v] dx —/ E[fv]dx=0 (3.3.3)
D D D
for all v € ‘7p,a.

Theorem 3.3.2 (Solution of the nonlinear stochastic PDE) A solution u € Vp,a sat-
isfies

F(u) = min F(w)
wEVp,a

if and only if u is a weak solution of the nonlinear stochastic PDE (1.1.3).

Proof. (=). First we assume that u € f/p,a satisfies

F(u) = min ZF(w)

'LUGVP,G
and show that u is a weak solution (1.1.3). We proceed by first differentiating inside the

integrals. Fix v € ‘N/Ra and set
i(1) == Z(u+71v), TER.

In view of (3.3.1) we see that i(7) is finite for all 7. Let 7 # 0 and write the difference

quotient
i(r) —i(0) _ / ZL(Vu+1Vv,u+1v,2) — £ (Vu,u, ) .
T D T
_ / E[L(Vu(w,z) + 7Vv(w,z),u(w, z) + 7v(w, x), z,w)] i
D T

(3.3.4)

_/ E[L(Vu(w, z),u(w, ), z,w)] d

= /DET(-, x)dx
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where
L(x) = %E [L(Vu(, z) + 7Vo( ), u(-, z) + 70( ), 2,w)] — E[L(Vu(, z), u(-, z), 7,w)]
for a.e. z € D. Clearly, when 7 — 0

L7(-x) = EaVu(,2) - Vol 2)] + E [u(-,2) [u(w, -)[*o(- 2)] = E[f(2)v(-,2)]  (3.3.5)
for a.e. x € D. Furthermore,

L7(,x) = %/OT éE [L(Vu(-, z) + sVou(-, z),u(-, z) + sv(-, x), x,w)] ds

= 7_1-/07 {E [aVu(-,z) - Vou(-,x)]+ E [u(,x) |u(,x)|kv(,x)] —F [f(,x)v(,:c)]} ds.

Then since u,v € Vp,, inequalities (3.3.1) and Young’s inequality imply after some

elementary calculations that
1£7(. )| < C (tmar (B [[Val’] + E [[VoP]) + B [Juf**] + E [[o]***] +1) € L}(D)

for each 7 # 0. Consequently we may invoke the Dominated Convergence Theorem to

conclude from (3.3.4), (3.3.5) that i’(0) exists and equals

/DE[aVu-Vv] dx+/DE[u|u|%} dx—/DE[fv] dz.

But then since i(-) has a minimum for 7 = 0, we know that ¢'(0) = 0; and thus u is a weak
solution.

(«<). Now suppose that u € ‘7p7a solves (1.1.3) in the weak sense, i.e.,
/ EaVu - Vv| dz —|—/ E [ulu|*v] dx —/ E[fv]dx=0 (3.3.6)
D D D

for k € N*. Select any w € ‘7]37@. Utilizing the convexity of the mapping (p, u) — Z(p,u, ),

we have

Z(Vu,u,z) + E[D,L(p,u, x)(q — p)] + E[DuL(p, u, ) (w — u)] < L(q,w,z).
Let p = Vu, ¢ = Vw and integrate over D:

Z(w+ [ {BD,Lpw,a)(Vw = Vo)l + B DLL{p. o) = ]} do < P (w)
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which implies
F(u) + /D {E[aVu-V(w—u)]+ E [(uul* — f)(w—u)]} do < F(w).

Therefore, in view of (1.1.3) the second term on the left is zero, and therefore % (u) < % (w)
for each w € ‘7}37(1. O

We finally have enough tools to state the well-posedness of (3.3.3); precisely:

Corollary 3.3.3 The weak form of (1.1.3) defined by (3.53.8) admits a unique solution

u € ‘713’&, which satisfies the estimates:

4Cp
el < =2 B {110 (33.7)

min

and
2Cp

min

B [lol52p] < 6+ 2)

B |17 (33.8)

Furthermore, as before, define

then u € ‘N/Ra satisfies the following:

2 Cp
e e () 3:39)

Proof. The proof of the existence and uniqueness of a solution u € ‘7]37@ follows directly from
Theorems (3.2.1), (3.2.2) and (3.3.2). The estimates (3.3.7), (3.3.8) and (3.3.9) follow from
the coercivity condition (3.1.1) derived in Section 3.1. To see this first notice that 0 € ‘7]37@

and therefore since u € Vp, is a unique minimizer then

k C
0=50) 2 7w > W~ 7 [ +200
C(k C
> Wz~ 7 B[

and (3.3.9) follows directly. Also from the coercivity condition (3.1.1) we get that
Cp

mwn

Amin 1
F(w) 2 B |[Vulap)| + 175 B | ullit)| -

Amin C(P
2 B [IVulagp) | — -

mwn

v

E 10|

v

E 10|
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and then (3.3.7) follows. Similarly, from (3.1.1) and using the estimate (3.3.7) we observe
that

amm 1 k+2 Cp Amin 2
Fw) > 5B |[Vull| + 5 B [ 0l | = o B (1715 = G5 2 Il
1 k42 C’P 2 Amin
> s Bl — o B (1) — Ga 2 [l
1 k2 CP
> s Bl | =2 o B (171
which implies the estimate (3.3.8) and completes the proof. O

3.4 Analyticity and the deterministic problem

Similarly to Chapter 2, once we have the input random fields described by a finite set of
random variables, i.e. a(w,x) = ay(Y1(w), ..., Yn(w), ), and similarly for f(w, z), the “finite
dimensional” version of the stochastic variational formulation (3.3.3) has a “deterministic”

equivalent which is the following: find uy € L3(I'N; L¥2(D) N Hj(D)) such that

/ 1% ((INVUN,VU)L2(D) dy —|—/ 1% (UN‘U,N’k,U)Ig(D) dy = / P (fN;'U)LQ(D) dy, (341)
rN N N

for all v € L2(I'N; L***(D) N Hy(D)). Furthermore, as in Chapter 2 the nonlinear stochastic
boundary value problem (3.3.3) now becomes a deterministic Dirichlet boundary value prob-
lem for a nonlinear elliptic partial differential equation with an N —dimensional parameter.
Also, we use the notation uy(y) whenever we want to highlight the dependence on the
parameter y and define uy : 'V — LF2(D) N HY(D). Then, problem (3.3.3) is equivalent

to

[ ax¥uxt) Voo + [ ut)luvwFods = [ ftods (3.4.2)

for all ¢ € L*2(D)n H}(D), p-ae. in V. Recall that we assume that the coefficient
ay and the forcing term fy admit a smooth extension on the p-zero measure sets. Then,
equation (2.0.5) can be extended a.e. in I'V with respect to the Lebesgue measure (instead
of the measure pdy).

As discussed in Section 1.3 Assumption 1.3.1 must be verified for each application. In
particular Assumption 1.3.1 was verified for the linear problem (2.0.5) by Babuska et al.
(2005¢) and described in Chapter 2.
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It remains to be shown that the nonlinear problem (3.4.2) also satisfies the regularity
restriction defined by Assumtion 1.3.1. As an initial approach we take & = 1 and restrict our
analysis to the region u > tpy, > 0 and a2, > 4CE (<), where € > 5 and Cp is defined
by (3.3.7).

With this in mind, problem (3.4.2) is equivalent to the the following: find uy : TV —
W (D) such that

/D an(y)Vun(y) - Vo d + /

D

(un(9))?6 dx = /D In(y)dde, (3.4.3)

for all € W(D), p-a.e. in I'V, where we now take W(D) = L3(D) N H}(D). The next
result concerns the analyticity of the solution u = wuy of (3.4.3) whenever the diffusivity
coefficient a = ay and the forcing term f = fy are infinitely differentiable w.r.t. y, under
mild assumptions on the growth of their derivatives in y. With this in mind, we require
several derivatives of the nonlinear function .4 (u) := u?. The Fad di Bruno’s formula

(di Bruno, 1855) gives an explicit equation for the ¢-th derivative of the composition A4 (u).

Namely:
i Je
o N () =3 ﬁ/%) (u) <%>h . (8%u> (3.4.4)
where
J=J1+ ...+ e
and the sum is over all partitions of ¢, i.e., values of kq, ..., k, such that
Ji+2js+ ...+ Lljy=L.
We will perform a one-dimensional analysis in each direction y,, n =1,..., N. For this,

we recall the following notation: I'* = [ I'; and y; will denote an arbitrary element of
JFn

I'*. The analyticity result is presented next:
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Theorem 3.4.1 Assume that, for every y = (yn,y:) € 'V, there exists v, < +0o such that

9 a(y)
a(y)

||a§nf(y)”L2(D)
L+ f W)z oy

< ’yfbé ! and
(D)

< reryhe, (3.4.5)

where the constant vy is defined by:

1 if0<0<2,
Ty =
CTM ife>3,

and C2 < M < (=2) %z, with € > 5 and the constant C, as in (3.3.7). Then the solution
min P

w(Yn,yi,x) to problem (3.4.3), as a function of y,, u : T, — C°(T%;W(D)), admits an

analytic extension u(z,yk, x), z € C, in the region of the complex plane
Y(Cpym) ={2z€C, dist(z,T',) <1} (3.4.6)

with 0 < 1, < 1/(evn). Moreover, ¥z € X(I'y; 1),

M1/2

Vmin(1 — €7,7) (1 + Hf”CO(FN;LQ(D))) . (3.4.7)

| Re(2) u(z)|corswpy) < K
where the constant k > 1.

Proof. From (3.4.3), in every point y € I'V, the ¢-th derivative of u w.r.t y, satisfies the

following;:
8§nB(y;u,v) + (8§n,/V(u),v> = <8§nf(y),v>, Vv € L¥(D) N Hy (D) (3.4.8)

where B is the parametric bilinear form defined by B(y;u,v) = / a(y)Vu - Vo dz and
D
() = (") p2(p)- Then, for £ > 2, we define

.

and from (3.4.4) we get that

:i( )/ y)0, "Vu - Vudax

m=0

P ua‘ Dy
+2gv/ Zgj y" vdz.
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=1 for ¢ odd, otherwise,
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for ¢ even, G = {% for k = g
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This implies that

14

/a(y)aﬁnVu-Vvdx—l—%!/ wd uvde = —Z( ¢ )/8£a(y)8§;mvu.Vvdm
D D m D

m=1
| (%nu 85;1u 82 u 85 2u ,
—26./[) T (8—1)!+ o (g_ Udm—l—/a y)vdz,
for all v € L3(D) N H}(D).
(3.4.5) we obtain

Therefore, choosing v := 8§nu and utilizing the assumption

Yn

_Z< )/ (y()y)a‘ " - o, Vualy) do
_25%(3% (55111)!+822’}u (jﬁi—?)!—}-..)agnudx—i-/afnf(y)ﬁgnudac
<7i) 87”— /\/_agmvu\/_aﬁvudx

| L=(D)

+2£1/D(5%U(§§ill)!+a%!u(?§i‘22“)!+...)a§nudm+}}a§nf(

£ (o)l

m=1

/ a(y) (8€ Vu)2 dz 420 | u (0 u)2 dx
D D

M-~

<

3
Il

H\/_8Z Vu

L*(D)

T um IVl (1, 15 N0l 10

=51 Va0 o | Vil gy + - )

¥ anaaf(y)IILg A NEEAL .

<Yty Vol [V v,

2/!

+ mcz H\/_ag vul|L2(D ( H\/_al"VUH H\/@a;;lquLQ(D)
by VA Ve, )
Cp

+ Vmin ”aenf(y)”LQ(D) H\/@%V“HLQ(D)’
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and therefore, we conclude that

‘ Hw/ (9[ mVu L
I /_ a@ VUHZ—F2£'H\/_88 uH < 4(0) Z 2m (6 —m)]2 =2

m=1
02
40!
" mznumln (1'{ '}2

\/_al VUH H \/_af 1 LZ(D) (3.4.9)
\/@82nquL2(D) H @35;2WHL2(D) . )

" {2!}2{(6 —op

C% 2
+ QW Ha nf( )HL2(D) :

By setting the general term R, = H\/a(y)aén H —|— 2£‘ }\/—ae )HLz(D) and
using the bounds on the derivatives a and f, we will prove that
Re € MIOHen* L+ 1) loo)?s V£ 0. (3.4.10)

First, we will verify the bound (3.4.10) for ¢ = 0 and ¢ = 1 since (3.4.9) is only valid for
¢ > 2 and, hence, these cases must been shown directly. We will prove (3.4.10) for all £ > 2
by induction.

For the case ¢ = 0, take v := u in (3.4.8) and we arrive at the following:

2
[Vaw©d|,, -+ Vil < Colf@ iz Vuloo,
Hf I @) 2y
<(C \a
- amm H V L2(D)
1 1Lf )z p
< = 2 (D)
< (vl + s )
ie.,
: S 110 | :
|Vawvu|,, , +2llVauli,, < ¢ <SP 0 (e (14 1) )
2
<M (L+[[fW)llz2my) -
(3.4.11)
For the case ¢ = 1, we utilize (3.4.8) which yields:
(Oy,a(y)Vu, Vo) + (a(y)Vo,,u, Vv) + 2(u0,,u,v) = (0,, f(y),v), (3.4.12)
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and by setting v := 0, u in (3.4.12) we conclude that

H\/@V(’?ynu‘; +2H\/ﬂayn““i2w) :/aynf(y)aynde—/Dayna(y)Vuvaynudx
< e WSOy | Va0
ayna . | Vatw)ve| . |Valy)vo,u ‘LQ(D)
- = ||aynf<y>||L2(D |Vawvo,,,.,
ayna . H\/_ qu \/@vaynu o
< ;11 H\/@va I (e L a(ml‘”w)
1 2 0y.a(y)\’ 2
+ZH‘/@V(9 nu‘LQ(D)Jr (Ty)) H a(y)Vu o

=5 |[Vatwvo,u

Equivalently, using (3.4.11) and the assumption (3.4.5) ylelds

|Vawvo,.|,  + 4Vl < ||3ynf( )20
—ay"a H\/_Vu

202 202
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and hence,

6C%
1V a(y)Voy,ull® + 2[Vudy,ul® < —=42 (1 + [ f(y)llz2m)) (3.4.13)
< M(eva)* (1 + [ f(W)lz2(p))? (3.4.14)
To begin the induction we must first show directly that

Ry € M) (1 + | ()10 (3.4.15)

Indeed, taking another derivative with respect to y in (3.4.12) we have

ajna(y)VuVé?;nu +2 8ynaV6yan8§nu + a(y) (V@;nu)2
+2u(0] u)? + 20,,u°0; u =08 f(y)0: u,

Yn
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which can be equivalently written as
aly) (VO5,u)” +2u (9], u)°
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Hence (3.4.15) holds under that assumption that M > - and provided that we choose the

constant -, such that

(3.4.16)

Finally, assuming that (3.4.10) holds for all £ = 1,2,..., L — 1 we will now show the
induction step by verifying (3.4.10) for the case ¢ = L. Indeed, from (3.4.9), for all
¢=1,...,L —1, we obtain

H v “(y)aﬁnquLz(D) < MY20(ex) (14 1F W) l2w)”

which indicates the following:

H\/_a;LVuH 2] IVadyull )
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or equivalently,

M<<6_5) : <(6_5> 1
TNV a0 (G I 0ee) + k) N T 203 (s 2k

Amin min Amin
€—95 Amin
< YR
e—1/) Cp

as described in the assumptions. Above we utilize (3.4.3) to provide the following bounds:

ullZs oy < 1 fllzsrzeoy lullzay,  ullZs oy < Cllf o)

and 12
1/2 : . C
Umin, S li”f”Lg(D Wlth KR = W7
with constant C' > 0. This completes the induction step and therefore, the generic term R,

admits the bound given by (3.4.10). We now get the final estimate on the growth of the

derivatives of wu:

|V u

Yn

amzn

MO\ M2
|L2(D) < ( , ) 0 () (L + [1fW)le2)

We now define for every y, € T',, the power series u : C — C(T}; W (D)) as

o0

Z yn7 Z (yn7Yn7 )
=0
where, for kK > 1, we have
[u(2)llcowswpy = IVulz)llcowsizzpy + lu(z)llcows;izamy

< E|Vu(2)|lcows, 2y

Hence,

\z
[u(2)|lcowsw(py < R Z || o W) [l cors 11 ()

(=0
M 1/2 0
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where the series converges for all z € C such that |z — y,,| < 7, < 1/(e7y,). Moreover, in the

ball |z — y,| < 7, we have

M 1/2 -
Re(o)u(e)levsavion < () (LFOlcnamaaeon + DY (= = smlern)
mn s
. M1/2
< 1 | |

The power series converges for every y, € I',, hence, by a continuation argument, the
function u can be extended analytically on the whole region ¥(I',,; 7,,) and estimate (3.4.7)
follows. 0

The following example illustrates the validity of assumption (3.4.5) (Babuska et al.,
2005¢).

Example 3.4.2 Let us consider the case where the diffusivity coefficient a is expanded in a

linear truncated Karhunen-Loéeve expansion

a(w,x) = by(z) + Z vV Anbn(
provided that such expansion guarantees a(w,x) > Qi for almost every w € Q and x € D

(Schwab and Todor, 2007). In this case we have

ak

yn

< {V)‘ngn“Loo(D)/amm fork=1
L (I'x D) 0 for k>1

and we can safely take v, = \/An||bn || Lo (D)/ @min i (3.4.5).

If we consider, instead, a truncated exponential expansion

a(w’ x) = Qmin + ebo(w)+ZﬁY=1 VAnbn (2) Y (w)

we have
ok a

Yn

< (Vaaltallmon)'

Lo°(I'x D)

and we can take v, = /Ap||bn||zo(py. Hence, both choices fulfill the assumption in Lemma
3.4.1.
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Example 3.4.3 Similarly to the previous case, let us consider a forcing term f of the form

N

flw,x) = co(x) + Z (7)Y (w)

n=1

where the random variables Y, are Gaussian (either independent or not), and the functions
cn(x) are square integrable for anyn = 1,...,N. Then, the function f belongs to the space

CYUTN; L2(D)), with weight o defined in (Babuska et al., 2005¢, Section 3). Moreover,

195, f W2y _ [ llealliay  for k=1
L+ f W2y — |0 fork>1

and we can safely take v, = ||cpl|r2py in (3.4.5). Hence, such a forcing term satisfies the
assumptions of Lemma 3.4.1. In this case, though, the solution u is linear with respect to

the random variables Y,, (hence, clearly analytic) and our theory is not needed.

As we previously mentioned, Theorem 3.4.1 only discusses the nonlinear case when k = 1.
Moreover, assuming that u > u,,;,, > 0 may be difficult to show in general. This is an area
of extreme interest to us and we intend to pursue several varying approaches in the future,
to prove this result in general. In particular, we are optimistic that borrowing techniques
from abstract nonlinear parabolic theory will assist in validating this result. For example,
the works Lunardi (1987, 2004); Escher and Simonett (2003) prove that the solution to a
fully nonlinear parabolic problem admits an analytic extension in some region of the complex
plane with respect to the parameter ¢ (time). In this setting we can think of the parameter
t as the noise parameter y, € I';, = [—1, 1] and we can attempt to extend these analyticity
results to our particular problem, described by 3.4.2.

Broadening these abstract theoretical results will open the door to many new appli-
cations. In particular the work of Takac et al. (1996) proved the analyticity of essentially
bounded solutions to semilinear parabolic systems with applications to the Ginzburg-Landau
equations. It is this direction that we predict this area of study to be headed. This thesis is
just a beginning to many realistic engineering applications which we intend to devote much
future research.

In the next chapter we provide an overview of several numerical methods used to solve
the problems described in this chapter and Chapter 2 and introduce the approximation

spaces used by such techniques. If the number of random variables is moderately large, we
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motivate the consideration of sparse tensor product spaces as first proposed by Smolyak
Smolyak (1963) and further investigated by e.g. Gerstner and Griebel (1998a); Barthelmann
et al. (2000a); Frauenfelder et al. (2005b); Xiu and Hesthaven (2005), which will be the
primary focus of this chapter. The use of sparse grids allows one to reduce dramatically the
number of collocation points, while preserving a high level of accuracy. We also describe
the anisotropic sparse approximation method to be considered as well as the different

interpolation techniques to be employed.
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CHAPTER 4

AN OVERVIEW OF NUMERICAL METHODS

Depending on the structure of the noise that drives an elliptic SPDE, there are different
numerical approximations. For example, when the size of the noise is relatively small, a
Neumann expansion around the mean value of the operator of the equation is a popular ap-
proach. It requires only the solution of standard deterministic partial differential equations,
whose number is equal to the number of terms in the expansion. Equivalently, a Taylor
expansion of the solution around its mean value with respect to the noise yields the same
result. Similarly, the work Kleiber and Hien (1992) uses formal Taylor expansions up to
second order of the solution but does not study their convergence properties. Recently, the
work Babuska and Chatzipantelidis (2002b) proposed a perturbation method with successive
approximations. They show that uniform coercivity of the diffusion coefficient is sufficient
for the convergence of the method. Other perturbation approaches are discussed in Winter
et al. (2002); Lu and Zhang (2004). The drawback of perturbation methods is their necessary
conditions for convergence. In most of the cases the expansions are formal or, as in Babuska
and Chatzipantelidis (2002b), they rely on rather stringent conditions on the allowed noise
size.

Monte Carlo methods (Fishman, 1996b; Sobol’, 1994) are not restricted to small noise
size. They are both general and simple to code and naturally suited for parallelization.
They generate a set of independent identically distributed (iid) approximations of the
solution by sampling the coefficients of the equation, using a spatial discretization of the
partial differential equation, e.g. by a Galerkin finite element method. Then, using these
approximations we can compute corresponding sample averages of the desired statistics.
Monte Carlo methods have a rate of convergence that may be considered slow, but the

required computational effort grows only like a polynomial with respect to the number of
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random variables present in the problem. It is worth mentioning that in particular cases
their convergence can be accelerated by variance reduction techniques (Jouini et al., 2001).
The convergence rate of the Monte Carlo method is interpreted in the probabilistic sense
and a practical estimate of its error needs an a posteriori estimate of the variance of the
sampled random variable, which in turn requires an a priori bound on higher statistical
moments, cf. the Berry-Esseen Theorem in Durrett (1996). Moreover, if the probability
density of a random variable is smooth, the convergence rate of the Monte Carlo method for
the approximation of its expected value can be improved (Novak, 1988; Traub and Werschulz,
1998). Quasi Monte Carlo methods (Caflisch, 1-49, Cambridge Univ. Press, 1998; Sobol’,
1998) offer a way to get a better convergence rate than the Monte Carlo method, although
this advantage seems to deteriorate in general when the number of random variables present
in the problem becomes too large.

When only the load fy is stochastic, it is also possible to derive deterministic equations
for the statistical moments of the solution. This linear elliptic case was analyzed in Babuska
(1961); Larsen (1986) and more recently in the work Schwab and Todor (2002), where a new
method to solve these equations with optimal complexity is presented.

On the other hand, the works of Deb (2000); Deb et al. (2001b), Ghanem and Red-
Horse (1999); Ghanem and Spanos (1991) and (Xiu and Karniadakis, 2002a) address the
general case where all the coefficients are stochastic. These approaches transform the
original stochastic problem into a deterministic one with a large dimensional parameter
and they differ in the choice of the approximating functional spaces. We refer to them
here as Stochastic Galerkin approaches. The works Deb (2000); Deb et al. (2001b) use finite
elements to approximate the noise dependence of the solution, while Ghanem and Red-Horse
(1999); Ghanem and Spanos (1991) use a formal expansion in terms of Hermite polynomials.
A similar approach with a generalized basis is followed by Xiu and Karniadakis (2002a).

The approximation error in the approach of Deb (2000); Deb et al. (2001b) can be
then bounded in terms of deterministic quantities, as described in Babuska et al. (2004b);
Frauenfelder et al. (2005a). Moreover, this approach combined with the use of double
orthogonal polynomials yields a set of uncoupled “deterministic” problems for its solution,
just as in the Monte Carlo method.

The work Benth and Gjerde (1998a), which developed a related error analysis for elliptic

stochastic differential equations, gives approximation error estimates for functionals of the
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solution. On the other hand, the analysis in Benth and Gjerde (1998a) uses the regularity of
the computed functional together with estimates in negative spaces for the approximation
error in the solution of the SPDE. These negative estimates can, in principle, accommodate
rough solutions; however, they require H? spatial regularity, an assumption that is not clearly
fulfilled by rough solutions.

Recently, the work Matthies and Keese (2005) proposed Wiener Chaos approximations
for linear and nonlinear elliptic SPDEs. In particular, the convergence of the Wiener Chaos
approximations for linear elliptic SPDEs is addressed. Thanks to Galerkin orthogonality,
such convergence can be achieved by taking sufficiently many terms in the expansion of
the diffusion coefficient. Moreover, once this is done the convergence results in Benth
and Gjerde (1998a) apply to the linear case in Matthies and Keese (2005), because the
bilinear form in (2.0.1) is computed exactly. However, the nonlinear case remains without
convergence analysis. Moreover, the proposed numerical methodology by Matthies and
Keese (2005); Xiu and Karniadakis (2002a); Ghanem and Red-Horse (1999); Ghanem and
Spanos (1991) leads to a large system of coupled equations. For such nonlinear problems a
Stochastic Collocation approach will outperform these methods; in terms of both the analytic
convergence results and their numerical implementation. The new resulting methods preserve
the convergence properties of Stochastic Galerkin and at the same time be computationally
efficient and nonintrusive: they should allow maximum code reusability by relying on
appropriate “samples” of the solution, similarly as in the Monte Carlo method.

The works Babuska et al. (2004b, 2005d); Frauenfelder et al. (2005a) base their analysis
on the Karhunen-Loeve expansion of the data. In addition, they assume that the mentioned
expansion for the diffusivity coefficient has independent random variables with uniformly
bounded support, an assumption that is not valid in general. In other words, if we proceed
to fit a diffusion coefficient by means of a truncated Karhunen-Loeve expansion there is no
guarantee that the resulting fit will be coercive. On the other hand, if one fits the log of the
coefficient then there is no such difficulty.

Even in the case of linear equations, when the diffusion coefficient ay (Y3 (w), . .., Yn(w), z)
is not linear with respect to Y, for n = 1,... N, the system of linear equations that
defines the stochastic Galerkin approximate solution cannot be decoupled by means of
double orthogonal polynomials (Babuska et al., 2004b). This same phenomena occurs in

the presence of nonlinearities in the elliptic PDE such as problem 1.1.3. It is clear that
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nonlinear Y,,-dependence offers good control over the coercivity of ay(Y;(w),..., Yy(w),x)
and also there is a clear motivation for addressing nonlinear problems. At the same time,
we would like to avoid solving large coupled systems as much as possible. This motivates
us to consider stochastic collocation as proposed and analyzed in the work Babuska et al.

(2005a). This method has many advantages, such as:

e leads to uncoupled deterministic problems (also in case of input data which depend

nonlinearly on the random variables),

e treats efficiently the case of non-independent random variables by introducing an

auxiliary density,

e casily includes the case of random variables with unbounded support (such as Gaussian

or exponential ones), and
e handles without difficulty a diffusivity coefficient ay with unbounded second moment.

With this in mind, it is very natural to use this method as a starting point for our research.
The rest of this chapter provides a deeper mathematical background on the numerical
approximation techniques that motivated this work. We also discuss some implementation

issues for each method.
4.1 Approximation spaces

We seek a numerical approximation to the exact solution of (1.2.1) in a suitable finite
dimensional subspace. To describe such a subspace properly, we introduce some standard

approximation subspaces, namely:

e W,(D) C W(D) is a standard finite element space of dimension Nj, which contains
continuous piecewise polynomials defined on regular triangulations 7, that have a
maximum mesh-spacing parameter h > 0. We suppose that W), has the following
deterministic approximability property: for a given function ¢ € W (D),

i — < C(sip) b, 4.1.1
Join e = vliwp) < Clsip) (4.1.1)

where s is a positive integer determined by the smoothness of ¢ and the degree of the

approximating finite element subspace and C'(s; ) is independent of h.
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Example 4.1.1 Let D be a convex polygonal domain and W (D) = H(D). For
piecewise linear finite element subspaces we have, for o € H*(D),

i - <ch .
Ue?%i?n)”so Vllaapy < chllella o)

That is, s =1 and C(s; ) = ||¢||u2(py, see for example Brenner and Scott (1994).

We will also assume that there exists a finite element operator m, : W(D) — Wy (D)
with the optimality condition

- < C. mi _ . Vo e W(D), 4.1.2
| = mellwpy < verélv,{?p)”‘p vllwpy, Vo (D) (4.1.2)

where the constant C); is independent of the mesh size h.

o P,(I'Y) C Li(FN ) is the span of tensor product polynomials with degree at most
p=(p1,....pn) ie. Pp(TY) =@, P,. (), with

P,, (Tn) =span(yf, k=0,....,p,), n=1,...,N.
Hence the dimension of Py(T'N) is Np = [T, (pn + 1)

In the case of the Monte Carlo method applied to the general problem (1.2.1) (see Section
4.2), a suitable approximating space for each sample is just W,(D) C W(D). Here we
introduce the notion of a semi-discrete approximation u to the solution uy of (1.2.1).
When considering stochastic Galerkin or Stochastic Collocation, the approximating spaces
may be based on a tensor product space defined by Vp]Yh = P, (I'N) @ Wi(D).

Another suitable choice is the decomposition of the random domain. See the £—h method
introduced in Babuska et al. (2002, 2004b) or use full polynomial approximation or, more
interestingly, sparse tensor product approximations (see Section 4.4.2 and 4.4.3).

The goal of this research is to extend the efforts of Babuska et al. (2005a) where they
consider a full tensor product method for solving linear elliptic PDEs with random input
data to the more computationally effective sparse tensor products. From Chapter 3 it is
obvious that we also want to include the case of a nonlinear elliptic PDE with random input
data in this more practical setting. Throughout this work, special emphasis will be placed
on the choice of approximating spaces and basis so the resulting computational technique is

highly efficient and is “embarrassingly” parallelizable.
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4.2 Monte Carlo

The standard Monte Carlo Finite Element Method (MCFEM) approximates the expected
value function Efuy(Y)(w), Ya(w),..., Yn(w),)] by sample averages of independent, identi-
cally distributed (iid) realizations corresponding to sample coefficient functions, where wuy is
the solution of a given PDE, as in, for instance, the problem (1.2.1) . For each realization of
the coefficients ay and fy, a realization of the approximate solution is computed using the
standard Galerkin finite element method. The stochastic coefficients depend on the noise
as described in Section 1.2 and for simplicity, we use the notation ay(w,-) and fy(w,-),
meaning ay (Vi (w), Ya(w), ..., Yy(w), ) and fx(Yi(w), Yo(w),...,Yn(w), ), respectively.
Formulation of the Monte Carlo Finite Element Method (MCFEM):

Step 1. Choose a number of realizations, M € N, and a finite element space on D, W}(D),
as defined in Section 4.1.

Step 2. For each j = 1,..., M, sample iid realizations of the diffusion ay(wj,-), the load
fn(wj, ) and find an approximation uj (w;;-) € Wj(D) such that

Blwj; up (wjs ), dn) + A (wjiup (Wi ), én) = (fnv(wy ), dn)r2pys Von € Wa(D), (4.2.1)
where B and .4 are the stochastic bilinear and nonlinear forms.

Example 4.2.1 For the linear problem described in Fxample 1.1.1 the stochastic forms are

defined by:

VweQ: B(w;di, ¢2) = (a(w,") Vor, Vo) py, Vi, ¢ € Hy(D).

and

VweQ: N(w;or,0:) =0, Youi,¢ € Hy(D).

Example 4.2.2 For the nonlinear problem described in Example 1.1.2 the stochastic forms

are defined by:
VoeQ: Bwin,d) = (a(w, ) Vor, Vo) 2y, You, b € LF2(D) N HL(D).
and
VweQ: N (w1, 02) = (d1ldn]", 92) 12y, V1,02 € LM2(D) N Hy(D).
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Step 3. Approximate Eluy](-) by the sample average:

M
1
E(up's M) = -2 > up (wyi-).
j=1

Here, we consider only the case where W),(D) is the same for all realizations, i.e. the
triangulation of D is deterministic. The computational error naturally separates into the

two parts
Eluy] — E(uy; M) = (Elun] — E[uy']) + (Elup] — E(up s M)) = X + &g (4.2.2)

Therefore, the size of the space triangulation controls the space discretization error £, while
the number of realizations, M of u}’, controls the statistical error 5,11\7’ g- Since the convergence
rate with respect to the number of samples is roughly O(1/v/M) (Babuska et al., 2005d), we
will not pursue this method further in this project. Instead, we will focus on other methods

for approximation.

4.3 Stochastic Galerkin

This method approximates problem (1.2.1) with uflva € Vp]Yh such that

E B(w;u,]:f’pG,v)} +E [E/V(w;uhN”pG,v)] = E[(fn.v)12m)] . Vve Vp{Vh. (4.3.1)

Example 4.3.1 If we examine the linear problem described in Example 1.1.1 then the

. : NG :
approzimate solution u = wy, )" satisfies

/ p (anVu, Vv)2py dy = / p (fn.v)r2py dy, Vv e Vo, (4.3.2)
TN N

Example 4.3.2 Similarly for the nonlinear problem described in Example 1.1.2, the approz-

. . N.G .
imate solution u = wy, " satisfies

[ p@xVuVorem dy+ [ oGl o= [ o sl di (133)
I T

p
TN

for allv € V3,

For the linear problem (4.3.2), this approach has been considered by several authors

(Babuska et al., 2002, 2004b; Deb et al., 2001b; Frauenfelder et al., 2005a; Xiu and
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Karniadakis, 2002a; Ghanem and Spanos, 1991; Matthies and Keese, 2005). Observe that, in
general, problem (4.3.2) leads to a fully coupled system of linear equations, whose dimension
is N, x Np and demands highly efficient strategies and parallel computations for its numerical
solution (Le Maitre et al., 2003; Elman et al., 2005). Conversely, the Stochastic Collocation
techniques (see e.g. Section 4.4) developed in this work only require the solution of N,
uncoupled linear systems of dimension N, and is fully parallelizable. A similar observation
can be made even in the presence of polynomial nonlinearities, as in problem (1.1.3), where
we now solve N, uncoupled nonlinear systems of dimension Nj,.

In Babuska et al. (2004b, 2005d) a particular choice of basis functions, double orthogonal
polynomials, for the space P,(T'") is proposed. This choice decouples the linear system
given by (4.3.2) in the special case where the diffusion coefficient and the forcing term are
multilinear combinations of the random variables Y,,(w), for n = 1,2,..., N (as is the case
if one performs a truncated linear Karhunen-Loeve expansion) and the random variables are
independent, i.e. p(y) = Hi:;l Pn(yn). The proposed basis is then obtained by solving the

following eigenvalue problems, for each n =1,..., N,

/ 2k (2)v(2) pn(2) dz = Cpp, A Un(2)v(2) pn(2) dz, k=1,...,p,+ 1.

The eigenvectors 9, are normalized so as to satisfy the property

Vin(2)Vjn(2) pu(2) dz = O, / 2k (2)Vjn(2) pn(2) dz = ;.
I'n In

See Babuska et al. (2004b, 2005d) for further details on the double orthogonal basis.

When the diffusion coefficient an(Y,x) is not linear with respect to Y, for n =
1,2,..., N, the system of linear equations that defines the stochastic Galerkin approximate
solution cannot be decoupled by means of double orthogonal polynomials (Babuska et al.,
2004b). This is also the case when studying the system of nonlinear equations given by
(4.3.3), since this method depends on the linearity of the PDE. It is clear that nonlinear
Y,-dependence offers good control over the coercivity of an(Y,z). At the same time, we
would like to avoid solving large coupled systems as much as possible. This motivates us to

consider various Stochastic Collocation techniques, described next.
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4.4 Stochastic Collocation techniques

Many authors have independently considered related different collocation methods for
differential equations with random coefficients (Tatang, 1995; Mathelin et al., 2005; Xiu
and Hesthaven, 2005). The paper that is the main inspiration for this work (Babuska
et al., 2005a) is the only one that produced convergence rates for the approximate solutions,
accommodating easily non-independent random variables with possibly unbounded support
(such as Gaussian or exponential ones) and easily treats the case where the diffusivity
coefficient ay has unbounded second moment. These efforts have been extended to higher
dimensional problems in our latest works (Nobile et al., 2006, 2007).

Thus far the analysis has been carried out for linear problems only and for applications
where the input data depend on a relatively small number of random variables. One of
the goals of this work is the extension of the methodology and corresponding convergence
analysis to the class of nonlinear problems presented in Chapter 3. More importantly, our
primary concern is those applications whose input data carry a large amount of uncertainty,
and therefore, depend on a large number of random variables.

With this in mind, the Stochastic collocation method entails the sampling of approximate
values muy (yx) = uby (yr) € Wi(D), to the solution uy of (1.2.1) on a suitable set of abscissas

Y € v,

Example 4.4.1 If we examine the linear PDE for example, then we introduce the semi-
discrete approzimation uly : TN — Wy,(D), obtained by projecting equation (2.0.5) onto the
subspace Wy, (D), for each y € TN, i.e.

/ an(y)Vuy (y) - Vo do = / N onde, Yo, € Wi(D), forae yeT™N. (4.4.1)
D D

Example 4.4.2 Similarly for the nonlinear PDE defined by Example 1.1.2, the semi-discrete

approximation uiv satisfies:
/ an(y)Vuy (y) - Vn dx + / uy () |un (y)|*n dz / v (y)én dz, (4.4.2)
D D D
for all ¢, € Wi,(D), for a.e. y €TV,

Notice that the finite element functions v (y) described in Examples 4.4.1 and 4.4.2 satisfy
the optimality condition (4.1.2), for all y € T'V.
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Then the construction of a fully discrete approximation, uy , € C°(T'™; W,(D)), is based

on a suitable interpolation of the sampled values. That is
upp(y:-) Zuh (i, )P (y), (4.4.3)

where, for instance, the functions I} can be taken as the Lagrange polynomials (see Section
4.4.1,4.4.2 and 4.4.3). This formulation can be used to compute the mean value or variance

of u, as:
a2 = Sl () / P (y)(y)dy
3 ry

and

Varlul % 37 (o .0) [ B @)otwdy - (@)

k
Several choices are possible for the interpolation points. We will discuss two of them,

namely Clenshaw-Curtis and Gaussian in Sections 4.4.4 and 4.4.5 respectively. See the work
Trefethen (2006) for an insightful comparison between these two choices. Regardless of the
choice of interpolating knots, the interpolation can be constructed by using either full tensor
product polynomials, see Section 4.4.1, or the space of sparse polynomials, see Sections 4.4.2

and 4.4.3.

4.4.1 Full tensor product interpolation

In this Section we briefly recall interpolation based on Lagrange polynomials. Let i € N
and {yi,... ,yini} C [—1,1] be a sequence of abscissas for Lagrange interpolation on [—1, 1].
For u € C°(T'Y; W(D)) and N = 1 we introduce a sequence of one-dimensional Lagrange

interpolation operators % : C°(I''; W (D)) — V,,,(I'Y; W(D))

= iu(y;) U(y), YueC'(TL,W(D)), (4.4.4)
=1
where l; € Pp,—1(I'") are Lagrange polynomials of degree p; = m; — 1 and
V(T W(D)) = {v e CO(I''; W(D)) ivk ), {Oe )i, € W(D)}
Here of course we have, for i € N, .
s =11 =3
k#j



and formula (4.4.4) reproduces exactly all polynomials of degree less than m;. Now, in the
multivariate case N > 1, for each u € C°(I'V; W (D)) and the multi-index i = (iy,...,iy) €
N_IX we define the full tensor product interpolation formulas

mil miN

Bulw):= (" @8 Z™) @) =D > u v uy) - (@)
=l jn=1
(4.4.5)
Clearly, the above product needs (m;, ---m;, ) function values, sampled on a grid. These

formulas will also be used as the building blocks for the Smolyak method, described next.

4.4.2 The isotropic Smolyak method

Here we follow closely the works Novak and Ritter (1996); Gerstner and Griebel (1998b);
Novak and Ritter (1999); Novak et al. (1999); Barthelmann et al. (2000a) and describe the
Smolyak isotropic formulas o7 (w, N). The Smolyak formulas are just linear combinations of
product formulas (4.4.5) with the following key properties: only products with a relatively
small number of knots are used and the linear combination is chosen in such a way that an

interpolation property for N = 1 is preserved for N > 1. With % = 0 and for ¢ € N, define
A=Y — it (4.4.6)

Moreover, for integers w € N, we define the sets

N
X(w,N) = {iGNJJ\Z,iZ 1: Z(in—l) Sw}
n=1

and

N
Y(w,N) = {ieNf,iZl ; w—N+1§Z(z’n—1)§w}

n=1
and for i € X(w, N) or i€ Y(w, N) we put |[i| =4; + --- +iy. Then the isotropic Smolyak
algorithm is given by
d(w,N)= Y (A"®---@AN). (4.4.7)

ieX (w,N)

Equivalently, formula (4.4.7) can be written as (see Wasilkowski and Wozniakowski (1995))

%(w,N) _ Z (_1)w+N—|i|(

ieY (w,N)

N -1

w+N_|i|>-(%1®---®%N). (4.4.8)
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Figure 4.1: For a finite dimensional I'’V with N = 2 we plot the full tensor product grid using
the Clenshaw-Curtis abscissas and isotropic Smolyak sparse grids utilizing the Clenshaw-
Curtis abscissas and the Gaussian abscissas for w = 5.

To compute o7 (w, N)(u), one only needs to know function values on the “sparse grid”

Hw, N)= | (0 x--xo™) (4.4.9)
i€y (w,N)

where 1 = {yi, o ,yfm} C [~1,1] denotes the set of points used by %?. Note that the
Smolyak algorithm, as presented in this Section, is isotropic, since all directions are treated
equally. This can be seen from (4.4.7) where the multi-index i € N¥ that determines the
number of sample points in each dimension, ¢,, n = 1,2,..., N is sampled from the set
X(w, N). This ensures that if (i1,7s,...,7y) is a valid index, then any permutation of it is
also a valid index.

Examples of isotropic sparse grids, for N = 2, constructed from the nested Clenshaw-
Curtis abscissas, described in Section 4.4.4, and the non-nested Gaussian abscissas, described
in Section 4.4.5, are shown in Figure 4.1. To see the reduction in function evaluations
we also include a plot of the corresponding full tensor product grid computed from the
Clenshaw-Curtis abscissas. We note that since the Gaussian abscissas and the Clenshaw-
Curtis abscissas tend to accumulate towards the boundary, plots of full tensor product grids
will look superficially the same.

We will next discuss improvements that can be made to further reduce the number of

points used to compute ¢ by considering an anisotropic version of the method.
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4.4.3 The anisotropic Smolyak method

It was shown in Nobile et al. (2006) that the conventional Smolyak construction is very
effective for problems whose input data depend on a moderate number of random variables,
which “weigh equally” in the solution. Upon the assumption that the solution is analytic with
respect to each stochastic direction we show that for such isotropic situations the displayed
convergence is faster than standard collocation techniques built upon full tensor product
spaces.

On the other hand, the convergence rate deteriorates when we attempt to solve highly
anisotropic problems, such as those appearing when the input random variables come e.g.,
from Karhunen-Loeve -type truncations of “smooth” random fields described by Example
1.2.2. In this particular case we can rely on a priori information related to the decay of the
noise coefficients to develop an anisotropic Smolyak algorithm.

To generalize the traditional sparse grid method with respect to different stochastic
dimensions we propose an algorithm that considers a different index set rather than the unit
simplex |i|] < w + N. Similar to Garcke and Griebel (2002); Gerstner and Griebel (2003) we
let o = (a1, 9,...,ay) € RY be N-dimensional weight vector for the different stochastic
dimensions. Furthermore, we define a := ) 217111<11N a,, and consider the follow general class of

simplicies defined by the index set

N
Xo(w, N) = {i eNY,i>1: ) (in—1)an < wg} :
n=1

The strategy to this approach relies on constructing the weight vector a € Rﬂf from either a
priori knowledge or a posteriori information. See Chapter 5 respectively for a more detailed
description.

Then, using (4.4.6) we described the anisotropic Smolyak formulas, @7, (w, N), given by

Do(w,N)= > (A"®---@AW) (4.4.10)
i€ Xqo (w,N)

for w € N. Equivalently, (4.4.10) can be written as

Dow,N) = Y cali) (%" ®@---0U™) (4.4.11)

i€Yo (w,N)
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Figure 4.2: For a finite dimensional I'V with N = 2 and w = 7 we plot: on the top,
the isotropic Smolyak grid and the anisotropic Smolyak grids with as/a; = 3/2 and
ay /oy = 2, utilizing the Clenshaw-Curtis abscissas and the bottom, the corresponding indices
(il,i2> S Xa(’?, 2)

with
cali) = ) (=DY
je{o. 3N
i+j€Xa (w,N)
and
Yo(w, N) := Xo(w, N) \ Xq <w — M,N) :
a

Similarly to the isotropic case, to compute @, (w, N)(u), one only needs to know function

values on the ”sparse grid”

Ho(w,N)= | (0" - x0™). (4.4.12)

i€Yo (w,N)
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We note that the isotropic Smolyak method presented in Section 4.4.2 is a special case of
the anisotropic algorithm. This can be observed by simply taking the components of weight
vector to be equal, i.e. ay = ap = -+ = ay. In this case formula (4.4.10) is equivalent to
(4.4.7) and it can be easily shown that (4.4.11) reduces to (4.4.8). Finally, in Figure 4.2,
for N = 2 and w = 7, we show anisotropic Smolyak sparse grids utilizing the Clenshaw-
Curtis points described in Section 4.4.4, corresponding to the anisotropy ratio as/a; = 1,
as/a; = 3/2 and ag/a; = 2 respectively. We also show the indices i € X,(7,2) that were
used to construct the anisotropic sparse interpolant 7,(7,2). In accordance with the nested
structure of the Clenshaw-Curtis abscissas, in Figure 4.2 we point out the difference between

active points/indices and previously computed points/indices.

4.4.4 Clenshaw-Curtis formulas

We first suggest to use the Smolyak algorithm based on polynomial interpolation at the
extrema of Chebyshev polynomials. For any choice of m; > 1 these knots are given by
i m(j—1) .
yj = — COS (m) , ] = 1,...,m7;. (4413)
In addition, we define yi = 0 if m; = 1. Tt remains to specify the numbers m; of knots that
are used in formulas % *. In order to obtain nested sets of points, i.e., ¥* C 9! and thereby

Iy (w,N) C Hy(w+1,N), we choose
my=1and m; =21 +1, fori > 1. (4.4.14)

For such a choice of m; we arrive at Clenshaw-Curtis formulas, see Clenshaw and Curtis
(1960). It is important to choose m; = 1 if we are interested in optimal approximation in
relatively large N, because in all other cases the number of points used by 7 (w, N) and
o(w, N) increases too fast with N.

A variant of the Clenshaw-Curtis formulas are the Filippi formulas in which the abscissas
at the boundary of the interval are omitted (Gerstner and Griebel, 1998a). In this case only

the smaller degree m; — 1 of exactness is obtained.

4.4.5 Gaussian formulas

We also propose to apply the Smolyak formulas based on polynomial interpolation at the

zeros of the orthogonal polynomials with respect to a weight p. This naturally leads to
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the Gauss formulas that have a maximum degree of exactness of 2m; — 1. However, these
Gauss-Legendre formulas are in general not nested. Regardless, as in the Clenshaw-Curtis
case, we choose

my =1and m; =271+ 1, fori > 1.

The natural choice of the weight p should be the probability density of the random variables
Yi(w) for all i. Yet, in the general multivariate case, if the random variables Y; are not

independent, the density p does not factor across the dimensions, i.e.

PYL, - Yn) F Hpn(yn>'

To this end, we first introduce an auxiliary probability density function p : 'V — R* that

can be seen as the joint probability of N independent random variables, i.e. it factorizes as

N

PY1, - Yn) = H pn(yn), Vy eIV, and is such that @ < o0o. (4.4.15)
ne1 Pl Loe ()

For each dimension n = 1,..., N let the m,, Gaussian abscissas be the roots of the m,, degree

polynomial that is p,-orthogonal to all polynomials of degree m,, — 1 on the interval [—1, 1].

The use of sparse approximation techniques seems to be an adequate tool for breaking
the complexity of higher dimensional problems (Nobile et al., 2006; Babuska et al.; 2007;
Nobile et al., 2007). In particular, the methods presented in Sections 4.4.2 and 4.4.3 are
very flexible computational tools that are at the same time relatively simple to implement
and have a strong theoretical foundation. It is extremely important that we understand
the computational errors associated with applying our sparse collocation techniques when
solving problem (1.1.1), while utilizing the formulas presented in Sections 4.4.4 and 4.4.5.
The goal of the Chapter 6 will be to settle such matters by providing a detailed error analysis
of the techniques under study. In particular, we will describe how to estimate the rate of
convergence of the isotropic Smolyak method in Section 6.1 and the anisotropic Smolyak
method in Section 6.2. First, in the next chapter we provide a priori and a posteriori

procedures for tuning the anisotropy of our sparse grid method to the problems of interest.
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CHAPTER 5

SELECTION OF THE WEIGHTS FOR
ANISOTROPIC SMOLYAK

The ability to evaluate the stochastic dimensions differently is a necessity since many
practical problems exhibit highly anisotropic behavior. The rationale behind our anisotropic

sparse grid approach is based on an examination of the total error
€= [luy — IIJ)VUNHL%(FN;W(D))a (5.0.1)

produced by anisotropic full tensor product polynomial interpolation on Gaussian abscissas.

Each stochastic dimension contributes to this total error. When the total error is divided
equally among the random variables our earlier work Nobile et al. (2006) revealed that the
isotropic Smolyak method, described in Section 4.4.2; displays a fast convergence rate and
is very effective in considerably reducing the curse of dimensionality. We are also able to
treat effectively problems that depend on a moderately large number of random variables,
while keeping a high level of accuracy. When the error is dominated by certain directions
we utilize the anisotropic Smolyak algorithm, described in Section 4.4.3 which combines an
optimal treatment of the anisotropy of the problem while minimizing function evaluations
via the use of sparse grids. Similar to an adaptive interpolation method, we place more
points in the directions with the largest contribution to the total error.

The main idea is to link the «,, coefficients with the rate of exponential convergence in
the corresponding direction, which for functions that satisfy Assumption 1.3.1 is described
by the following Lemma, whose proof can be found in (Babuska et al., 2005¢, Lemma 7) and
which is an immediate extension of the result given in (DeVore and Lorentz, 1993, Chapter

7, Section 8):
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Lemma 5.0.3 Given a function v € C°(T'Y; W (D)) which admits an analytic extension in
the region of the complex plane X(T'Y;7) = {2z € C, dist(z,T') < 7} for some 7 > 0, there
holds

. 2 —m; lo
Ep, = iy v — wllcowrwpy) < = ¢ 8 cem) [0l )
where
27 472
leo= 2T ity 5.0.2
0 |F1’+ +’F1’2 (5.0.2)

Remark 5.0.4 (Approximation with unbounded random variables) A related result
with weighted norms holds for unbounded random variables whose probability density decays

as the Gaussian density at infinity, see Babuska et al. (2005¢).

In the multidimensional case, the value of 7,, will depend, in general, on the direction n,
cf. (2.0.7) and (2.0.6). As a consequence of this variation and (5.0.2) the decay coefficients
o, will also depend on the direction, n = 1,..., N. We now assume that we know positive

numbers 0 < g(n), n =1,..., N, such that
on > €. (5.0.3)
Then, we will choose the anisotropic Smolyak weights as
a, =g(n) foralln=1,2,...,N. (5.0.4)

On what follows we will use the notations

a=g= min {g(n)} and FN)=3} g(n) (5.0.5)

Observe that we have now transformed the problem of choosing a into the one of estimating

the decay coefficients g = (¢g(1), ..., g(N)).

Remark 5.0.5 (Optimality of a choice) As will be seen in Remark 6.2.12 the choice

a = g is optimal with respect to the error bound derived in Theorem 6.2.7.

In principle, it is possible to consider two kinds of estimation strategies. The first uses a priori
knowledge, while in the second approach we use a posteriori information from computations,
i.e. we fit the values of g. The remainder of the Section will explain the choice of a € RY,

for the construction of set of indices i € X (w, N), using these procedures.
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5.1 A priori selection

The estimation of the @ = g € Rf coefficients can be achieved using a prior: information,
i.e. by estimating first suitable values for 7, then using (5.0.2), and taking g(n) as in (5.0.3),
namely
27T, 47,2
gln) =log | %+ [14 )
(w TP
forn =1,2,..., N. For the numerical example 7.0.1 described in Chapter 7 we have used

the simpler and more conservative relation

g(n) = log (1 + |2FT:’> . (5.1.1)

On the other hand, a priori estimates for 7, can be derived for certain classes of problems,
see for instance the linear problem (2.0.1) and the estimates (2.0.7) and (2.0.6). In Chapter
7 we implement numerically this a priori choice of a« = g € Rf for the construction of the
general simplices i € X, (w, N) when solving problem (1.1.2).

In some practical applications it may not be possible to sharply estimate the vector
g using a priori information. Therefore, in the next Section we propose a computational

alternative.

5.2 A posteriori selection

In order to explain the a posteriori estimation of @« = g € Rf for the construction of the
general simplices i € X, (w, N) we will describe particular cases with N = 11 and focus on
both an isotropic and highly anisotropic version of the linear example (7.0.1) described in
Chapter 7, corresponding to L. = 1/64 and L, = 1/2 respectively. To compute the weight
factor ay, for each stochastic direction n = 1,2,..., N, we inductively utilize Lemma 5.0.3
and investigate the interpolation error, given by (5.0.1).

To analyze this term we employ a one-dimensional argument. We first pass from the

2 2.

norm Ly to L3
1/2
p /

lun — II{,VUNHL%(FN;W(D))'
Leo(T)

lun = Ty un | 20w oy <

Here we adopt the same notation as in Section 1.3, namely we indicate with e,, a quantity

relative to the direction y,, and e} the analogous quantity relative to all other directions y;,
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J # n. We focus on the first direction y; and define the Banach space V' = L%T(FT; W(D)).
Furthermore, we now describe an interpolation operator Z, : CO(I'; V) — L2 (T'; V),

mi

vy i, ) = > vy uih o) L),
k=1

where we recall that m,, = p,+1,Vn = 1,2, ..., N and the notation from Section 4.4.1. Then,
the global interpolant Iév can be written as the composition of two interpolation operators
Ilf,v = I]}I oIé,l) where Zr(,l) is the interpolation operator in all directions ¥, ys, ..., yn except

y1, defined by 3" : CO(I: W(D)) — L. (T1; W(D)). We then have

lun = Zyun |2 ooy < llun — I;;luN”L%(FN;W(D)) + 12, (un — Iél)uN)HL%(FN;W(D))

@ In

Let us bound the first term given by (I). We think of u as a function of y; with values in
the Banach space V', u € L%l(Fl; V). By the construction of the auxiliary function p given
in (4.4.15), the following inclusion holds:

COrh;v) c Lz (Th V).

We also know from (Babuska et al., 2005¢, Lemma 5) that the interpolation operator I;l is
continuous as an operator from C°(I''; V) with values in L2 (I''; V). In particular, we can
estimate

_ 1 .
(0 = flux = IpluNHL%l(Fl?V) <G wevyi?(frl;V) lur = wlieowvy.

To bound the best approximation error in C°(I'!; V), in the case we use Lemma 5.0.3 and
the fact that uy € C°(T% V), see (Babuska et al., 2005¢, Lemma 3). We also require
the analyticity result, for the solution uy, stated in Assumption 1.3.1. Putting everything

together, we can say that
I <Co™

where the constant C' is specified in Lemma 5.0.3. To bound the term (II), we again use

(Babuska et al., 2005¢, Lemma 5):
(II) S Cl““N — Ilgl)uNHC'O(Fl;V)'

The term on the right hand side is again an interpolation error. So we can bound the

interpolation error in all the other N — 1 directions, uniformly with respect to y; (in the

62



I<SN<Il&L.=1/2 I<SN<LIl&L.=1/64

log,(L* error)
log,o(L? error)

I
4

4
# points

5 6
# points

Figure 5.1: A linear least square approximation to fit log,o(||E[en]||2(py) versus p, with e,
defined by (5.2.2). Forn =1,2,..., N = 11 we plot: on the left, the highly anisotropic case

L. =1/2 and on the right, the isotropic case L. = 1/64.

norm CY). We can proceed iteratively, defining an interpolation IZ?Q, bounding the resulting
error in the direction y, and so on. Therefore, we arrive at a bound for the total error,

as in (6.1.2). Furthermore, from the above argument we can partition the error in the N

directions, i.e.
N

||UN _IIJ)VUNHL%(FN;W(D)) < Zén, (521)

n=1

where, using Lemma 5.0.3, we expect an error decay in the direction n of the form
en & dyo, P, forallm=1,2,..., N. (5.2.2)

Here p,, is the number of collocation points in the direction n. In order to compute the

weight vector g = a € RY, g ~ log(0), we first observe from (5.2.2) that
log;o(en) ~ 10g0(dn) — prlogio(en) ~ logyo(ds) — pplogig(e)g(n).

Therefore, if we plot log,,(¢,) versus p, for each stochastic dimension n = 1,2,..., N
and use a linear least squares approximation to fit the data, the slope of each line will give an
estimate of g(n). When solving problem (7.0.1), for the cases L. = 1/2 and 1/64, we employ
the same finite element space as in Chapter 7 and we approximate E|e,] in the n-th direction,

corresponding to a multi index p = (1,1,...,p,,1,...,1) by Ele,| ~ E[ufxp — uﬁﬁ], with
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Table 5.1: The N = 11 values of the function g(n) = «, constructed from a posteriori
information. The values g(n), n =1,2,..., N are the slopes of N linear least squares fits to
the error of an univariate anisotropic method when solving problem (7.0.1) with correlation
lengths L. = 1/2 and 1/64.

! [ 9(1) | 9(2) =9(3) | g(4) =g(5) [ 9(6) = g(7) | 9(8) = g(9) | g(10) = g(11) |
L.=1/2 | 1.7 1.6 2.1 33 5.3 74
Le=1/64 | 3.1 2.4 2.5 2.4 2.5 2.4

p=(1,1,...,pn+1,1,...,1). The computational results for the L?(D) approximation error
in the expected value, E[e,], are shown on Figure 5.1.

The results for g(n), n = 1,2,..., N = 11 can be seen in Table 5.1. Table 5.1 reveals
that the a posteriori selection of & € RY performs well at dictating the behavior of problem
(7.0.1) for the cases L. = 1/2 and 1/64. In the former case the vector o weighs heavily
in the higher dimensions as opposed to the latter that approximately weighs equally in all
directions. Also, both cases L. = 1/2 and 1/64, reveal that o = ap = as.

Observe that in general the rate g, also depends on y; € I'y, i.e. on the values of the

n?
other random variables. Our way to estimate the decay coefficient g(n) is not conservative
since we only estimate g, at the single point E[y*]. A more conservative estimate will imply
estimating the worst value of y, i.e. the one that minimizes g,. This may be critical for

nearly singular cases.

Remark 5.2.1 (Applications to piecewise constant random fields) We also comment
that the a posteriori selection of o € Rf, described above, is not only restricted to random
fields related to the Karhunen-Loeve expansion described in Example 1.2.2 but also can be
easily applied in other cases, for instance to the piecewise constant random fields described

m Bxample 1.2.1.

We finally have a complete description of both the isotropic and anisotropic sparse grid
Stochastic Collocation methods for solving problems such as 1.1.2 and 1.1.3. The next
Chapter will be devoted to analyzing numerical errors for both methods considered, including
cases where the sparse interpolant uses both Clenshaw-Curtis and Gaussian abscissas. In
Section 6.1 we concentrate on analyzing the isotropic Smolyak method, described in Section
4.4.2, while Section 6.2 examines the effects of exploiting the possible underlying anisotropic

behavior using the a-weighted version of the Smolyak, described in Section 4.4.3.
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CHAPTER 6

ERROR ANALYSIS

The goal of this chapter is to provide a complete error analysis for both the isotropic and
anisotropic sparse grid Stochastic Collocation methods considered, including cases where
the sparse interpolant utilizes both Clenshaw-Curtis and Gaussian abscissas. The isotropic
case, described in Section 4.4.2, is analyzed in Section 6.1 while the examination of the
anisotropic method, described in Section 4.4.3, can be found in Section 6.2. The analysis
relies on the regularity of the solution and exploits the behavior of sparse approximations
from the anisotropic Smolyak method. We also address the case where the input random
variables come from suitably truncated expansions of random fields and discuss how the size
of the sparse grid can be algebraically related to the number of random variables retained in
the expansion in order to have a discretization error of the same order as that of the error
due to the truncation of the input random fields.

Collocation methods can be used to approximate the solution uy € C°(T'N; W (D))
using finitely many function values. By Assumption 1.3.1, uy admits an analytic extension.
Further, each function value will be computed by means of a finite element technique. In
general, the semi-dicrete finite element solution m,uy also satisfies the regularity assumption
1.3.1. In particular, this is obviously true for the linear problem presented in Chapter 2. We
now define the numerical approximation uhN p = Ya(w, N)mpuy. Our aim is to give a priori

estimates for the total error
e=u—up  =u—da(w, N)Tyuy

where the operator <7, (w, N) is either the isotropic or anisotropic Smolyak sparse interpolant
described in Sections 4.4.2 and 4.4.3 respectively. We remind the reader that anisotropic

Smolyak algorithm defined (4.4.10) or (4.4.11) is equivalent to the isotropic Smolyak

65



algorithm given by (4.4.7) or (4.4.8) respectively, when the components of the weight a
are equal, i.e. a3 = as = --- = ay. We also define 7, to be the finite element projection

operator described by (4.1.2). We will investigate the error

|lu — Ao (w, N)mpuy|| < Ju — uNujLUuN — WhUNu_‘_ﬂﬂ-hUN — (W, N)?ThUNU (6.0.1)

(1) (1) (I11)

evaluated in the natural norm L%(92; W (D)). Since the error functions in (IT) and (II1)
are finite dimensional the natural norm is equivalent to L2(I'V; W(D)). By controlling the
error in this natural norm we also control the error in the expected value of the solution, for

example:

HE[U o UhN,p]HW(D) <E [Hu o uhN,pHW(D)] < HU_U;XPHL%(Q;W(D))'

The quantity (I) controls the truncation error for the case where the input data ay and fx
are suitable truncations of random fields. This contribution to the total error was considered
in (Nobile et al., 2006, Section 4.2) and seen in Section 6.1.3. The quantity (I) is otherwise
zero if the representation of ay and fy is exact, as in Example 1.2.1. The second term
(I1) controls the convergence with respect to h, i.e. the finite element error, which will be
dictated by standard approximability properties of the finite element space W,(D), given by
(4.1.1), and the regularity in space of the solution u, see e.g. Ciarlet (1978); Brenner and
Scott (1994). Specifically,

1/2
lun = mnun |z enaw o)) < Ceh® ( / C(s;u)’p(y) dy)
T

N
by the finite element approximability property (4.1.1).

The full tensor product convergence results are given by (Babuska et al., 2005¢, Theorem
1) while the sparse tensor product convergence results for the isotropic and anisotropic
Smolyak method can be found in our work, (Nobile et al., 2006, Theorem 4.6 and 4.10) and
(Nobile et al., 2007, Theorem 5.7 and 5.13). Therefore, we devote the next two Sections to
an extensive explanation of these major results where we will only concern ourselves with
the convergence results when implementing the isotropic and anisotropic Smolyak algorithms
described in Sections 4.4.2 and 4.4.3 respectively. Namely, our primary concern will be to

analyze the interpolation error (I11)
[mhun — Fa(w, N)WhUNHLg(FN;W(D)) ; (6.0.2)
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for both the Clenshaw-Curtis and Gaussian versions of the two sparse grid algorithms.
Under the very reasonable assumption that the semi-discrete finite element solution
mpuy admits an analytic extension as described in Assumption 1.3.1 with the same
analyticity region as for upy, the behavior of the error (6.0.2) will be analogous to
llun — Ma(w,N)uNHL%(FN;W(D)). For this reason, in the next sections we will analyze the

latter.

6.1 Analysis of the sparse interpolation error:
The isotropic case

Similar to the approach described in Chapter 5, the technique used to get error bounds for
the isotropic Smolyak’s algorithm for N > 1 utilizes those for the case N = 1. Therefore,
we first address the case N = 1. Let us first recall the best approximation error, described
in Lemma 5.0.3, for a function v : I'' — W(D) which admits an analytic extension in the
region (' 7) = {z € C, dist(2,T') < 7} of the complex plane, for some 7 > 0. We will
still denote the extension by v; in this case, 7 represents the distance between I'' C R and
the nearest singularity of v(z) in the complex plane. We again recall that I'' = [—1,1] and
hence bounded and remind the reader that we can easily extend the analysis of this chapter
to include the case of unbounded random variables following Remark 5.0.4.

In the multidimensional case, the size of the analyticity region will depend, in general,
on the direction n, for n = 1,2,..., N, and will be denoted by 7, as in (2.0.7). The same

holds for the decay coefficient g,. In what follows, we set
0 = min g,. (6.1.1)

As stated in Section 4.4.2, the Smolyak construction treats all directions equally and is
therefore an isotropic algorithm. Moreover, the convergence analysis presented in Sections
6.1.1 and 6.1.2 does not exploit possible anisotropic behaviors of problem (1.1.1). Therefore,
we can expect a slower convergence rate for problems that exhibit strong anisotropic effects.
This motivated the development of the anisotropic Smolyak method described in Section
4.4.3 and analyzed in Section 6.2. Also see Chapter 7 where we explore numerically the

consequences of introducing an anisotropy into the model problems described by Examples

1.1.1 and 1.1.2.
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Example 6.1.1 For the linear problem described in Chapter 2 it was shown in Babuska et al.
(2005¢) that for a multi-index p = (p1,...,pn), a tensor product polynomial interpolation
on Gaussian abscissas achieves exponential convergence in each direction Y, and the error

can be bounded as
N

H’LLN — [I])VUNHL/%(FN;W(D)) S C Z Qn_pN. (612)

n=1

The constant C' in (6.1.2) is independent of N and, using (2.0.7), we have

27, + i 47,2

On = B
>14
Ty

where T, can be estimated e.g. as in (2.0.6) and (2.0.7).

For convenience, in the isotropic case only we will let ¢ = w + N, where we recall that
w € N. Then, for ¢ > N and i = (i1,2,...,in) € N¥ such that |i] = é; + -+ + iy, the
isotropic Smolyak formulas given by (4.4.7) and (4.4.8) can be redefined as:

(@ N)=> (A" @ @ A™)

li[<q

and

JZf(q, N) = Z (_1)q—|i| (N B 1) . (%11 ®- - ® %ZN) ‘

- N1<lil<q ¢ — i

respectively.

6.1.1 Clenshaw-Curtis isotropic estimates

In this section we develop error estimates for interpolating functions u € CO(T'V; W (D)) that
admit an analytic extension as described by Assumption 1.3.1 using the Smolyak formulations
based on the choice (4.4.13) and (4.4.14) described in Section 4.4.4. We remind the reader
that in the global estimate (6.0.1) we need to bound the interpolation error (III) in the
L2(TN; W(D)) norm. Yet, this norm is always bounded by the L>*(I'Y; W (D)). Namely, for
all v € L®(I'V; W (D)) we have

vl z@evw oy < VL@ w oy
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In our notation the norm ||- || x is shorthand for [|- || e (o~ (py) and will be used henceforth.
We also define Iy : 'V — I'V as the identity operator on an N-dimensional space.

We begin by letting F,, be the error of the best approximation to functions u €
C°(T'Y; W(D)) by functions w € Vj,. Similarly to Barthelmann et al. (2000b), since %°

is exact on V,,,,_; we can apply the general formula
|u— %’(u)”ool < Epo1(u) - (14 Ay,) (6.1.4)
where A,, is the Lebesgue constant for our choice (4.4.13). It is known that
A, < %log(m —1)+1 (6.1.5)

for m > 2, see Dzjadyk and Ivanov (1983).
Using Lemma 5.0.3, the best approximation to functions v € C°(T'Y; W(D)) that admit

an analytic extension as described by Assumption 1.3.1 is bounded by:

Ep,(u) <Cp™™ (6.1.6)

where C is a constant dependent on 7 defined in Lemma 5.0.3. Hence (6.1.4)-(6.1.6) implies
(L =2 ()| ., < C log(my)e™™ < Cio™?,

(AW, = (%" =2 D),
< (=2 W) o, + (=2 (W)
< FEig ¥

00,1
for all + € N, with positive constants C' and F depending on u but not on .
Theorem 6.1.2 For functions u € L2(TN;W(D)) that admit an analytic extension as

described by Assumption 1.5.1 we obtain

_p(g,N)
Iy — (¢, N)) (U)HLg(rN;W(D)) < CFYW(q,N)o™ 2 (6.1.7)
where )
_ [ N2vE, if ¢ > Nx,
pla, N) = { (¢ — N)log(2) - 2%, otherwise, ’ (6.1.8)
1 ifN =1
Vig, N) = min {qQN—l, 7 qu} otherwise, (6.1.9)

[ 14log(2)
and X = (ﬁ) .
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Proof. First we define, for 7 > 1 and s > d, the two functions

f(S,j) — (323/] + 2q—N+j+2—s)

N[ =

and

g(s,j) = Z Hzn

iEN fij=s n=1

We begin by claiming that

q—N+j
H(IN—%(Q,ND(U)HOON_CZEJ > gl i) lg-N+j+1-s)g /)

s=j

+ /(4 —/(¢q— N+ 1, 1))(u)]|OON (6.1.10)
where, for the trivial case, we get

(= (g = N+ 1, 1)) ()l oy = [|(h = 2" ) (u)

< Cqo .

_9q—N+1
o S Cl¢q—N+1)o

This error estimate is computed inductively. For N > 1 we use recursively,

N
Ingyi = (q+ 1, N+1)=Iny — Z <® A @ oz/q—i-l—lil)

lijl<g \n=1

= <® A @ “Z/‘”H')) +(Iy — (¢, N)) @ L.

||<q n=1
Furthermore,
N
> <®(N”)<u> ® (I, — -1 (u)>
lij<g \n=1 oy
N ‘ |
< 2 THIam @]y llth =2 Hwll,
lij<g n=1
N .
< CEN Z (H Zn> Q_ N2 1(q+ 1— ’1‘) Q_2q+1*|1|
lil<g \n=1
<CBYY. (H ) g+ 1 [i]) g (N2t
i \<q =1

< CEN Z g(s,N)(g+1—s) o7 /N
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where we have used the convexity estimate

o SN ain Q_mm/zv

Then, by the inductive assumption (6.1.10),

q—N+j

Uy — (g, N)) @ I) (u <CZEJ ST g(s.)(@— N+ j+1—5)0 D

s=j

+Wh—%@—N+LDWMwM
Therefore,

q—N+j

[(Ins1 — (q+1,N+1))(u <CZEJ > 9. ) (g=N+j+1—5) 070D
s=j
+MA—WW—N+LDmMmM

and (6.1.10) is proved. Set F' = max{1, E'} to obtain

(I — (g, N)) ()] < cZ mac{1, B Y g(s.) (0= N 41— )07
= ot~ N4 L D))l

N—-1q—N+j

SCFYY N g5, ) (g—N+j+1—5) 0/

+ (L = (g =N +1,1)) ()l -

)
IN
SR
N =

We now turn our attention to finding a maximum for o=/ on the set {(s,j) : j

q—N+j and 1 <j <N —1}. Clearly

g{; (25/3 . 2q—N+j+2—s) log(?) -0

i(g=N+1) N+1)

implies that s = s(j) = j + 4 , which satisfies for any j € N

j<s()<qg-N+1+]

Hence,
max Q_f(jvs) — Q_f(]vs(]))
J<s<q—N+j

< o M)
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where h(j) = (j + 1)20@=N+D/G+D)_ Then we get

ﬁ — 9(a=N+1)/(j+1) <1 B (q— N +1)log(2) 0
dj jt1

which yields j = (¢ — N + 1)log(2) — 1. For ¢ sufficiently large, the minimum of A(j) falls
outside the interval [1, N — 1] and the function h(j) is decreasing on this interval. Therefore,
there are two cases to consider, the first being the situation when ¢ > N (%é(f)) = Ny
and the second when N < ¢ < Ny. In either case

max =
1<en-1 9 ¢ ’
hence
max o 70 < gPl@N)|
1<j<N-1
Jj<s<q—N+j

In conclusion we have, for ¢ > N
N—1qg—N+j
I(In = (g, N)) ()| oy S CFNo™P @M X" 3" g(s,j)(g = N +j+1~5) (6.1.12)

— CFNQ*p(qu) K+ H(Il — d(q —N + 17 1)>(u)Hoo,N

and
N—-1qg—N+j
K= 9(s;3)(a—=N+j+1-3s)
Jj=1 s=j
N—1qg—N+j J
=Y ) (q-N+j+1-s > (II%)
j=1 s=j 2€N+ li|=s n=1
N—lq—N-‘rj |i| ]
< (q—N+j+1-5) Z —)
j=1 s=j €N, Jil=s J
N—-1g—N+j J
s s—1
=>. > <q—N+j+1—s)(—.) (._1)
j=1 s=j J J
N—-1qg—N+j j 1
_ N — 1)
S 2 ()
“— =1
N-1 1
(g—N+y
< (- N+ (- M) Y g -y
j=1 '



N— 1 —1)%-!

<(g—=N+1)(q-
j:l (= 1)
N y (6.1.13)
_ (¢—1)¥
= (q—N+1)(q—N)(q—1)ZT.
j=0
Since the sum ZN > % can be bounded by eld~ D* or by % then in either case

k < ¥(gq,N). Finally, from (6.1.11) and using (6.1.12) and (6.1.13) we conclude that

I(In = (a0, N)) (W)l < CFY W(q, N)g™™% + 727 (6.1.14)
We also observe that W(g, N) > 1 and by straightforward calculations
94—N+1 p(QaQN>7 VYN >1,q> N,
to conclude that
T < (g Ny
and this completes the proof. O]

Now we relate the number of collocation points n = n(q, N) = #.5(q, N) to the level ¢
of the Smolyak algorithm. We state the result in the following lemma.

Lemma 6.1.3 Using the Smolyak interpolant described by (4.4.7) where the abscissas are
the Clenshaw-Curtis knots, described in Section 4.4.4, the total number of points required at
level q satisfies the following bounds:

24gN

20N+ < p<c =1
=T=N 1)

(6.1.15)

Proof. The proof follows immediately but will be shown for completeness. By using formula
(4.4.7) and exploiting the nested structure of the Clenshaw-Curtis abscissas the number of

points n = n(q, N) = #(q, N) can be counted in the following way:

N 1 ife=1
n=>Y_ []rn), wherer(i):=¢ 2  ifi=2 . (6.1.16)
li|<q n=1 202 if§ > 2
If we take i3 = i = ... = ixy_1 = 1 then to satisfy the constraint |ij < ¢ we required
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iy <q— N+ 1. Then we get

SRR D0 | LSS SECED 3) 3B oed (Y

lil<g n=1 lil<q J=N li|=j j=N
e N la= DY
- e (N —1)!
24N
- (V-1
which completes the proof. O

The next Theorem relates the error bound (6.2.10) to the number of collocation points

n=mn(q, N) = #5¢(q, N), described by Lemma 6.1.3.

Theorem 6.1.4 Assume the conditions of Lemma 6.1.2 and Lemma 6.1.3, and define the
function
v(n, N) =log,y(n) + N + 1,
then for N < q < Ny
SH
5 = 70N @l zes oy < OF w00, ) (ZHBIDTY’ RCARES
and for ¢ > Ny

N (N—1)/N 2N

H(IN - M(Qa N)) (U)HL%(FN;W(D)) < CFN @(7(777 N)7 N) Q_T[( G (6]‘18>

where © = 2X and n = n(q, N) is the number of knots that are used by <7 (q, N) and ¥ was
defined in (6.1.9).

Proof. Recall that the error bound will be separated into two estimates depending on the
domain of definition of (6.1.8). First for N < ¢ < Nx and using (6.1.15) we arrive at
log(n) +log((N —1)!) < glog(2) + N log(q)
< qlog(2) + Nlog~(n, N)
= (¢ — N)log(2) + N log(27(n, N)).

Hence,
log(n) +log((N —1)!) — Nlog(2y(n, N))
log(2)

q— N >
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and using (6.1.8) implies that

p(g, N) = (log(n) +log((N — 1)!) — N'log(2v(n, N))) - ©

Therefore, using (6.1.15) we deduce that

_0 log( Y=1)!+n
I(In = (g, V) (@) < CFY W((n, N), N) 0 *lemimit)

S
—log(p) lo; (N1
= CFY¥(~(n,N),N) (e 5 g<<2w<n’N>>N>> (6.1.19)

<2v<n,N>>N)9‘l°g@

= CFYU(y(n,N),N) ( (N —1)!

and we recover (6.1.17).

On the other hand, for ¢ > Ny and using (6.1.15) we find that

which implies that

and
1/N 771/N
plg, N) = N[(N = DI ——=.
(0, N)
Therefore, again with (6.1.15) we conclude that
N /N
Iy — o (q,N)) (u < CFN W(y(n, N), N)o~ > V=015 6.1.20
oo, N
and we recover (6.1.18). O

6.1.2 Gaussian isotropic estimates

Similarly to the previous section we now develop error estimates for interpolating functions
u € CO(T'N; W (D)) that admit an analytic extension as described by Assumption 1.3.1 using
the Smolyak formulations based on Gaussian abscissas described in Section 4.4.5. As before,

we remind the reader that in the global estimate (6.0.1) we need to bound the interpolation
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error (I1I) in the norm L2(T'N; W (D)). Yet, the Gaussian points defined in Section 4.4.5

are constructed for the more appropriate density p = Hfj:l prn and we have

P

. HUHL%(FN;W(D)) fOI' all v c CO(FN, W(D))

o] 2wy <
Loo(T'N)

In what follows we will use the shorthand notation || - ||; 5 for || - || 12(rN;w(py)- Utilizing the

work of Erdos and Turan (1937) we present the following lemma:

Lemma 6.1.5 For every function u € C°(T'Y; W (D)) the interpolation error satisfies
o2 W)l < 29/C; inf fu—wl.

where = [ p(y) dy.
Proof. We the, indeed, for any v € V,,,
lu =2 @3y = Ju—v+ =2 @),
= lu—v+2'w-u), (6.1.21)
<2 (Jlu— vl + |2 =)},

where we observe that Yv € V., it holds % *(v) = v. Then it is easy to see that
Juolfs < [ 50 It = o)) dy

<=l [ ) dy = Gy lu— ol

and
[ =), = | St - i)
<> Jw= 0] w6 [ Aot d

<lu=ols 3 [ ot = ([ sty =i,

where we exploit the orthogonality of the Lagrange polynomial basis. Then from (6.1.21)

we conclude that

o= 2@ < ([ sy o= vl
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and the result follows directly. O
Similar to Section 6.1.1 we let E,, be the error of the best approximation to functions
u € CYTY W(D)) that admit an analytic extension as described by Assumption 1.3.1 by

functions w € V,,,. Then, from Lemma 6.1.5 we begin with

Ju— ()], <2 (/ ﬁ(y)dy) Ep_1(u). (6.1.22)
]_"1
Again, from Lemma 5.0.3 the best approximation is bounded by :

E,,(u) < Cp™™ (6.1.23)

where C'is a constant dependent on 7 defined in Lemma 5.0.3. Hence (6.1.22) and (6.1.23)

imply
|t = 2w, < Co?,

QY@ = [(%" —2"")(w)
< ||y = %) (w)
< ngy'fl

151

+[|(h =27 )(w)

1. 1.
for all : € N, with positive constants C and F depending on u but not on i. We then present
the following lemma and theorem whose proofs follow, with minor changes, those given in

Lemma 6.1.2 and Theorem 6.1.4 respectively.

Lemma 6.1.6 For functions u € L2(TN;W(D)) that admit an analytic extension as

described by Assumption 1.5.1 we obtain

o AN _p(@.N)
(I — (a0, N)) (W]l 2 onawy) < N0/Pll Lo oy CEN B(g, N)o "% (6.1.24)
where /N
) ‘_{ N)log(2) - 2%, otherwise ’ (6.1.25)
if N =1
{ mln{qN 2,qeq} otherwise (6.1.26)

_ [ 1+log(2)
and x = ( o (2) )
Now we relate the number of collocation points n = n(q, N) = #.7(q, N) to the level ¢
of the Smolyak algorithm. We state the result in the following lemma:
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Lemma 6.1.7 Using the Smolyak interpolant described by (4.4.8) where the abscissas are
the Gaussian knots described in Section 4.4.5, the total number of points required at level g

satisfies the following bounds:
24gV
(N —1)I

Proof. The proof follows immediately but will be shown for completeness. By using

207N < p < (6.1.27)

formula (4.4.8), where we collocate using the Gaussian abscissas, the number of points

n=n(q,N) = #(q, N), can be counted in the following way:
a 1 if i =1
n= Z H?(in)7 where 2171 < 7(i) 1= { 2i-1 4 1 ; z ; 9 - (6.1.28)
q—N+1<[i|<q n=1
If we take i1 = iy = ... = iy_1; = 1, then to satisfy the constraint ¢ — N +1 < |i] < g we
required iy < ¢ — N + 1. Then we get

N |
2N <V p1<n= Y J[F) <) 2M< qZQj:zq:zj(J{f_—ll)
| N |il=j

q—N+1<Ji[<q n=1 il<q j= j=N
e Ny e DY
- — (N —1)!
q N
< 2
—(N=-1)!
which completes the proof. O

Finally, the next Theorem relates the error bound (6.1.24) to the number of collocation

points n = n(q, N) = #(q, N ), described by Lemma 6.1.7.

Theorem 6.1.8 Assume the conditions of Lemma 6.1.6 and 6.1.7, and define the function
7(n, N) =log,(n) + N,
then for N < q < Nx there holds

e~ = Ny 5 log(o)
(1 = 00 80) )iy < CF W30, ) (T2 ) (61.29)

and for ¢ > Ny
ATN (= N ((N—pN 2
I(Ix = (0, M) (@)l ooy < CF™ B0, N), Mo fn,(6.030)
where © = 2X, C=C P/P|| ooy and n = mn(q, N) ts the number of knots that are used by
Loo(T'N)
(¢, N) and U was defined in (6.1.26).
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6.1.3 Influence of truncation errors

In this Section we consider the case where the coefficients ay and fy from (1.2.1) are suitably
truncated random fields. In this case the truncation error u — uy is nonzero and contributes
to the total error. Such contribution should be considered as well as the relationship between
this error and the discretization error.

To this end, if we take the level ¢ to be dimension dependent, i.e. ¢ = a/N where a > x is
some constant, then we can estimate the total error ||u — 27(q, N)<UN)HL%,(Q;W(D)) in terms
of N only. Consider first the case of Gaussian abscissas described in Section 4.4.5. The

following theorem holds:

Theorem 6.1.9 Let ¢ = aN such that « > x and ((N) is a monotonic decreasing function

of N such that ((N) — 0 as N — oo. Further define 3(a) = a + log(F) — log(p) 27!, a
the solution to f(a) = 0 and o > max{y,a}. Under the assumptions of Lemma 6.1.6 and

Theorem 6.1.8 and the further assumption that
Ju — UNHLgD(Q;W(D)) < ((N)
where u € Lp(Q; W (D)) and uy € LA(TY; W(D)), we get
lu = (g, N)(un)l| 2wy < C(N) + aCN XN, (6.1.31)
Proof. We begin by writing the total error when approximating u € C°(Q2; W (D)) by its
N-dimensional interpolant <7 (g, N)(uy). That is, we want to understand
lu— o (q, N)(UN)HL;(Q;W(D)) < flu— uNHL%(Q;W(D)) + (v — (4, N)(UN>>||L§D(Q;W(D))
= Jlu— UNHL;(Q;W(D)) + |(Iv — #(q, N)(UN))”L,%(FN;W(D))

-~

M) (11)

(6.1.32)
By the assumption, the first term (I) is bounded by (V) for all N and from Lemma 6.1.6,
and by the assumption ¢ = aN > x N, the second term (II) can be bounded by

Iy — (¢, N)) (UN)”Lg(rN;W(D)) < CF¥qeg
< CFNaN eO‘NQ_NQQ_l

< aCFNN N -log()N 20 (6.1.33)

N 9q/N
-4 24/

— O N N(etlog(F)—log(e)2* ™)
— aCN PN
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where f(a) = a + log(F) — log(o) 2%; such that, for sufficiently large «, f(a) is negative.
With a > max{y, a} equation (6.1.33) becomes

(I — (q,N)) (UN)HLg(rN;W(D)) < aCN X,

which substituted into the total error (6.1.32) yields

|u—(q, N)(U)HL%(Q;W(D)) < lu-— UNHL%(Q;W(D)) + 1[Iy — A (q, N)(UN))HLg(rN;W(D))
< ¢(N) + aCN PN

as required by (6.1.31). O

We want to understand the cases where (II) is negligible when compared with (I). In
Theorem 6.1.9 we assume that the truncation error ||u — UNHL%,(Q;W(D)) is bounded by ((N)
for all N. The function ((IV) is typically related to the decay of the eigenvalues if one
truncates the noise with a Karhunen-Loeve expansion, see Frauenfelder et al. (2005b). For
example, if

||lu — UNHL%(Q;W(D)) <ON7", for r > 0,
for some constant 6, then

_ -r AN BN
lu— 2 (g, N)(W)ll 12w py) SN _+aCNe 7.
() (1)
In such a situation the Smolyak error (II) is asymptotically negligible with respect to

the truncation (I) as N — oo. Therefore, the isotropic Smolyak algorithm is an efficient

interpolation scheme to choose in computational experiments. On the other hand, if
Ju — UNHL%(Q;W(D)) < G where v > ((a)

then
_ —yN AN Be)N
= (0. N)(W) 3 uawoy < G 2+ @CON

(D) (IT)
which implies that the truncation error (I) is dominated by the Smolyak error (II). In this
case the Smolyak algorithm is an inadequate interpolation scheme and improvements to
this algorithm must be investigated. To facilitate faster convergence of such problems we
utilize the anisotropic Smolyak algorithm, described in Section 4.4.3 and analyzed in the

next section.
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Remark 6.1.10 In the situation in which the Clenshaw-Curtis abscissas are used, the term

(II) in (6.1.32) can be bounded as

2 _Nogg/N
(T = o (q, N) (un)) gz ongwpy) < C F Vg 072

2_ N a/N
_ Cq26N10g(F)+q 5 log 02 )

In the presence of the term ¢2, global convergence can only be achieved if one takes ¢ = Nt

with o > 0.

6.2 Analysis of the sparse interpolation error:
The anisotropic case

Similar to the previous section, In order to get error bounds for the anisotropic Smolyaks
algorithm in the multidimensional case, we will connect the general case to the case N =1
and then successively apply Lemma 5.0.3 .

As stated in Section 4.4.3, the sparse grid construction treats all directions differently
and is therefore an anisotropic algorithm. Moreover, the convergence analysis presented
in Section 6.2.1 exploits the possible anisotropic behaviors of problem (1.1.1). Therefore,
we can expect a faster convergence rate when compared to our previous isotropic Smolyak
algorithm (Nobile et al., 2006), described in Section 6.1, for such problems that exhibit strong
anisotropic effects. Since the algorithm exploits this behavior and is a sparse interpolation
technique, a similar conclusion can be drawn when making convergence comparisons with
the anisotropic full tensor product method, introduced in the work Babuska et al. (2005¢).
See Chapter 7 where we explore numerically the consequences of introducing an anisotropy

into the model problem described by Examples 1.1.1 and 1.1.2 .

6.2.1 Clenshaw-Curtis anisotropic estimates

For n = 1,2,..., N we begin by recalling that we previously defined FE,, to be the error
of the best approximation to functions u € C°(T',; W (D)) by functions w € Vj,. Similarly
to Section 6.1.1, for n = 1,..., N, since " is exact on Vin,, —1 we can apply the general
formula

|lu=2" (W), < Em —1(w) - (1+ Ap,) (6.2.1)

00,1

where A,, is the Lebesgue constant for our choice (4.4.13), defined previously by (6.1.5).
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Using Lemma 5.0.3 and with the assumption (5.0.3) on the decay coefficients, the best
approximation to functions v € C°(I'™; W (D)) that admit an analytic extension as described

by Assumption 1.3.1 is bounded by:
B, (1) < C gy = C e, (6.2.2)

where C' is a constant dependent on 7 and u but otherwise independent of n, defined
in Lemma 5.0.3. For n = 1,2,..., N we define the one-dimensional indentity operator
I T, — T, then (6.2.1)-(6.2.2) implies

H(Il(n) - %Z")(U)H < C log(my, )o™in < Clinor" = Clipe 9™

00,1

A @, = l@" 2w, < H(If”) - W”)(U)H +

00,1

(1" =2 )|

00,1

< Fi.?" " = Eiye
(6.2.3)

for all « € N, with positive constants C' and F depending on u but not on ¢ or n.

The convergence proof will be split in several pieces, the main results being given in
Theorems 6.2.3 and 6.2.7 which state the convergence rates in terms of the level w and the
total number of collocation points, respectively.

For the purpose of error analysis we first introduce the set

Xalw, d) = {i eNLi>1: (Z(zn - Da, — gw) € [0,0zd]} :

n=1
Moreover, we denote by I; the identity operator applicable to functions which depend on

the first d variables ¥y, ...,yq. Then the following result holds:

Lemma 6.2.1 For functions u € L%(FN; W(D)) satisfying the assumption of Lemma 5.0.3
with decay coefficients as in (5.0.3), the anisotropic Smolyak formula (4.4.10) satisfies:

1(UIn = a(w, N) (W)l| 2o oy < D Rlw, d) (6.2.4)

with

R(w,d):= Y CE™! (H @n> e~ ) (6.2.5)

icXa (w,d)
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and
d
=> g2, (6.2.6)
n=1

with constants C' and E defined in (6.2.2) and (6.2.3).

Proof. We start providing and equivalent representation of the anisotropic Smolyak formula:

do(w, N)= > Q)Ar

ieXq (w,N) n=1
o N-1
(ot S -1 82 |

= > ](VX_;Ai"@ Z A

i€ X o (w,N—1) n=1 =1

= Z ®A2" QU 1+w——2n 1 (in—1) a"J

i€ X o (w,N—1) n=1

where we have denoted with |-| the integer part of a real number.

The error estimate is computed recursively using the previous representation.

N-1
Iy — WQ(U),N) = Iy — Z ®Azn ® (% L1+w%—25:—1 (Zn—l)%J o [1(N)>

i€Xq (w,N—1) n=1

- > ®N“®I

icXq (w N-—

5 @ (ot i)

ieXq(w,N—1) n=1
+ (In- 1—527 (w, N —1)) @ IV

N N
_ Z (w, d) @ 7 ( %(w,1)) Q1
=2 n=d+1 n=2

where, for a general dimension d, we define

d—1
Rwd = Y QA" (ﬁd) _ %zd_1>

i€Xq (w,d—1) n=1

and, for any (iy,...,iq_1) € Xa(w,d — 1), we have set iq = {2 —i—wg — Z ( )a—”J
Observe that with this definition, the d-dimensional vector j = (i, ..., iq1,%4) € Xa(w,d).
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The term R(w,d) can now be bounded as

o] s 5 Tl (1 -2 o

00,d
ieXq (w,d—1) n=1

00,d

ieXq(w,d—1)
d
< Z C B! (H in> e 0D —: R(w, d).
icXq (w,d) n=1
Hence, the interpolation error with the anisotropic Smolyak construction can be bounded by
Iy — do(w, N)) <RdH” 1“
Iy = aw > Rlw,d)+ w D)W _

Observe that the first term in the recursion (6.2.4) can also be bounded by (6.2.5). Indeed,
the set Xo(w, 1) contains only the point i; = |2 + o) and

| (1 = tatw, ) (u)HN1 _ H <1§1> - %P““’J) . )
<C {1 + Q_wJ e*g(l)zt“%J

Qg

< Z Ciy e 92 = R(w, 1)

i1€X o (w,1)

and this concludes the proof. 0

Lemma 6.2.2 For the choice a,, = g(n) of the weights in the anisotropic Smolyak formula

(4.4.10), the following bound holds for the term R(w,d), d=1,...,N:

) d
G) gugty w—g} , (6.2.7)

R(w,d) < Ci(g, d) exp{— 5 G(d)

where the function C1(g,d) does not depend on w.

Proof. First we convert the sum appearing in (6.2.5) into an integral. For that, we define

the two subsets of R%:

Yfa(w,d) = {y € Ri Clyl+1€e Xa(w,d)}7
d d
Yi(w,d) = {y eRL: (Zyno‘" - wg) € [0,aq + Zan]},
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and notice that Xq(w,d) C Ya(w,d) C Y (w,d). Then the term R(w,d) can be bounded

by
d

R(w,d) = / CE41 (H(LynJ + 1)) e MWI+1d) gy
Yo (w,d)

n=1
- (6.2.8)

< / CE™ | [[n+1) | e "D dy.
f’(j'(w,d)

n=1

Next, we define y* = w%%d) and we expand the function h(y,d) up to second order, around

the point y* = (y*,...,y"):

1
h(y,d) = h(y*,d)+Vh(y*,d) - 5y+5yT§V2h(y* + sdy,d)dy, withdy =y —y* and s € [0, 1].
_/_/ N P

) (1)

The linear term is positive on the set Y} (w, d); indeed
d
(1) =10g(2)2Y > " g(n) (yn — y")
n=1

d
=10g(2)2" ) (gnom —wa) =0 Vy € Y (w,d)
n=1

Similarly, the second order remainder can be bounded as

log(2)” [y +s(yn—y)—1] )2
(I) = —= ;g(nﬂy T (Y — Y
log(2)*
*\2
> = ;g(n)(yn—y)
d
(Yn — y*>2 . 2 2
= Z R with o), = 5
—~ 207 log(2)?g(n)

Finally, the bound (6.2.8) becomes

N d _d (yn—y*)?
R(w,d) < CE ey ’d)/ H(yn + 1)e =17 50,2 dy .
Yo (w,d) n=1
1d)

We now turn to estimating the term I(d). For that, let us introduce the function
*\2

pa(y) =€ 2% /4/2mo2 which corresponds to the probability density function of a Normal
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random variable with mean y* and variance o2. Then, we have

d
I(d) = /{ﬁ( ) H V27102 (Yn + Dpn(yn) dy {setting 2z, = y, + 1}
a (W,a) p—1

< H (\/271’0'3 ZnPn(zn — 1) dzn> {by Cauchy-Schwartz ineq.}
n=1 0
0 3
< H <\/27m,21 (/ 22pn(2n — l)dzn) >
n=1 0

dg

d
= Cy(o,d)e” 7@, with Cy(o,d) = H (\/271'0’%60") :

From this the final result is easily obtained and inequality (6.2.7) holds with constant

Ci(g,d) =CE™ (ﬁgg))d (ill

S
Il
—

d

i) o e 2 v
o) ) P lee@ = Vg |

(6.2.9)

U

Theorem 6.2.3 For functions u € Lz(FN; W (D)) satisfying the assumption of Lemma 5.0.3
with decay coefficients as in (5.0.3), the anisotropic Smolyak formula (4.4.10) with the choice
a, = g(n) of the weights satisfies:

(I — a(w, N)) ()| 2wy < Clg, N)e? 2 (6.2.10)
where
wgl%@)e, if 0 <w< 50(28),
AMw, N) := , (6.2.11)
@2“)%, otherwise

2
and the function é(g, N) does not depend on w.

Proof. From Lemmas 6.2.1 and 6.2.2 we obtain the following bound for the interpolation

error

(I = w0, N)) ()| vy < D Cil dyexp {w = Mw, )}
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with )\(w d) .= 4 d) 2“%@ . We now turn our attention to finding a minimum for )\(w d) for

1 <d < N. Let us define, for s € [ , (gN ], the function

p(s) =525,
so that A(w, d) = p (@) and
min A(w,d) > min g (s)
1<d<N ~ se[1LY(N)/g] pPs):

We have
o (1 (2)uin) =

yielding s = wlog(2). For w sufficiently large, the minimum of p(s) falls outside the interval

[1, @] and the function p(s) is decreasing on this interval. Therefore, there are two cases to

(N) and the second when 0 < w < g(N)

consider. The first being the situation when w > Jlog®) Jloe()"

In either case

min )\(w d) > Aw, N)

1<d<N
and hence,

max e
1<d<N

From this the result (6.2.10) follows, by taking

—Nw,d) < e M),

C(g,N)=N max Ci(g,d). (6.2.12)

.....

O

Remark 6.2.4 From the expressions (6.2.12) and (6.2.9) we observe that the constant
C’(g, N) appearing in the convergence estimates of Theorem 6.2.3 goes to infinity when g
tends to zero. We should note that in such case we loose convergence anyhow.

On the other hand, for given g and N, the more the sequence g is anisotropic (i.e. the
larger the ratio gma./g gets), the smaller becomes the constant C(g,N). In any case, such

constant can be bounded by

) C N (2E\7+2
C(g, N) < EGXP{E <W>}v

independently of the anisotropy.
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Now we relate the number of collocation points n = n(w, N) = ##4(w, N) to the level

w of the anisotropic Smolyak algorithm. We state the result in the following lemma:

Lemma 6.2.5 Using the anisotropic Smolyak interpolant described by (4.4.7) where the
abscissas are the Clenshaw-Curtis knots, described in Section 4.4.4, the total number of

points required at level w satisfies the following bounds:
vl < < QW Tnr e/an (6.2.13)

Moreover, as a direct consequence of (6.2.13) we get that:

log(n)
Sy 2 +1og(2)

Proof. By using formula (4.4.7) and exploiting the nested structure of the Clenshaw-Curtis

< w < log,y(27). (6.2.14)

abscissas the number of points n = n(w, N) = #.7#4(w, N) can be counted in the following

way:
N 1 ifi=1
n= > []rti), wherer(i):=¢ 2  ifi=2 . (6.2.15)
i€ Xa (w,N) n=1 2172 if > 2

Begin by noticing that for all n =1,2,..., N the following bound holds:
22 < (i) < 2L (6.2.16)

Next, let m € [1, N] be the index corresponding to the minimum ¢, i.e. a,, = 121711i<nN{an} =
a. A lower bound on the number 7 of points can be obtained considering only the
contribution from the tensor grid of indices 7,, = 1, for n # m and i,, = w+ 1. On
the other hand, it is easy to see that |[i — 1| = SN

ne1lin — 1) < w so the following bounds
hold:

N
<= > J]rt) < D 2T < 2"# X (w, N).

ieXq(w,N) n=1 i€eXa (w,N)
We need now a bound for the cardinality of the set X (w, N). We prove by induction
that

# X o(w, N) < ﬁ <wa% + 1) . (6.2.17)
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Indeed, the result is obviously true for N = 1, and assuming that it holds for N — 1, we have

|lwa/an |+1 (]N _ 1)0_/]\[
EXow N = Y #X, (w _Un—Daw 1)

o

jn=1

lwa/an|+1 N—1 .
—1
- Y 11 (w% _ Uy =Day 1>
ay, ay,

jn=1 n=1

|lwa/an]+1 N—1 o
< — +1
< > I(v2+)

al o)
< H (wa:n + 1)
and this finishes the induction proof. Moreover we have
Yoo
#Xo(w,N) < exp {w;a;n} (6.2.18)
and the inequalities (6.2.13) and (6.2.14) follow. O

Remark 6.2.6 The bound for the cardinality of the set #Xq(w, N) given in (6.2.17) is not

sharp when w — oo and actually one has instead the asymptotic behaviour
WV & a
< | | =
#Xa(w7 N) ~ N' e an?

which is consistent with the isotropic result given in Nobile et al. (2006), described by Lemma

6.1.3. Moreover, if we use Stirling’s approximation for the factorial term, the previous bound

N N
1 ew o 1 e Q
< ___ = — =
ARy | S Nexp{w (Nzn: a)}

which greatly improves (6.2.18).

becomes

The next Theorem provides an error bound in terms of the total number 7 of collocation
points. The proof follows directly from the results in Theorem 6.2.3 and Lemma 6.2.5 and

is therefore omitted.

Theorem 6.2.7 For functions u € Li(FN; W (D)) satisfying the assumption of Lemma 5.0.3
with decay coefficients as in (5.0.3), the anisotropic Smolyak formula (4.4.10) with the choice
a, = g(n) of the weights satisfies:
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e Algebraic convergence (0 <w< ﬁéﬁ%))' Under the assumption that g > 1/(elog(2)),

(I = Haw, N)) ()] 2oy < Cls N,

‘ glog(2)e — 1 (6.2.19)
with [ = = ~ .
log(2) + 32,1 9/9(n)
e Sub-exponential convergence (w > ;ifg&)
A o _GW\N) o
(I — (a0, N)) () ooy < €l N) () 8D e 5002,
glog(2) (6.2.20)

with Lo =

9(N) (l0g(2) + L0y 9/9(n))
and constant C’(g, N) defined in (6.2.12) and independent of n.

Remark 6.2.8 The estimates given in (6.2.20) may be improved when w — oo. Such

asymptotic estimate is obtained using the better counting result described in Remark 6.2.6.

Remark 6.2.9 We observe that sub-exponential rate of convergence is always faster than
the algebraic one when w > 9(N)/(glog(2)). Yet, this estimate is of little practical relevance

since 1n practical computations, such a high level w is seldom reached.

Remark 6.2.10 The condition g > 1/(log(2)e) in the algebraic regime can be improved
following an L? analysis. Yet it is largely satisfied in all our numerical tests. In the next
Section we present results using Gaussian abscissas where this condition is no longer needed.

Remark 6.2.11 Suppose now that the stochastic input data are truncated expansions of

)
n=1"

random fields and that we are able to estimate the values {g(n) Whenever the sum
>ove19/9(n) is finite then the algebraic exponent in (6.2.19) does not deteriorate as the
truncation dimension N increases. This condition is satisfied for instance by the problem
presented in the numerical Section. This is a clear advantage with respect to the isotropic

Smolyak method.

Remark 6.2.12 (Optimal choice of a) Looking at the exponential term e~ in (6.2.5),
which is the term determining the rate of convergence, we may try to choose the weight o

for Xo(w, N) as the solution to the optimization problem

max min h(i,d).

™ eRi icXa (w,d)

lo[=1

This problem has the solution o« = g and hence, our choice of weights (5.0.4) is optimal.
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6.2.2 Gaussian anisotropic estimates

By using a similar approach to our previous work (Nobile et al., 2006, Section 4.1.2) and
Section 6.1.2 we can develop error estimates for interpolating functions u € C°(T'N; W (D))
that admit an analytic extension as described by Assumption 1.3.1 using the anisotropic
Smolyak formulations based on Gaussian abscissas described in Section 4.4.5. We remind
the reader that in the global estimate (6.0.1) we need to bound the interpolation error (/11)
in the norm L2(I'N; W (D)). Yet, the Gaussian points defined in Section 4.4.5 are constructed

for the more appropriate density p = Hfj:l pn and we have the following useful bound:

vl 2wy <

N

. ||,U||L%(FN;W(D)) fOI' all NS CO(FN, W(D))

Loo(TN)

In what follows we will use the shorthand notation || - ||; 5 for [ - || L2(TN;W(D))- Following
Nobile et al. (2006) and Section 6.1.2, the one-dimensional interpolation error for Gaussian

abscissas satisfies

~ _ 9(2"> 2in

<FEe ;

H(If”’-%in)(u)H <Cen™and (AT ()],

ﬁ71 ’

for all i € N, with positive constants C' and F depending on u but not on i or n.
The following Theorem states the rate of convergence for the anisotropic Smolyak formula
based on Gaussian abscissas. Since the proof is mostly similar to the one presented in the

previous Section for Clenshaw-Curtis points, it will be just sketched and only the main

differences will be highlighted.

Theorem 6.2.13 For functions u € L3(T'N; W (D)) satisfying the assumption of Lemma
5.0.83 with decay coefficients as in (5.0.3), the anisotropic Smolyak formula (4.4.10), based

on Gaussian abscissas and with the choice oy, = g(n) of the weights satisfies:

e Algebraic convergence (0 <w< 5 (Eg;)) .

Iy = Falw, N)) (W] 2 0n () < CY(g. N)n ™,
B glog(2)e (6.2.21)
- 2log(2) + Y0, g/9(n)

with 1
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‘ g(N) .
e Sub-exponential convergence (w - 105(2)>'

G(N) o

| = alw, N)) ()l g ov vy < C g N)e 57,
glog(2) (6.2.22)
Y(N) (210g(2) + L0y 0/9(n))

with o =

and constant é’G(g, N) independent of 1.

Proof. The recursion formula (6.2.4) still holds with the term R(w,d) defined now as

Z CEd 1 7h1d

ieXq (w,d)

=

Notice that the negative effect of the Lebesgue constant for the Clenshaw-Curtis points,
which was responsible for the term Hi:1 in in the definition of R(w,d) (see (6.2.5)) is not
present any more. Then, following the guidelines of the proof of Lemma 6.2.2, this term can

be bounded as

R(w,d) < ClG(g, d) exp {—@2“’@?@ } ’

o (i) (H wr)

| — (a0, N)) () oy < € N)e X0 (6.2.23)

with constant
P

C%(g,d
(g,d) = 5

This leads to the estimate in terms of w

with the same A(w, N) as in (6.2.11) and C%(g, N) = Nmaxg_1._ny C(g,d). Again, notice

the great improvement with respect to the bound (6.2.10) holding for Clenshaw-Curtis points.
Finally, we observe that for a given level w, the number of Gauss points is larger than the
number of Clenshaw-Curtis points (due to the non-nested structure) and, following Lemma

6.1.7, we know that (Nobile et al., 2006):

. .

1 fori =1
— r .n ) th r(2 = . 6224
n g I I 7(in) with - 7(3) {Tl +1 fori>1 | |

i€Yy (w,N) n=1

N N

n=1 n=1
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and the number of points can be bounded as
2071 < < 22UHY o (w, N) < 22# X (w, N),

which, substituted in (6.2.23) gives the desired result. O

To demonstrate the effectiveness of the proposed methods considered throughout this
chapter, in the next chapter we present some numerical results validating our theoretical
results. We also include a comparison of our proposed methods with other ensemble-based

approaches, including the well-known Monte Carlo.
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CHAPTER 7

NUMERICAL EXAMPLES

This Chapter illustrates the convergence of the both the isotropic and anisotropic sparse
collocation methods for the stochastic linear and nonlinear elliptic problems in two spatial
dimensions, as described in Chapters 2 and Chapters 3 repectively. Most of this chapter will
be devoted to a linear problem with applications to a nonlinear problem left until the end.
The computational results are in accordance with the convergence rates predicted by the
theory. Actually, we observe a faster convergence than stated in Theorems 6.2.7 and 6.2.13,
which hints that the current estimates may be improved.

We will also use this chapter to compare the convergence of the anisotropic Smolyak
method, described and analyzed in Sections 4.4.3 and 6.2 respectively and the work Nobile
et al. (2007), with other ensemble-based methods such as: the isotropic Smolyak method,
described and analyzed in Sections 4.4.2 and 6.1 respectively and the work Nobile et al.
(2006), the anisotropic adaptive full tensor product method described in the work (Babuska
et al., 2005d, Section 9) and finally, the well-known Monte Carlo method.

The linear and nonlinear problems we consider are as follows:

—V - (a(w, )Vu(w,)) = flw,) inQxD, (7.0.1)
u(w,") =0 on Q x 0D, o
and
—V - (a(w, )Vu(w,)) +u* = f(w,") inQxD, (7.0.2)
u(w,-) =0 on Q x 0D, o
with D = [0,d]? and d = 1. For these numerical examples we take a deterministic load

f(w,x, z) = cos(x)sin(z) and construct the random diffusion coefficient ay(w,x) with one-

dimensional spatial dependence as

N2 N
log(an(w,Z) —0.5) =14 Y;(w) (g) + Z Gnon() Yo (w). (7.0.3)
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where

G = (VL) P exp (M> L ifn>1 (7.0.4)

8
and ;
(=) sin (LfLJ—m , if n even, (7.0.5)
Yn(x) = e 0.5
cos (%) , if n odd.

For z € [0,d] let L. be a desired physical correlation length for the coefficient a, meaning
that the random variables a(x) and a(y) become essentially uncorrelated for |z — y| >> L..
Then, the parameter L, in (7.0.5) and (7.0.4) is L, = max{d,2L.} and the parameter L in
(7.0.3) and (7.0.4) is .
L= L—;.

In this example, the random variables {Y,,(w)}°, are independent, have zero mean and unit
variance, i.e. E[Y,] =0 and E[Y,Y,,] = dpm for n,m € N, and are uniformly distributed in
the interval [—+/3,1/3]. Expression (7.0.3) is truncation of a one-dimensional random field

with stationary covariance

cov[log(ay — 0.5)](z1, 22) = E[(log(a)(z1) — E[log(a)](z1)) ((log(a)(x2) — Ellog(a)](x2))]
_ — (21 — my)?
o (o).

To illustrate the convergence, given in Chapter 6, of isotropic and anisotropic Smolyak
algorithms, described in Sections 4.4.2 and 4.4.3 respectively, for solving problem (7.0.1) we
need to first, describe the decay coefficient given by (5.0.3) and then second, either a priori
or a posteriori select the N-dimensional weights described in Chapter 5.

To formulate the constant g, for each n = 1,2,..., N, defined by (5.0.3), for the problem
(7.0.1), we investigate a lower bound for g,. That is (see (6.1.3)) for n =1

1 9 N\ /2 1 1\
Sl — () 14—
=t 43 (ﬁL) i 2 (6\/7?L) (7.0.6)
1
> 1+exp (—5 log (24\/7_rL)>

and similarly, for n > 2

L%J2W2L2
>14
0 >
" 24

:1+exp(

<F

L (7.0.7)

L%JTWL — %bg (24ﬁL)) .
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The rate of convergence of the isotropic Smolyak method is dictated by the decay coefficient

o0 defined by (5.0.3), which from (7.0.6)-(7.0.7) can be defined by

|1
— minp, > 1 . 7.0.8
o=mingn > 144 /ot (7.0.8)

We consider now an a priori selection of the weights g(n) based on formula (6.1.3) for

solving problem (7.0.1) using the anisotropic Smolyak method. For that, from (2.0.7) we

can estimate the parameters 7, by

1 _
1 /W’ forn=1
Thn = o —
4n - n2,272
Gallell /16\}EL exp(LQJS L )’ for n > 1.

Then, using (6.1.3) the weight vector g becomes

10g<1+,/ﬁ), forn=1

g(n) = (7.0.9)

log (1 + 4/ 48\}77]: exp (L%J?QH)) , forn>1

and then we have g, > e9™ for alln =1,2,..., N.
In Table 7.1 we show the function values g(n) forn = 1,2,..., N = 11 using (7.0.9). With

this a priori information we can construct the simplices i € X4 (w, N). These become the
indices i € NY used for solving problem (7.0.1) with correlation lengths L. = 1/2,1/4,1/16
and 1/64. This table also yields insight into the anisotropic behavior of each problem. In
the case of small correlation lengths, i.e. L. = 1/64, we observe an almost equal weighing of
all stochastic directions, except for the first one. The opposite behavior can be seen as we
increase the correlation length. For example, when L. = 1/2 the ratio between ¢(11) and
g = g(2) = g(3) is approximately 30 : 1.

Since the random variables Y, are uniformly distributed, in this case the Gaussian
abscissas correspond to the root of the Legendre polynomials. Recall from Section 4.4.4
that the Clenshaw-Curtis abscissas are nested and therefore, in practice, we exploit this
fact and construct the isotropic or anisotropic Smolyak interpolant using formula (4.4.7)
or (4.4.10) respectively. Hence, the number of points n = n(w, N) = #5,(w, N) can be
counted as in formula (6.1.16) or (6.2.15) respectively. On the other hand, the Gaussian

abscissas, described in Section 4.4.5, are not nested and to reduce the number of points
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Table 7.1: The N = 11 values of the function g(n) constructed from a priori information
given by (7.0.9) for correlation lengths L. =1/2,1/4,1/16,1/64.

| [ 9(1) [ 9(2) =9B) | g(4) = g(5) [ 9(6) = g(7) | 9(8) = g(9) | 9(10) = g(11) |

L.=1/2 | 0.20 0.19 0.42 1.24 3.1 5.8
L.=1/4 || 0.27 0.21 0.26 0.36 0.56 0.91
L.=1/16 | 0.48 0.36 0.37 0.37 0.38 0.40
L.=1/64 1 0.79 0.62 0.62 0.62 0.62 0.62

necessary to build the isotropic or anisotropic Smolyak interpolant one utilizes the variant of
(4.4.7) or (4.4.10), given by (4.4.8) or (4.4.11) respectively. Consequently, we can count the
number of points 7 used by the Smolyak interpolant as in (6.1.28) or (6.2.24) respectively.

The finite element space for the spatial discretization is the span of continuous functions
that are piecewise polynomials with degree two over a uniform triangulation of D with 4225
unknowns.

Observe, in general, that the collocation method only requires the solution of uncoupled
deterministic problems over the set of collocation points, even in the presence of a diffusivity
coefficient which depends nonlinearly on the random variables as in (7.0.3). This is a
significant advantage that the collocation method offers compared to the classical Stochastic-
Galerkin finite element method as considered, for instance, in Babuska et al. (2004b);
Frauenfelder et al. (2005b); Matthies and Keese (2005); Xiu and Karniadakis (2002a). To
study the convergence of the isotropic and anisotropic Smolyak algorithms we consider a
problem with a fixed dimension N and investigate the behavior when the level w of the
interpolation in the Smolyak algorithm is increased linearly.

The computational results for the L?(D) approximation error to the expected value, E|[u],
using the isotropic Smolyak interpolant, are shown in Figure 7.1. The isotropic Smolyak
algorithm for solving problem (7.0.1) was analyzed in Sections 6.1.1 and 6.1.2 and in the work
Nobile et al. (2006). To estimate the computational error in the w-th level we approximate
| E[e]|l = || Bl (w, N)mpun — o (w+ 1, N)mpun]|| using either Gaussian or Clenshaw-Curtis
abscissas. The results reveal, as expected, that for a small non-degenerate correlation length,
ie. L. = 1/64, the error decreases (sub)-exponentially, as the level w increases. We also
observe that the convergence rate is dimension dependent and slightly deteriorates as N
increases.

To investigate the performance of the isotropic algorithm by varying the correlation
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----- @-Isotropic Smolyak with Gaussian abscissas (N =5)

----- V- Isotropic Smolyak with Clenshaw-Curtis abscissas (N = 5)
----- ©-Isotropic Smolyak with Gaussian abscissas (N = 11)

----- - Isotropic Smolyak with Clenshaw-Curtis abscissas (N = 11)

Figure 7.1: The rate of convergence of the isotropic Smolyak algorithm for solving problem
(7.0.1) with given correlation lengths L. = 1/64 using both the Gaussian and Clenshaw-
Curtis abscissas. For a finite dimensional probability space 'V with N = 5 and N = 11
we plot log(e) versus the number of collocation points. The L?*(D) approximation error in
the expected value for the anisotropic sparse collocation methods is given by: || E[e]||r2py =
|Ele (w, N)mpuy — & (w + 1, N)mpun]| 2(py where w =0,1,...,%.

length L. we also include the cases where L. = 1/16, L. = 1/4 and L. = 1/2 for both
N =5 and N = 11, seen in Figure 7.2. We notice that the larger correlation lengths have
negative effects on the rate of convergence. This can be explained by examining o defined by
(7.0.8). From this we see that the coefficient ¢ appearing in the estimates (6.2.19)-(6.2.20)
and (6.1.29)-(6.1.30), is approaching 1 as L. becomes large. Hence, the effect of increasing
L, is a deterioration of the rate of convergence. This motivated developing and analyzing
the anisotropic Smolyak method, which will be the primary focus of the remainder of this
chapter.

The computational results for the L?*(D) approximation error to the expected value,
Elu], using the anisotropic Smolyak interpolant, are shown in Figures 7.3. The anisotropic
Smolyak algorithm for solving problem (7.0.1) was analyzed in Sections 6.2.1 and 6.2.2 and
in the work Nobile et al. (2007). Here we consider the truncated probability space to have

dimensions N = 5 and N = 11 and we compute approximate solutions up to level w. To
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estimate the computational error in the w-th level, for 0 < w < w, first we denote the
maximum index utilized by @, (w, N) in each stochastic direction, k(a,w) € NY | given
component-wise as:

(o, w) = max  {in}. (7.0.10)

i€Xq (w,N)

Then we introduce an enriched solution,

n 7_ —1 n
(@ + 1, N)mpuy, with @, = (%) <O‘—> , (7.0.11)
Kn(Qt, W) a
and approximate the computational error for w =0,1,2,...,w as
| E[e]|| = || E|Ya(w, N)mpuy — (W + 1, N)mun]]|- (7.0.12)

By construction, the enriched solution possesses a maximum index (&, w + 1) which is
larger by one in each direction, i.e. k,(@,@w+ 1) = k,(a, W) +1,n=1,...,N.

Tables 7.2 and 7.3 show the values k(a,w) for computing oZ,(w,N), with w =
0,1,2,...,w, as well as the value (&, w) for computing the enriched solution, @5 (w, N),
for the cases L. = 1/2 and L. = 1/64, respectively. The convergence plots shown in Figures
7.3 and 7.4 confirm, as expected, that the error decreases sub-exponentially, as the level w
increases linearly. For highly anisotropic problems, i.e. L. = 1/2, we observe that the rate
of convergence is increased significantly with respect to the isotropic Smolyak method, as
we anticipated in Theorem 6.2.7. We also observe that the convergence rate is dimension

dependent and slightly deteriorates as /N increases.

Table 7.2: The N = 11 components of the maximum indices k(a,w) and K = k(a, W + 1),
defined by (7.0.10) and (7.0.11), respectively, used for solving problem (7.0.1) with a
correlation length L. = 1/2.

’ w H K1 (o, w) \ Ro=kK3(o, w) \ Ry=ks(0o, w) \ Ke=r7(0t, w) \ Kg=Fo(0x, W) \ Kio=k11(a, w) ‘

0 1 1 1 1 1 1

1 1 2 1 1 1 1

2 2 3 1 1 1 1

3 3 4 2 1 1 1

4 4 5 2 1 1 1

5 5 6 3 1 1 1
B 7 \ 4 \ 2 \ 2 2

To investigate the performance of the anisotropic algorithm by varying the correlation

length L. we examine Figure 7.4. We notice that the larger correlation lengths have positive
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Table 7.3: The N = 11 components of the maximum indices k(a,w) and K = k(a, W),
defined by (7.0.10) and (7.0.11), respectively, used for solving problem (7.0.1) with a
correlation length L. = 1/64.

w || Ki(a,w) | ke=kKs3(a,w) | ka=k5(a,w) | kKe=kK7(a,w) | Kg=kKg(a,w) | Kig=FK11(x,w)
0 1 1 1 1 1 1
1 1 2 2 2 2 2
2 2 3 3 3 3 3
3 3 4 4 4 4 4
4 4 ) ) D D 5
< s [ 6 | 6 | 6 | 6 | 6

effects on the rate of convergence. This can be explained by examining g(n) defined by
(7.0.9). From this we see that as L. becomes large the higher dimensions weigh less
which greatly reduces the number of function evaluation required by the anisotropic sparse
collocation method. On the other hand, the effect of decreasing L. is a deterioration of the
rate of convergence, due to the equal weighing of all directions. In this case, our anisotropic
Smolyak algorithm and the isotropic Smolyak method obtain an equivalent convergence
rate. Our final interest is to compare our sparse tensor product methods, both isotropic
and anisotropic, with an anisotropic full tensor product method, proposed in Babuska et al.
(2005d) and also with the Monte Carlo method.

Recall, the isotropic Smolyak algorithm for solving problem (7.0.1) was analyzed in
Section 6.1 and the work Nobile et al. (2006) and can be constructed by equally weighing
all stochastic directions, e.g. a =1 € ]R_]X . To estimate the computational error in the
w-th level we approximate ||Ele]|| ~ ||E[« (w, N)mpuy — & (w + 1, N)mpuy]|| using either
Gaussian or Clenshaw-Curtis abscissas.

The anisotropic full tensor product algorithm can be described in the following way:
given a tolerance tol the method computes a multi-index p = (py, pa, . . ., pPn), corresponding
to the order of the approximating polynomial spaces P,(I'V). This adaptive algorithm
increases the tensor polynomial degree with an anisotropic strategy: it increases the order
of approximation in one direction as much as possible before considering the next direction.
Table 7.4 and Table 7.5 show the values of components of the 11-dimensional multi-index
p for different values of tol, corresponding to L. = 1/2 and L. = 1/64 respectively. These

tables can also give insight into the anisotropic behavior of each particular problem and
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should be compared with Tables 7.4 and Table 7.5, respectively. Observe, in particular, for
the case L. = 1/64 the algorithm predicts a multi-index p which is equal in all directions, i.e.
an isotropic tensor product space. A convergence plot for L, = 1/2 and L. = 1/64 can be
constructed by examining each row of the Table 7.4 and Table 7.5 respectively, and plotting
the number of points in the tensor product grid versus the error in expectation. We estimate
the error in expectation by || Ele]|| = || E[uy, —up's]ll, with p = (p1+1,pa+1, ..., py+1). This
entails an additional computational cost, which is bounded by the factor exp (ZnNzl 1/ pn>

times the work to compute Eluy].

Table 7.4: The N = 11 components of the multi index p computed by he anisotropic full
tensor product algorithm when solving problem (7.0.1) with a correlation length L. = 1/2.
| tol [N=1[|N=23|N=45|N=67[N=89[N=10,11]
1.0e-04 1 1
1.0e-05
1.0e-06
1.0e-07
1.0e-08
1.0e-09
1.0e-10
1.0e-11
1.0e-12

UL U= W NN ==
NN — H = =
e e e e e

= B W WD N =
— = e R = e

L O O = = W NN

Table 7.5: The N = 11 components of the multi index p computed by the anisotropic full
tensor product algorithm when solving problem (7.0.1) with a correlation length L. = 1/64.

| tol [N=1[|N=23|N=45|N=67[N=89[N=10,11]

1.0e-03 1 1 1 1 1 1
1.0e-06 2 2 2 2 2 2
1.0e-09 3 3 3 3 3 3
1.0e-12 4 4 4 4 4 4

The standard Monte Carlo Finite Element Method is the most common choice for anyone
solving SPDEs such as (7.0.1) or (7.0.2) (Burkardt et al., 2007; Babuska et al., 2005d).
If the aim is to compute a functional of the solution such as the expected value, one
would approximate F[u| numerically by sample averages of iid realizations of the stochastic
input data. Given a number of realizations, M € N,, we compute the sample average as
follows: For each k = 1,..., M, sample iid realizations of a(wg, ) and f(wg, -), solve problem

(7.0.1) and construct finite element approximations u (wy,-). We note that once we have
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fixed w = wy, the problem is completely deterministic, and may be solved by standard
methods as in the collocation approach. Finally, approximate E[u| by the sample average:
Bl MIC) = 1 S0l ).

For the cases L, = 1/2,1/4,1/16 and 1/64 we take M = 2! i = 0,1,2,...,11
realizations and compute the approximation to the error in expectation by ||Ele]|| =~
|E[upy; M] — E[oa(w+1, N)myuy]||, where @4 (w+1, N) is the enriched anisotropic sparse
solution defined previously and & is defined by (7.0.11).

To study the advantages of an anisotropic sparse tensor product space as opposed to the
isotropic sparse tensor product space or an anisotropic full tensor product space we show, in
Figure 7.5, the convergence of these methods when solving problem (7.0.1), using correlation
lengths L. =1/2,1/4,1/16 and L. = 1/64 with N = 11. We also include 5 ensembles of the
Monte Carlo method described previously. Figure 7.5 reveals that for the isotropic case with
L. = 1/64 the anisotropic and isotropic Smolyak method obtain a comparable convergence
rate, both faster than the anisotropic full tensor product method.

On the contrary, opposite behavior can be observed for L. = 1/2. Since, in this case,
the rate of decay of the expansion is faster, the anisotropic full tensor method weighs
heavily the important modes and, therefore, achieves a faster convergence than the isotropic
Smolyak method. Similar conclusions can be made for the anisotropic Smolyak: the increased
convergence for this method comes from the fact that it combines an optimal treatment of
the problem anisotropy while reducing the curse of dimensionality via the use of sparse grids.

In all four cases we observe that all the 3 methods out-perform the Monte Carlo method.
We know that the amount of work to reach the accuracy e in the Monte Carlo approach can
be approximated by ¢ ~ O(M~'/?) times the amount of work per sample, where M is the
number of samples. This is only affected by the problem dimension through the increase of
the work per sample. Nevertheless, the convergence rate is quite slow and a high level of
accuracy is only achieved when an large amount of function evaluations are required. This
can been seen from Figure 7.5 where we include reference lines with slopes —1/2 and —1,
respectively, or in Table 7.6 where, for N = 11, we compare the work, proportional to the
number of samples, which is the number of collocation points, required by each method to
decrease the original error by a factor of 10* for all four correlation lengths L, = 1/2,1/4,1/16
and L, = 1/64.

The only aspect we have not yet discussed is applications to nonlinear problems such
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Table 7.6: For N = 11, we compare the number of function evaluations required by
the Anisotropic Smolyak (AS) using Clenshaw-Curtis abscissas, Anisotropic Full Tensor
product method (AF) using Gaussian abscissas, Isotropic Smolyak (IS) using Clenshaw-
Curtis abscissas and the Monte Carlo (MC) method using random abscissas, to reduce the
original error of problem (7.0.1), in expectation, by a factor of 10%.
| L. | AS | AF | IS | MC |

1/2 50 2.5 x 10% | 2.5 x 10° | 5.0 x 10”
1/4 || 1.6 x 10> | 1.2 x 10% | 4.0 x 10® | 2.0 x 10°

1/16 || 2.0 x 10?2 | 2.0 x 10® | 5.0 x 102 | 1.6 x 10°
1/64 || 3.1 x 10% | 2.0 x 10° | 3.6 x 10? | 1.3 x 10°

as (7.0.2). First, the well-posedness of the nonlinear problem was verified in Chapter
3. We observed in Section 3.4 that the analyticity requirement given by Assumption
1.3.1 is challenging to verify in the case of nonlinear elliptic PDEs. In what follows we
adopt the consequences of Assumption 1.3.1 and will show numerically that such regularity
requirements are still justified since we obtain similar convergence results as in the linear
problem (7.0.1). Moreover, we will also use the a posteriori approach, described in Section
5.2 to construct the anisotropic Smolyak method, described in Section 4.4.3. For a finite
dimensional probability space with N = 17 we will compare this procedure with the Monte
Carlo technique for computing the expected value E|u] of the nonlinear SPDE described by
(7.0.2).

In Example 6.1.1 we explained that for the linear problem described in Chapter 2, it was
shown in the work Babuska et al. (2005¢) that for a multi-index p = (p1,...,pn), a tensor
product polynomial interpolation on Gaussian abscissas achieves exponential convergence in
each direction Y,,. In fact, this result and all the results of this work can be extended to any
problem satisfying Assumption 1.3.1. We showed, in Theorem 3.4.1, that for the nonlinear
problem, in general, this is not a trivial assumption to extend. However, Figure 7.6 reveals
that the convergence of problem 7.0.2 maintains the exponential rate in each direction and
that provides us with enough optimism that these results remain valid and can be extended
to the general nonlinear case, described in Chapter 3.

In Figure 7.6 we take L. = 1/64, 1/16, 1/4 and 1/2 and use the a posteriori method
described in Section 5.2 to plot log,,(g,), where the error ¢, is defined by (5.2.2), versus
the number of collocation points in each direction n = 1,2,..., N = 11. Similar to Section

5.2 by using a linear least squares approximation to fit the data, the slope of each line will
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give an estimate of g(n). The values of g(n) for n = 1,2,...,11 can be seen in Table 7.7.
Table 7.7 reveals that the a posteriori selection of a € RJI performs well at dictating the
behavior of problem (7.0.2) for the cases L. = 1/2, 1/4, 1/16 and 1/64. In comparing with
Table 5.1 we see that exponential convergence rate predicted by g(n) for the linear example
7.0.1 is almost indistinguishable to the rate predicted by g(n) for the nonlinear problem
7.0.2. Again, we observe that for the highly anisotropic case, L = 1/2 the vector a weighs
heavily in the higher dimensions as opposed to the highly isotropic case L = 1/64, that

approximately weighs equally in all directions.

Table 7.7: The N = 11 values of the function g(n) = «, constructed from a posteriori
information. The values g(n), n =1,2,..., N are the slopes of N linear least squares fits to
the error of an univariate anisotropic method when solving problem (7.0.2) with correlation
lengths L. =1/2,1/4, 1/16 and 1/64.

| [ 9(1) [ 9(2) =9(3) | g(4) =g(5) [ 9(6) = g(7) | 9(8) = 9(9) | 9(10) = g(11) |

L.=1/2 1.7 1.6 2.1 3.3 5.3 7.3
L.=1/4 || 2.0 1.7 1.6 1.9 24 2.8
L.=1/16 | 2.5 2.2 1.9 1.9 2.1 2.1
L.=1/64 | 3.1 2.4 2.5 24 2.5 24

To examine the extraordinary capabilities of the anisotropic Smolyak algorithm for
computing accurate solutions to problems with a moderately large amount of uncertainty
we compute the expected value , Eu], of the nonlinear problem (7.0.2) using a correlation
length L. = 1/4. In this particular case, to fully resolve the noise requires N = 17 random
variables in the expansion given by (7.0.3). We employ the a posteriori approach described in
Section 5.2 to compute the weight e € RY" used by the anisotropic Smolyak algorithm. For
this particular problem the isotropic Smolyak and anisotropic full tensor product methods
suffer from the curse of dimensionality as the calculation of Efu] becomes computational
infeasible. Therefore, in Figure 7.7 we finally compare the anisotropic Smolyak algorithm
with the Monte Carlo method when problem (7.0.2) depends on a 17-dimensional probability
space. In Figure 7.7 we illustrate the computational results for the L?(D) approximation
error to the expected value, Flu|, using the above two approaches. Similar to the linear
results described previously we observe that the anisotropic Smolyak method continues to
achieve faster convergence rates compared to Monte Carlo, even in the case where N = 17

and the underlying SPDE is nonlinear.
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Figure 7.2: The convergence of the isotropic Smolyak algorithm for solving problem (7.0.1)
with given correlation lengths L. = 1/2,1/4,1/16 and 1/64 using both the Gaussian and
Clenshaw-Curtis abscissas. For a finite dimensional probability space I'V with N = 5 and
N = 11 we plot log(e) versus the logarithm of the number of collocation points. The L*(D)
approximation error in the expected value for the isotropic sparse collocation methods is given

byZ HE[E]HLQ(D) ~ ”E[JZ/Q(U), N)?ThuN — &fa(w + 1, N)WhuNmLQ(D) Where w = O, 1, oW,
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Figure 7.3: The rates of convergence of the anisotropic Smolyak algorithm for solving
problem (7.0.1) with given correlation lengths L. = 1/2,1/4,1/16 and 1/64 using both
the Gaussian and Clenshaw-Curtis abscissas. For a finite dimensional probability space I'"
with N =5 and N = 11 we plot log(¢) versus the number of collocation points. The L*(D)
approximation error in the expected value for the anisotropic sparse collocation methods is
given by: ||Ele]||r2(p) = [|E[a(w, N)mpuy — Za(W, N)mpun]| 2oy where w = 0,1,...,w
and & is defined by (7.0.11).

106



N=511&L=1/2

%
-
.
_af s 1
. o8 ]
- BN
o D N
o RESNI ]
—~ A4 ,,\\\\
~ AN
S RN 1
< BRI
~ s [ \Os\
8 NS ]
Q voN N
] W
~ -9 o N s 1
. N A
S RS ,
3 A
v
—_ -1 o N 3
N\
_12k ) N=11 i
—13F v B —
N=5 "~
—14/ L L L L L L Fat L
) 05 1 15 2 25 3 35 4
log,,(# points)
N=511&L=1/16
-3 ‘ : ‘ ‘ ‘
i ]
| DR SR
-5 / 'V\\%\ -
“voTSso
o NN 1
~ ~
S 7| : ‘:S\ 4
ST o NN
L C NN
[l -8 - S \\\ =
~ ) R e,
= ON TN
i N
%D’“’ v SooTA e
— OV >
11 N=11¢]
v
_12b N=5 ]
_1ab ]
—14/ L L L L L L L
0 05 1 15 2 25 3 35 4
log,,(# points)

logm(L2 error)

N=511&L=1/4

5
9.
B
<.
'\'\\\\\
-6 o \V\\G"\
g
7+ '\,\\\\\\
~ ~
4 S
-8~ '\\ S
AN N
-9~ "\V\ Ay
ST ¥
—101 N
v N ~.
-1 : o N=11%
-12r-
v
-13- N=5
o
-14 L L L L L L L
0 0.5 1.5 2 25 3.5
log,,(# points)
N=511&L=1/64
5 : : ‘ : :
&
B Tss.
ol RN
. ~ \\
v © SI~ 0
-7r : SN
~ ~
NN
-8 v o ~Osg
RN
\\ \\
-9 R ~ 0
IR
o ~ S
—10 v A4
N=1T
-1
o .
-1z N=5
-13r
-14 L L L L L L L
0 0.5 1.5 2 25 3 35
log,,(# points)

---@---Anisotropic Smolyak with Gaussian abscissas (N =5)
----- W----Anisotropic Smolyak with Clenshaw-Curtis abscissas (N = 5)
- - -Anisotropic Smolyak with Gaussian abscissas (N = 11)
- % -Anisotropic Smolyak with Clenshaw-Curtis abscissas (N = 11)

Figure 7.4: The convergence of the anisotropic Smolyak algorithm for solving problem (7.0.1)
with given correlation lengths L. = 1/2,1/4,1/16 and 1/64 using both the Gaussian and
Clenshaw-Curtis abscissas. For a finite dimensional probability space I'V with N = 5 and
N = 11 we plot log(e) versus the logarithm of the number of collocation points. The L?*(D)
approximation error in the expected value for the anisotropic sparse collocation methods is

given by: ||Ele]||r2(p) = [|E[a(w, N)mpuy — Za(W, N)mpun]| 2oy where w = 0,1,. ..,

and & is defined by (7.0.11).

107

w




N=11&L=1/2

Monte Carlo

1o§510(# ;ointfvs
N=11&L=1/16

log,(L? error)

—

GRS :ﬁi(;nte Carlo |

2 25

log,(# points)

3

log,(L* error)

log,o(L? error)

N=11&L=1/4

-~ LT

&f/f |

onte Carlo

10;;10(# ;ointzs)
N=11&L=1/64

2 25 3 3.5 4

log,,(# points)

= <O~ Anisotropic Smolyak with Gaussian abscissas (N = 11)

- &/~ Anisotropic Smolyak with Clenshaw-Curtis abscissas (N = 11)
--@---Isotropic Smolyak with Gaussian abscissas (N = 11)

-+ §f---Isotropic Smolyak with Clenshaw-Curtis abscissas (N = 11)

- @ -Anisotropic full tensor product with Gaussian abscissas (N = 11)

Figure 7.5: A 11-dimensional comparison of the anisotropic Smolyak method, the isotropic
Smolyak method, the anisotropic full tensor product algorithm and Monte Carlo approach
for solving problem (7.0.1) with correlation lengths L. = 1/2,1/4,1/16 and 1/64. The L*(D)
approximation error in the expected value for the sparse collocation methods is given by:
| Ele]||L2(p) = E|da(w, N)mpuy — Za(Ww, N)mpuy] where w = 0,1,...,w and a is defined by
(7.0.11). The L?(D) approximation error in the expected value for the anisotropic full tensor

product method is given by: || Ele]|| .2y = || Eluy, — ups]ll2(p), Where p = (p1,pa, - - -

andp = (p1+1,p2+1,...

7pN)

,pn+1). The L?(D) approximation error in the expected value for

the Monte Carlo method is given by: ||E[e]|| 2(p) =~ | Elup; M| — E[oa(w, N)mun]| r2(p),

where M =2t i =0,1,2,...,10.
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a posterirori approach described in Section 5.2. The L?(D) approximation error in the
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CHAPTER 8

SUMMARY

In this work we proposed and analyzed several sparse grid stochastic collocation methods for
solving both linear and nonlinear elliptic partial differential equations whose coefficients and
forcing terms depend on a finite number of random variables. When introducing the novel
weighted Smolyak method we also described an optimal choice for the weight parameters.
These weights adaptively tune the anisotropy of the method for each given problem. Their
systematic choice can be based both on a priori or a posteriori information and is motivated
by the regularity of the solution and the error estimates derived in this work. The sparse grids
are constructed from the Smolyak algorithm, utilizing either Clenshaw-Curtis or Gaussian
abscissas. Both methods lead to the solution of uncoupled deterministic problems and, as
such, are fully parallelizable like a Monte Carlo method.

This method extends the work proposed in Babuska et al. (2005¢) where a stochastic
collocation method on tensor product grids was proposed to solve problem (1.1.2). Not
only do we include nonlinear elliptic problems, as in Example 1.1.2, but the use of sparse
grids considered in the present work (as opposed to full tensor grids), reduces considerably
the curse of dimensionality and allows us to treat effectively problems that depend on a
moderately large number of random variables, while keeping a high level of accuracy. The
new methods can be found in our latest works Nobile et al. (2006, 2007).

Upon assumption that the solution depends analytically on each random variable (which
is a reasonable assumption for a certain class of applications, see Babuska et al. (2004b,
2005¢)), we have provided a full convergence analysis and demonstrated (sub)-exponential
convergence of the “probability error” in the asymptotic regime and algebraic convergence
of the “probability error” in the pre-asymptotic regime, with respect to the total number of

collocation points used in the sparse grid.
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The main theoretical results for the isotropic and anisotropic methods are given in
Theorem 6.1.2, Theorem 6.1.8 and Theorem 6.2.7, Theorem 6.2.13 respectively. The
consequences of these results are confirmed numerically by the examples presented in Chapter
7.

The isotropic Smolyak method, introduced in Section 4.4.2 and analyzed in Section 6.1,
is very effective for problems whose input data depend on a moderate number of random
variables, which “weigh equally” in the solution. For such an isotropic situation the displayed
convergence is faster than standard collocation techniques built upon full tensor product
spaces.

On the other hand, the convergence rate deteriorates when we attempt to solve highly
anisotropic problems, such as those appearing when the input random variables come e.g.
from Karhunen-Loeve-type truncations of “smooth” random fields. In such cases, a full
anisotropic tensor product approximation, as proposed in Babuska et al. (2005¢,d), may still
be more effective for a small or moderate number of random variables.

To facilitate faster convergence for these types of problems we also introduced an
anisotropic version of the Sparse Grid Stochastic Collocation method in Section 4.4.3, which
combines an optimal treatment of the anisotropy of the problem while reducing the curse of
dimensionality via the use of sparse grids. Again, our theoretical results shown in Section
6.2 are confirmed numerically in Chapter 7 and we see that our new method outperforms the
previous existing numerical methods, such as Stochastic Galerkin (Section 4.3), Full tensor
product interpolation (Section 4.4.1) and Monte Carlo (Section 4.2), to solve problems such
as (1.1.2) and (1.1.3) depending on a moderately large number of random variables.

One aspect that we did not consider in this work was the large computation cost that
is effected by each realization. Determining accurate statistical information about outputs
from ensembles of realizations is very difficult whenever the input-output map involves the
(computational) solution of systems of nonlinear partial differential equations, such (1.1.3).
Recently, in applications such as control and optimization that also require multiple solutions
of PDEs, there has been much interest in reduced-order models (ROMs) that greatly reduce
the cost of determining approximate solutions.

Future directions of this research will include the combination of sparse grid techniques
in a probability setting with the use of ROMs for determining outputs that depend on

solutions of stochastic PDEs. One is then able to cheaply determine much larger ensembles,
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but this increase in sample size is countered by the lower fidelity of the ROM used to
approximate the state. In the contexts of proper orthogonal decomposition-based ROMs,
we will explore these counteracting effects on the accuracy of statistical information about
outputs determined from ensembles of solutions. For a particular nonlinear SPDE, we will
devote the next chapter to investigating the use of ROMs as an effective technique to further
reduce the complexity of such problems. This will serve as the groundwork of much future

work and research endeavors (Burkardt et al., 2007).
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CHAPTER 9

A REDUCED-ORDER MODEL FOR SOLVING
SPDES: A PROMISING RESEARCH DIRECTION

Realistic simulations of complex systems governed by nonlinear partial differential equations
must account for the “noisy” features of the modeled phenomena, such as material properties,
coefficients, domain geometry, excitations and boundary data. “Noise” can be understood
as uncertainties in the specification of the physical model; because of noise, the behavior of
a complex system is at least partially unpredictable. A simulation can attempt to capture
the noisy aspects of a system by describing the simulation input data as random fields. This
turns the problem into a stochastic partial differential equation (SPDE). We will consider
such problems, characterized by nonlinear partial differential equations, and for which the
input data are not purely deterministic; for example, the coefficients or the right-hand-side
of the partial differential equation may be regarded as sums of a deterministic and stochastic
function.

For a given system, various stochastic perturbation techniques have been considered
(Allen et al., 1998; Alés and Bonaccorsi, 2002; Babuska and Liu, 2001; Babuska et al., 2005b,
2004a; Davie and Gaines, 2000; Deb et al., 2001a; Mytnik, 2002; Yan, 2002, 2003). This
chapter will focus on nonlinear SPDE’s in which the stochastic inputs are modeled as white
noise, i.e., they are not significantly correlated. The aim of our work is to efficiently determine
statistical information about the random field u = (¢, x;w) from numerical approximations

of the nonlinear SPDE driven by white noise:

d dW
F?:Au—yN(u)%—g—f—eF, xeD, we, t>0. (9.0.1)

Here D C R, d = 1,2,3, is a convex, bounded and polygonal spatial domain, (€2, F, P) is

a probability space described in section 9.1, and A is a linear second-order elliptic operator
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with deterministic coefficients, defined on a space of functions satisfying certain boundary
conditions, N (u) is a nonlinear function of the random process u, g represents a deterministic
function and W denotes an infinite dimensional Brownian motion or Wiener process. The
additive noise that appears in (9.0.1) is in the form of space-time Brownian white noise as
described in section 9.1.1. The amplitudes of the noise and the nonlinearity are controlled
by parameters € and -, respectively. Once the equation is reformulated into a weak form, the
usual Galerkin finite element approach can be used to produce a discretized system suitable
for solution on a computer.

Generally, obtaining precise statistics about ensembles of realizations of nonlinear SPDEs
such as (9.0.1) entails a high cost in both memory and CPU. This cost is exhibited in many
recent attempts on similar problems (Dalang and Mueller, 2003; Gyongy, 1999; Gyongy
and Martinez, 2003). Even with the use of reliable nonlinear solvers and carefully chosen
solution schemes, these computations involve formidable work. Typical finite element codes
may require the use of many thousands of degrees of freedom for the accurate simulation of
deterministic PDEs. The situation becomes far worse when the same techniques are extended
to SPDEs (Du and Zhang, 2002) for which multiple realizations are usually required.

It is natural to consider a reduced-order model (ROM), such as Burkardt et al. (2003,
2004). A reduced-order model attempts to determine acceptable approximate solutions of
a PDE while using very few degrees of freedom. One way to achieve this efficiency is for
the models to use basis functions that are in some way intimately connected to the problem
being solved. Once a low-dimensional reduced basis has been determined, it may be used
in a new Galerkin system to solve related instances of the PDE. In this way, a ROM may
be used to efficiently explore the behavior of large ensembles of PDE solutions. This is the
kind of efficiency needed when attempting to compute realistic statistics from outputs of the
SPDE.

There have been many reduced-order modeling techniques proposed; see Burkardt et al.
(2003, 2004); Kunisch and Volkwein (2001); Nagy (1979) and the references cited therein.
The most popular reduced-order modeling approach for nonlinear PDEs is based on proper
orthogonal decomposition (POD) analysis. POD begins with a set of m precomputed
solutions of the equation, often called snapshots; these could be generated by evaluating
the computational solution of a transient problem at many instants of time or over a range

of values of the problem parameters. These solutions are presumably obtained using costly,
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large-scale, high-fidelity codes. The K-dimensional POD basis is then formed from the K
eigenvectors corresponding to the dominant eigenvalues of the snapshot correlation matrix.
This basis may then be used to construct a new finite element system of much reduced
order, suitable for generating approximate solutions, at least within a limited range of the
underlying snapshot data. POD-based model reduction has been applied with some success
to several problems, most notably in fluid mechanics. For detailed discussions, one may
consult Aubry et al. (1993); Berkooz et al. (1993); Berkooz and Titi (1993); Burkardt et al.
(2003, 2004); Deane et al. (1991); Graham and Kevrekidis (1996); Holmes et al. (1996,
1997); Kunisch and Volkwein (1999, 2001); Lumley (1970); Park and Cho (1996); Park and
Chung (2002); Park (2000); Park and Lee (1998, 2000, 2002); Rathinam and Petzold (2003,
2002); Ravindran (2000a,b); Rodriguez and Sirovich (1990); Sirovich (1987); Smaoui and
Armbruster (1997); Volkwein (1999, 2001).

The efficiency of a POD basis comes from its low dimension combined with its good
approximating power. However, the ability of a POD-based basis to approximate the
state of a system is totally dependent on the information contained in the snapshot set.
Certainly, a POD-based basis cannot contain more information than that contained in the
snapshot set. Thus, crucial to the success of the POD-based approaches to model reduction
is the generation of “good” snapshot sets, which manage to capture a wide range of system
behaviors.

In order to present a standard approach, we focus on the case D = (0,1) x (0,1) C R?,
I := [t',T], a bounded interval of R and Au = Au = (86_; + g—;) u with homogeneous
Dirichlet boundary conditions. However, much of our results and computations can be readily
extended to higher spatial dimensions and more general second-order elliptic operators. An
effort has been made to present most of this discussion using the familiar terminology from
standard finite element methods for the numerical approximation of deterministic PDEs.

This final chapter is organized as follows: we first formulate the idea of a probability
space, a Wiener process and Brownian motion in a plane half strip. Next, we discuss
discrete Brownian white noise, the model nonlinear stochastic PDE and its finite element
approximation. We then apply the Monte Carlo-Galerkin finite element method, introduced
in Section 4.2, by sampling input data for the nonlinear SPDE and then approximating the
corresponding realization of the solution. Reduced-order models (ROMs) are generated and

analyzed with respect to noise driven by the Brownian motion; computational error results
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are presented. Finally, some concluding remarks are given.

9.1 Some notation

We begin by recalling the mathematical formulation of a probability space (€2, F, P), where
Q, F and P are the set of random events, the minimal o-algebra of subsets of 2, and the
probability measure, respectively. We define D C R¥ to be a bounded spatial domain.
If X is a real random variable in (2, F, P) with X € L'(Q), we denote its expected value
by
EX]= / X(w)P(dw) = /a:u( dx). (9.1.1)
Q R
Here p is the distribution probability measure for X, defined on the Borel set B of R, given
by
n(B) =P (X H(B)) . (9.1.2)

We will assume that p (B) is absolutely continuous with respect to Lebesgue measure; then

there exists a density function for X, p: R — R*, such that

E[X]= /Rx,o(:v) dz. (9.1.3)

Next, we define what is meant by a measurable stochastic and Wiener process and
formally explain the concept of a Brownian motion on a plane half-strip (otherwise known

as a Brownian sheet):

Definition 9.1.1 An (N, d)-valued stochastic process U(z) = {U(z);z € RY } =
{(Uq(2), ... 7Ud(z>)}zeRf7 defined on a probability space (2, F, P), is measurable if

U:QxRY - R?
is F x B(RY) measurable.

Notice that when N = 1, U is just an R%valued stochastic process.

Definition 9.1.2 An R-valued stochastic process W (t) = {VV(t)}teR%r is called a Brownian

motion or Wiener process if

o Wy=0 a.s.,
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o W, — W, is N(0,t — s)! forallt >s>0

o for all times 0 < t; <ty < --- < t,, the random variables Wy, , Wy, — Wy, ..., Wy, —

Wi, . are independent (“independent increments”).

Notice that
E(W,) =0, E(W?) =t for each t > 0.

We complete this section by defining Brownian motion on a plane half strip or Brownian

sheet W(t,z), t € R and z € R} ™"

Definition 9.1.3 Let W(t,z) = {W(t’z)}tER#,ZERf71 denote an (N,d) Brownian sheet.
That is, W is the N -parameter Gaussian random field with values in R?, its mean-function is
zero, and its covariance function is given by the following: for allt,s € Rl and z,w € ]R_]X_l
and all 1 < 1,7 <d,

N
(tAs) x H(Zk/\wk>7 ifi=
E(W,(t,z) - W(s,w)) = k=1
0, if i # 7.
We have written W(¢,z) in vector form as {(W1<t’z)v'-~de(th))}teR}HzeRf*% as is
customary. When N = 1, W is just Brownian motion in R

Now consider the three-dimensional Gaussian white noise

AW (¢ )_03—W(t W) = ( )€ DCR?
, X _3t3:v13372 , X5 W), X = \T1, T2 9

where W(t¢,x) is Brownian motion on a half plane or a Brownian sheet satisfying, for

t,s € RY and x,y € D:

E(AW(t,x) - AW(s,y)) (t—s)xd(x—y)

(t—s) X d(x1 —y1) X 6(x2 — yo) (9.1.4)

)
)
with 0 the usual Dirac d-function. According to Allen et al. (1998), application of standard

finite element techniques requires that AW(t,x) = AW(t,z1,22) be modeled by the

piecewise constant random process given in the following section.
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M =128 M =242 M =338 M=512

Figure 9.1: Piecewise constant approximation for the noise AW(t, x), defined by 9.1.5, at
the final time 7" = 1 over a uniform finite element triangulation. The number of elements
ranges from M = 2 to M = 512.

9.1.1 The approximation of Brownian white noise

Following Allen et al. (1998); Du and Zhang (2002); Yan (2002), we regularize the noise
through discretization. For simplicity, we use a uniform discretization 0 = ¢! < #? < ... <

" < - < t¥ =T of the time interval [t1, T] given by
"=t LAt t>1

with At = (T — t;)/N, for some integer N large enough so that At € (0,1). Likewise, we
consider a uniform finite element triangulation {7; }Jj\zl of the square D characterized by the
parameter h, which we take to be the longest side of any triangle. We denote by A7 the
area of any of the finite elements.

Using the finite element triangulation {Tj}j]\zl of D, and guided by Lemma 9.1.4, a

“reasonable” piecewise constant approximation of the noise is given by

N M
AW (t,x) = m(ta X;w) = CNM; ; mij (w)xi (£)x;(x), (9.1.5)

where
1
Cror = ————
NM AR AT

and, fori=1,2,...,N—1,j=1,2,...,M—1, n:i; € N(0,1) is independently and identically
distributed (iid),

ti+1

\/E\/Emj:/ﬂ / AW (t, x),

L' N(0,t — s) is the zero-mean Gaussian (or normal) distribution with variance ¢ — s
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(1) = 1, ift' <t <ttt o (x) = 1, ifxem,
Xilt) = 0, otherwise Xi\X) = 0, otherwise .

That is, x;(t) is the characteristic function for the sth time interval and x;(x) is the

characteristic function for the jth finite element. For an arbitrary ¢ and j, the discrete
analog of (9.1.4) for the piecewise constant approximation to AW is given by

RIS

B (AW(L,x) - AW(s,y)) = { & AT

0, otherwise

ift' <t s<t'*'and x,y € 75,

Therefore,

lim E (A\/A\T(t, x) - AW (s, y>) = 5(t—s) x O(x — y)

N,Mﬂoo
as required. In Figure 9.1.1, some sample realizations of the piecewise constant approxima-
tion of the three-parameter white noise are displayed for At = 1 and various values of M at

the final time 7" = 1.

Similarly to Allen et al. (1998), we have the following result for a nonrandom function

f(t,x).

Lemma 9.1.4 Let f be a nonrandom function and Lipschitz continuous on [0,T] X
0,1] x [0,1]. In particular, assume that there is a positive constant v > 0 such that

[f(tx) = f(s,9)] <y (Jt = sl + Ix = yl) for (¢,x), (s,y) € [0,T] x [0,1] x [0,1]. Then

E [ / ) [ s awies) - | ) [ 1 ﬁ(t,@r < 2Ty (A0 + 1?).

Proof. The proof is as follows:

o[ oo [ o]

/ftx dW (t, x)

—2;/ /fsy(AtA/ [de(t,x))dyds
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i+l 2
(f(t»x)—ﬁ /fsy dyds) dx dt

AtlAT/ﬁ- / (f(t,x) = f(s,y)) dy ds) dx dt

J

2

/ (It —s|+[|x—¥l) dyds) dx dt
2

/At—i—h) dyds> dx dt

/ dx dt < 2T+ ((At)* + h?).
U

9.2 The model nonlinear SPDE and its finite element
approximation

In this section we discuss the formulation of the nonlinear stochastic PDE and its finite
element approximation. Let D = D; x D, be a bounded region in R? whose boundary
is denoted 0D; let T denote a positive constant. Denote x = (z1,22) € D such that
x1 € Dy and z9 € Ds. Let € denote the given (constant) perturbation parameter that

measures the amplitude of the space-time white noise (t,x;w). Furthermore, let g

"W
81583:18352
be a deterministic function. We consider the model nonlinear stochastic partial differential

equation on a bounded interval I := (0,7) C R as follows: find u : I x D — R such that

. W
3¢ (%) = Bu(t,x) + 4N (u(t, x)) = g(t, %) + €75

u(t,x) =0, on D (9.2.1)
u(0,x) =0, in D,

(t,x;w), in I x D

where N : I x D — R is a nonlinear function of u(t,x) and ~ denotes the strength of
the nonlinearity. Setting ¢ = 0 reduces (9.2.1) to a deterministic PDE for which standard
reduced-order methods apply. Similarly, setting v = 0 reduces (9.2.1) to a linear stochastic
PDE.

Generally, when discussing the stochastic process u(t,x;w), we will omit the explicit
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dependence on the probability space (2, treating each realization as a deterministic PDE,

unless it will be useful for clarity’s sake to make this dependence explicit.

9.2.1 The nonlinear Monte Carlo finite element method

For our first attempt at a ROM for nonlinear SPDEs we decided to apply the Monte Carlo
Finite Element Method as outlined in Section 4.2. Our aim is to approximate the integral
E (u(-;w)) numerically by sample averages of iid realizations corresponding to sample white
noise functions. In fact, all the statistics we are interested in are really integrals of a function
u(-;w) over €.

We begin with a variational formulation, to define a finite element method suitable for
producing approximate solutions of (9.2.1); of course, many other methods could also be
used. A variational formulation of (9.2.1) is the following: find wu(t,-), t € I, such that

;

/D u(t, x)b(x) dD + /0 ' /D (Vu-V} dD ds
+7/0T/DN(u(s,x))¢(x) dD ds (9.2.2)

= /OT/Dg(s,x)qb(x) dD ds + G/OT/ch(X) dW (s, x),
u(0,x) =0, in D.

\
for all ¢ € H}(D). The last integral in (9.2.2) is understood in the It sense.

The semi-discretization in space leads to the following problem: find u(t,-) € Hj(D),
t € I, such that

(uy, gb(x))Lz(D) + B(u,¢) = F(¢) forall ¢ € H)(D) (9.2.3)
where
B(u, p) = /DVU -Vo¢ dD + V/DN(u(t,x))gb(x) dD 0.2,
= (Vu, V¢)L2(D) + (N (), ¢)L2(D)
and
BW
F(6) = /D (g(t,x) bt w)) 6(x) dD .

= (9.0)20) + (AW, 0)

L*(D)

respectively. We note that u; := %—;‘.
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For each realization of the piecewise constant noise A\/R\’, a realization of the approximate
solution is computed, using a time-marching scheme such as the standard backward Euler-
Galerkin finite element method. Linearization is accomplished by a Newton or Quasi-Newton
approach. Here it will be helpful to write the solution as u(-;w) to emphasize the dependence
on the probability space (Q2,.%, P). The challenge is that we do not know u(-;w), as this
remains an unknown quantity of interest. Hence, we formulate a solution procedure that
does not require knowledge of a functional form for u(-;w) for all w € 2.

The Monte Carlo method for the problem (9.0.1) is defined as follows:

1. Choose the number of realizations M € N, and a piecewise continuous finite element

approximating space of D, Sk.

2. For each £ = 1,...,M, sample iid realizations of the piecewise constant noise

A\/R\/’( ;wr) and produce approximations u”(-;wy) € S& such that

(Wl (-5 wi), ") r2py + Bu (-1 wi), ¢)

_ a‘(gbh) _ (g() + EA\/R\/'(. W), gbh) Vol € S{}

L2(D)

where Z and .Z are the stochastic forms of (9.2.4) and (9.2.5) respectively, defined by

Vo € Q : By, d2) = B(o1, ba;w) Ve, by € HH(D)

and

—~

32(@52) = ﬁ(qbz;W) quz € Hg(D)

Once we have fixed w = wy, the problem is completely deterministic, and may be solved

by standard methods.

3. Approximate E[u](x) by the sampling average:

Eu"; M) = izuh(-;wk> (9.2.6)

S

We only consider the case where S{ is fixed for all realizations, in particular, we have fixed

the triangulation {7;} of D and employ a backward-Euler scheme for the time discretization.
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9.3 A Reduced-order model for the nonlinear SPDE

In this section, we briefly describe the reduced-order model (ROM) for the nonlinear SPDE
(9.2.1). In Section 9.4, we will use a concrete example to exhibit the relative accuracy
and efficiency of the ROM compared to the standard FEM approach. The generation of
the reduced-order model requires a set of snapshot solution vectors; see section 9.4.1 for a

discussion of snapshots.

9.3.1 POD reduced-order bases

Given a discrete set of snapshot vectors W = {u,}»_, belonging to R’, we form the J x N

snapshot matrix A whose columns are the snapshot vectors j,:

Let

T _ [ 2 0
UAV—(O 0 )

where U and V are J x J and N x N orthogonal matrices, respectively, and » =
diag(oq, ... ,0]\7) with 01 > 0y > .-+ > o7 be the singular value decomposition of A.
Here, M is the rank of A, i.e., the dimension of the snapshot set W, which would be less

than N whenever the snapshot set is linearly dependent. It can easily be shown that if

.<I>J) and V:(¢1¢2...

then
Alﬁ; = Uiéi and AT(;EZ = O'ﬂzi for i = 1, R ,M

so that also

—~

ATAY; = o), and AATD, = 02D, fori=1,...,.M

—~

so that 02,7 =1,..., M, are the nonzero eigenvalues of ATA (and also of AA”) arranged in
nondecreasing order. The matrix C = ATA is simply the correlation matrix of the snapshot
vectors W = {0, }_,, i.e., we have that C,,, = wL1d,.

In the reduced-order modeling context, given a set of snapshots W = {u,}2_, belonging

to R’, the POD reduced basis of dimension K < N < J is the set {5k},€K:1 of vectors also
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belonging to R’ consisting of the first K left singular vectors of the snapshot matrix A. Thus,
one can determine the POD basis by computing the (partial) singular value decomposition
of the J x N matrix A. Alternately, one can compute the (partial) eigensystem {a,%,w: K
of the N x N correlation matrix C = ATA and then set &, = iAJk, E=1,...,K.

The K-dimensional POD basis has the obvious property of orthonormality. It also has
several other important properties which we now mention. Let {5, }5_ | be an arbitrary set
of K orthonormal vectors in R’ and let II@ denote the projection of a vector @ € R’ onto

the subspace spanned by that set. Further, let

N

E(5r.. . 8k) =Y _ |, — I, |,

n=1

i.e., £ is the sum of the squares of the error between each snapshot vector , and its

projection I, onto the span of {8, }&_ ;. Then, it can be shown that

(9.3.1)

the POD basis {®,}< | minimizes & over all possible
K -dimensional orthonormal sets in R”.

In fact, the POD basis corresponding to a set of snapshots W = {u, })_, is often defined
by (9.3.1), and then its relation to the singular value decomposition of the matrix A, or to
the eigenvalue decomposition of ATA, are derived properties. We note that & (CI;l, D K)

is referred to as the “POD energy” or “error in the POD basis.” Also, it can be shown that

g
E(@y,....0x)= ) o} (9.3.2)
k=K+1

i.e., the error in the POD basis is simply the sum of the squares of the singular values
corresponding to the neglected POD modes.
Another property of the POD basis is given as follows:

the POD basis {®,}1 | solves the sequence of problems:
N

fork=1,... K, max (’LD'ZS})Q (9.3.3)
§k€RJ =1
subject to |5y| =1 and 5] 5, =0 for j=1,... k= 1.

Again, (9.3.3) is often used to define the POD basis and then its relation to the singular

value decomposition and (9.3.1) are noted as derived properties.
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The singular values of the snapshot matrix may be used to determine a practical value
for the dimension K of the POD basis. Indeed, it is a simple matter to show that if one

requires the error in the POD basis to be less than some prescribed tolerance 9, i.e., that

then one need only

choose K to be the smallest ZkKjl o} S1_5

integer such that 224:1 o2 -
The usefulness of POD-based reduced-order modeling is derived from the observation that
in many settings one finds that, even if § is chosen to be relatively small, e.g., 0.01, one can
still be able to use a basis of low order K; K is usually much smaller than M and might be
of order 10 or so.

For reduced-order modeling applications, the snapshot vectors are coefficient vectors

in the expansion of the finite element approximation of the stochastic process evaluated at
different instants in time. Thus, to each snapshot vector w,, n = 1,..., N, there corresponds

a finite element function

J
wy(x) = Zwmqﬁj(x) c St (9.3.4)

where w;,, denotes the j-th component of the vector i, and ¢;(x) € Vj* denotes the j-th
finite element basis function. One can define a POD basis with respect to functions instead
of vectors, i.e., we could start with a snapshot set W = {w,(x)}"_, consisting of finite
element functions belonging to S?. Then, instead of (9.3.3), one could define the POD basis
{®,(x) € VJ'}E | to be the solution of the sequence of problems: for k=1,..., K,

N
2
max (Wn, Sk)g
sp(x)EV —

subject to ||sp(x)|lo = 1 and (s;,sk)o =0 for j =1,...,k — 1. Note that (-,-)o = (-, ) r2(p)-

Equivalently, one could define the POD basis to be the solution of the problem: minimize

N
E(stysi) =D [lwn — Mw, |3
n=1

over all possible K -dimensional L*(D)-orthonormal sets {s(x)} | in V{, where ITw, is the

L*(D)-projection of w, onto the span of the functions {s;(x)}£ ;. Moreover, one can instead
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determine the POD basis by first solving the N x N eigenvalue problem: for k =1,..., M,
Cay = ojay, ldn| =1, didar=0ifk#¢ and o> o041 >0, (9.3.5)

then setting

1
Oy (x) = Z—akmwn(x) fork=1,..., K.

g
n=1 k

Here, we have that the rank M < N correlation matrix C is defined by C,,,, = (W, wy)o,
and ay,, is the n-th component of the eigenvector @;. Note that in terms of the snapshot
matrix A and the mass matrix M for the finite element basis, i.e., for M;; = (®;, ®;)o, we
now have that C = ATMA.. This fact allows us to again use the singular value decomposition
to determine the POD basis function. To this end, let Ml = STS, where the J x J matrix
S may be chosen to be a symmetric, positive definite square root of M, i.e., S = M2 or S
could be a Cholesky factor, i.e., ST = L. Then, we let A = SA so that C = ATMA = ATA
and therefore ay, k = 1,..., K, are the first K right singular vectors of A.

9.3.2 The POD reduced-order models

We now show how a POD basis is used to define a reduced-order model for the nonlinear
stochastic PDE (9.2.1). For the sake of brevity, we only discuss the case for which the
snapshot set is viewed as a set of finite element coefficient vectors; the case for which the
snapshot set is a set of finite element functions proceeds in similar manner.

Let {®5} | be a K-dimensional POD basis corresponding to the snapshot set {a, }2_,.

For each (I;k, k=1,..., K, there is a finite element function
J
Op(x) = Y ®jx0;(x) € 57, (9.3.6)
j=1

where ®, ;. denotes the jth component of ®y,. Let
UK = Span{@k}ilil C Sg

As will be explained in Section 9.4.1, the reduced basis functions satisfy homogeneous

boundary conditions. We then seek a reduced basis approximation of the stochastic process
field of the form
’LLK (t, ) eU K-
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We determine v’ (¢,-), t € I, from the discrete problem

Out T p(x) dD+/{vuK-v<b} dD
D

p Ot
—1—7/ N (u(s,x))®(x) dD
D . (9.3.7)
PW
= t —(t,x; d(x) dD
/ <g< X)+ g ,x,w>> (x)
L u®(0,x) =0, in D V®(x) € Uk.
The reduced basis approximation of the stochastic process takes the form
K
ot ) = Zak(tQW)q’k
k=1
and (9.3.7) may be expressed as
(K a4 K
Z—’“/ O (x)P;(x) dD + Zak(t)/ V®,Vd; dD
t D
k=1 k=1
K
7/ N (Z ak(t)q)k(x)) ®,; dD
D -
b=l o (9.3.8)
0°W
= t —(t,x; d,(x) dD
/D<g< 7X)+68taxlax2( ,X,W)) ](X)
K
S 0 (0;0)®4(x) = 0, in D,
\ k=1
for j = 1,..., K. Equivalently, we have the system of nonlinear ordinary differential

equations that determine the coefficient functions {ay(t;w)}E

—

d ~ J— .
Gdta(t w) + Ga(t;w) + N (@(t;w)) = f(t;w) 9.3.9)

—

a(0;w) = dp,

where the Gram matrix G, stiffness matrix G, nonlinear vector function N (@(t;w)), and

solution vector d(t;w) are respectively given by

ij:/q)k(x)q)j(x) dD, @jk:/ VoV, dD,
D D

N (@(tw) = 4 /D N <Z ozk(t;w)q)k(x)> o;dD  and (@) = (i)
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for j,k=1,..., K, while the forcing vector f(¢;w) and initial data vector dy are respectively

given by
. W
;= t —(t, x; ®.(x)dD
and
(do); =0
for j = 1,..., K. Unlike the matrices in a standard FEM formulation, these matrices are

not sparse; but their order K is so much smaller (see Section 9.4) that their density is of
no consequence. Another important observation is that matrices G, @, depend only on the

reduced basis functions {®;}1 | so that they may all be pre-computed.

9.3.3 The error in a reduced-order solution

At any given time ¢, we define the “error” €&(¢) in a POD reduced-order solution to be the
L*(D)-norm of the difference between the exzpected value of the full finite element solution

and the expected value of the reduced-order solution, i.e.,

E(t) = {/D </Quh(t,x;w)P( dw) —/QuK(t,x;w)P( dw))2 dD}
= {/D (B [u"(t,x;w)] — E [u¥(t,x;0)])° dD}l/2
~ {/D (E(u"; M) — E(u; M))’ dD}l/Q, (9.3.10)

1/2

where u”(t,x;w) denotes the approximate stochastic process determined using the full
finite element simulation code, and u (¢, x;w) denotes the approximate stochastic process
determined by a POD reduced-order model. The expected value E(-) is defined in Section
9.1. Using the standard MCFEM described in section 9.2.1, we approximate E(u") by
sampling averages E(u”; M) where M is the number of sample realizations. We can use a
similar Monte Carlo reduced-order modeling technique to approximate E(u) by E(uf’; M)

for the same number of sample realizations. Also of interest is the space-time error

Er = {/O 0 } {/ / "t x;w)] — B [uX(t,xw)])* dD ds}m
~ {/0 /D(E(uh;M) ~ B M))? dD ds}m. (9.3.11)
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There are two contributions to these “errors.” Omne is due to the fact that the reduced-
order model does not exactly reproduce the information contained in the snapshot set; the
other to the fact that the snapshot set itself cannot exactly represent the full finite element
solution.

Recall that the POD reduced bases are determined from a set of snapshots and that
those bases are designed so that most of the information in the snapshot set is captured.
But because we truncate the singular value decomposition quite early, it is clear that even
if the only solutions encountered were linear combinations of snapshot vectors, there would
be many such solutions which would lie partially or entirely outside the span of the reduced
basis.

Even if a reduced basis could exactly capture all the information in the snapshot set, the
errors (9.3.10) and (9.3.11) would not vanish because the snapshot set itself cannot exactly
capture all the behaviors allowed in the full finite element space.

A snapshot cannot exactly represent even the finite element solutions used in its
construction because that set consists of a time-sampling of those solutions. Also, a snapshot
set represents only a discrete set of sampled values of any system parameters or boundary
conditions. Strong nonlinearities in those effects can reveal that a snapshot set is inadequate
for a given problem.

The analyst must therefore always keep in mind the limitations of the snapshot approach.
On the other hand, it is easy to automate, and generally quite practical. It has been
demonstrated many times in the literature that POD-based reduced-order models are
excellent at exploiting the information contained in a snapshot set; the computational
experiments reported in Section 9.4 provide one such example. Thus, a key to designing
reduced-order models of the POD type is to ensure that the snapshot set contains sufficient

information for the problems to be considered.
9.4 Computational experiments

We compare the use, efficiency, and accuracy of the POD-based reduced-order modeling
techniques on an example. We consider a nonlinear stochastic PDE in which a perturbation
parameter € controls the intensity of the space-time white noise. The problem has a relatively
strong cubic nonlinearity, in which the strength of the nonlinear function N(u(t,x) =

u(1—u)? is v = 10. The nonlinear stochastic PDE is rewritten as follows: find u : I x D — R
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such that

%t, x) — Au(t,x) + 10 u(t, x)(1 - u(t,x))*
83/\
ot - . -
= ¢'sin(xy) cos(x) + Eat(?a:l@xz (t,x;w), in I x D (9.4.1)

u(t,x) =0, on 0D

[ u(0,x) =0, in D,
where x = (1, z3) and the deterministic forcing term g¢(t,x) = e’ sin(z1) cos(zz).

The Galerkin finite element method on a square grid of J = 1089 nodes is used in the
discrete weak formulation, described in section 9.2.1, to obtain accurate stochastic Galerkin
finite element approximations of solutions of (9.4.1). This choice of spatial dimension is
arbitrary; however for this initial study, a relatively coarse grid was chosen to allow us to
compute multiple realizations of the stochastic example problem (9.4.1). The time derivative
is discretized by a backward-Euler method. Newton’s method is used to solve the fully
discrete nonlinear stochastic PDE. Finite element solutions are used for the generation of
snapshots and later for comparison with POD-based reduced-order solutions.

The snapshot solutions are generated by the finite element method applied to problem
(9.4.1) for a particular number of realizations; each realization samples the piecewise constant
white noise AW( ;w) with a specific perturbation parameter e whose assignment is to be

discussed next.

9.4.1 Generating snapshots

For all simulations involved in the snapshot generation process, € is chosen to have the
value 0.1. The snapshot vectors are determined by the following procedure. First, for
k = 1,...,K = 10 realizations and t € [ = (0,1), a finite element approximation is
determined Z}]=1 w(t; wg)P(x) of the solution of (9.4.1), where J denotes the dimension
of the finite element space S{j, and {¢;}7_, denotes the basis functions for that space. This
is the approximate stochastic process used to generate the snapshots. For S = 200 and

P =10, the N =5 x P = 2000 snapshot vectors

wl(ts§wp)
Wy, = Wsp = w2(tf;wp> , fors=1,...,5, andp=1,...,P (9.4.2)
wJ<ts;wp)
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are then determined for P realizations of (9.4.1). For each realization p = 1,..., P,
the solution is started impulsively, and evaluated at 200 equally spaced time values t,,
s=1,...,200, ranging from t = 0 to T' = 1, for a total of 2000 snapshots. The time interval
used for sampling snapshots is the same used for the time discretization of the nonlinear

SPDE (9.4.1). The snapshot vectors {1, }2_, correspond to the snapshot functions
J
Wy, (X) = We(x) = ij(ts;wp)¢j(x) forn=1,...,N.
j=1

It is sometimes convenient to modify the snapshot set {u,}»_; to satisfy certain boundary
conditions. In this case, the snapshot vectors naturally satisfy the Dirichlet homogeneous
boundary conditions. It might also seem relevant to compute the sample average of the P
realizations and use the resulting S snapshot vectors rather than the complete N snapshot
vectors in the reduced-order model. In the next section, it is explained why this approach

was not employed.

9.4.2 POD reduced bases

POD reduced bases corresponding to the snapshot set {u,}2_, are determined as described
in Section 9.3.1. As described in the previous section, each POD basis function satisfies zero
Dirichlet boundary conditions on the boundary dD. The elements of a K-dimensional POD
basis constitute the first K elements of all POD bases of dimension greater that K. For
the snapshot set determined as described in Section 9.4.1, the 16-dimensional POD basis

functions are displayed in Figure 9.3 and the first 16 singular values of the corresponding

Table 9.1: The first 16 singular values of the snapshot matrix for the example problem
(9.4.1).

1] 34.0387 || 5| 8.8536 || 9 | 6.4498 || 13 | 5.5122
2 113.0477 || 6 | 8.4762 || 10 | 6.1230 || 14 | 4.8172
3| 11.7138 || 7 | 7.3131 || 11 | 5.8013 || 15 | 4.7471
4197154 || 8 | 7.1571 || 12 | 5.5966 || 16 | 4.6712

snapshot matrix are listed in Table 9.1. In the context of POD-based reduced-order modeling,
one expects the singular values to decrease rapidly, indicating that a low-dimension POD
basis can capture most of the information in the snapshot set. This behavior cannot, of

course, be universal, but it has been observed in many examples. In our particular problem
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Figure 9.2: The first 100 singular values of the snapshot matrix for the example problem
(9.4.1).

we observe from Table 9.1 and Figure 9.2, that the singular values of the corresponding
snapshot matrix decay rather slowly to zero. However, we shall show in section 9.4.5
that the POD-based reduced-order models for the nonlinear SPDE still perform adequately
for the approximation of ensemble averages of finite element solutions, rather than for
the approximate finite element solutions themselves; this is the usual case for POD-basis
reduced-order models. That is, a “small-dimensional” POD basis can still be sufficient if our
primary interest is approximating the expected value of finite element solutions, and not the
approximation of a particular realization.

Note that if one computes the sample average of the P realizations and uses the resulting
S snapshot vectors rather than the complete N snapshot vectors, the resulting singular
values decay at the same rate. Therefore, the smaller snapshot set does not provide any

extra information or improvement over our reduced-order calculation.

9.4.3 Determining POD-based reduced-order approximations

Given a perturbation parameter € and a particular w € (), the K-dimensional system of
nonlinear ordinary differential equations (9.3.9) is used to determine reduced-order solutions
of the example problem (9.4.1). Approximate solutions of the system of ordinary differential

equations (9.3.9) can be determined using an ODE solver of appropriate order. The
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Figure 9.3: The POD reduced basis of cardinality 16 for the nonlinear stochastic problem
9.4.1.

computations described here use the finite element type assembly, described in section 9.2,
for the considerably smaller K-dimensional system.

The vectors and matrices appearing in the system (9.3.9) depend only on the choice of
reduced basis, so that once a POD basis is determined as described in section 9.4.2 it can be
reused for different choices of € and w. This is a major advantage of POD-based reduced-order
models, where the primary interest is the approximation of the expected value E[u”(-;w)](x).
Similar to the MCFEM described in section 9.2.1, we again use a Monte Carlo sampling
method for the reduced-order model. That is, given the number of realizations M € N, we
sample iid realizations of the piecewise constant white noise A\/R\/'( jwg) for B =1,..., M
and find uf(-;w) satisfying (9.3.7). The quantity E[u®(-;w)](x) is then approximated by

the sampling average:

M
E(u™; M) = %;UK(-;OJIC). (9.4.3)

To illustrate the effectiveness of the low-dimensional, POD-based reduced-order models,
we employ several perturbation parameters e and several different choices for the dimension
of the reduced bases. Note that the set {wp};f:l used to generate the snapshot vectors

{0, }_, is distinct from the set {wy}22, used to calculate the sample average (9.4.3).
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9.4.4 Perturbation parameters for POD-based reduced-order mod-
els

The specific choices used for € in the reduced-order simulation are given as follows. For
M = 1000 realizations, we compute the sampling average E(u’’; M), described by (9.4.3),
using several different cases: ¢ = 0,0.01,0.05,0.1,0.5,1. In each case, the reduced-order
solution u® satisfies (9.3.7).

It is worth noting something about the six perturbation parameters e used in these
computational experiments: For all cases except ¢ = 0.1, the perturbation parameter is
different from the parameter used to generate the snapshots. This is, of course, how one
wants to use a reduced-order model: generate a reduced basis using snapshots determined
from finite element simulations for some specific choice of data for the example problem
(9.4.1), and then solve the reduced-order model for a variety of different data. For those
cases, the reduced-order simulations are carried out over the time interval [0, 1], which is the

same time interval used to generate the snapshots.

9.4.5 Computational results

For all six cases, full finite element solutions employing thousands of unknowns are deter-
mined so that they may be compared to the POD-based reduced-order solutions for the same
data. Specifically, for the comparisons, we use the measures &(¢) and & defined in (9.3.10)
and (9.3.11), respectively.

e=0 . o ‘8‘:0‘.01‘

10°
16210 x10°

4
= = = 2POD basis e = = = 2POD basis
- . S
14l 4POD basis At 14l 4POD basis
6 POD basis APt 6 POD basis
—— 8 POD basis PR —— 8 POD basis
120 10 POD basis . -7 - 4 120 10 POD basis
12 POD basis Phd Phe — 12 POD basis
14 POD basis - - —— 14 POD basis
16 POD basis

16 POD basis

Errors in L>-norm
L2
Errors in L*-norm

Figure 9.4: ¢&(t) for the POD-based reduced-order models with ¢ = 0 and ¢ = 0.1. The
plots are on the same scale indicated the effects on the error by introducing the perturbation
parameter € into the ROM.

In Figure 9.6, plots of &(t) versus the time ¢ are provided for each of the six test problems
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described in Section 9.4.4. In each plot, results are displayed for eight values of the POD
basis K, ranging from 2 to 16. Each plot has been scaled separately, to exhibit the drop in
error as K increases. To consider the effect of €, we also provide, in Figure 9.4, a panel of plots
drawn to the same scale, for ¢ = 0 and € = 0.01. A comparison of these plots demonstrates
the effect of introducing noise into the system (9.0.1), while also suggesting how well the
mean of the reduced-order solution still approximates the mean of the finite element solution
of the deterministic PDE. Both plots indicate that the error grows with € but can be reduced
by increasing K. Obviously, for a given K, by increasing e, the approximation error &(t)
will generally be larger.

For the example problem (9.4.1), an examination of Figure 9.6 shows that very low-
dimensional POD-based reduced-order models are quite effective at approximating the
expected value of the full finite element solutions; even for bases of dimension less than
10, the “error” €&(t) is small. As the perturbation parameter increases, though, a larger
number of basis vectors are required to control the error &(t). It should be noted that for
small perturbation parameters, 0 < ¢ < 0.01, the error &(t) follows the error for the case
e = 0, with the obvious stochastic effects present. The results also suggest that, for this
problem, increasing the order of the reduced basis beyond about K = 10 produced very
little further improvement in accuracy. This conclusion can also be inferred from Table 9.2
where the space-time “error” &r versus K is listed. There is a much slower reduction in the

error as K increases from 10 to 16 than the change from 2 to 10.

Table 9.2: &4 for the POD-based reduced-order models vs. the dimension K of the reduced
basis space for the six test cases.

K e=0 e=001|e=005| e=0.1 | e=0.5 e=1
2 || 3.17e-02 | 3.19e-02 | 3.90e-02 | 5.07e-02 | 1.25e-01 | 2.08e-01
4 || 3.03e-02 | 3.06-02 | 3.72e-02 | 4.79¢-02 | 1.15e-01 | 1.89e-01
6 || 2.61e-02 | 2.66e-01 | 3.44e-02 | 4.54e-02 | 1.09e-01 | 1.76e-01
8 || 2.37e-02 | 2.42e-02 | 3.25e-02 | 4.34e-02 | 1.04e-01 | 1.67e-01
10 || 2.36e-02 | 2.41e-02 | 3.18e-02 | 4.22e-02 | 9.99e-02 | 1.60e-01
12 || 2.31e-02 | 2.36e-02 | 3.10e-02 | 4.11e-02 | 9.96e-02 | 1.53e-01
14 || 2.24e-02 | 2.29e-02 | 3.01e-02 | 4.00e-02 | 9.37e-02 | 1.48e-01
16 || 2.12e-02 | 2.17e-02 | 2.93e-02 | 3.91e-02 | 9.13e-02 | 1.44e-01

Finally, Figure 9.6 and Table 9.2 show that POD-based reduced-order models have

the ability to approximate the expected value of full finite element solutions by solving
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a very small dimensional system. This is also evident from observing Figure 9.5 which
plots the approximate expected value E(u") using the full FEM versus the approximate
expected value F(u) using the reduced-order model with 2, 8 and 16 POD vectors at times
t =0,0.25,0.5,0.75 and 1. From this plot we see that as the dimension K increases from 2

to 16 the quality of the approximation improves dramatically.

Full FE Basis 2 POD Basis 8 POD Basis 16 POD Basis

>

N

VOO
Lo

o6
6066

Figure 9.5: The approximate expected value E(u”), using the full FEM versus the ap-
proximate expected value E(u) using the ROM with 2, 8 and 16 POD vectors at times
t=0,0.25,0.5,0.75 and 1. All plots are generated for the case ¢ = 0.1.
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for the POD-based reduced-order models for Cases 1-6. As the perturbation
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error behavior.
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9.5 Summary

We saw in section 9.3.1 that snapshots can be viewed either as finite element coefficient
vectors or as finite element functions. The net effect of taking the latter view is the
appearance of the finite element mass matrix M in, e.g., (9.3.5). Although handling the
appearance of the mass matrix does not add a significant cost to the determination of a
reduced basis, it also does not appreciably improve the performance of the reduced-order
model. For this reason, in section 9.4.5, we only provided results based on viewing snapshots
as coefficient vectors.

The results given in Section 9.4.5 suggest that POD-based reduced-order modeling can be
very effective in approximating the expected value of solutions of a nonlinear stochastic PDE
driven by space-time additive white noise. It is therefore appropriate to briefly examine the
cost of these POD-based reduced-order models. If one settles on a reduced-order modeling
technique that relies on the generation of snapshots, then one only needs to discuss the
production of a reduced-order basis when comparing the cost of such a procedure. That is,
regardless of the type of reduced-order model employed, one must certainly “pay the price”
of computing a snapshot set. The expense of extracting the reduced order basis from the
snapshot set is minuscule compared to the cost of generating the snapshot set itself.

POD methods have attracted much research interest in recent years as an inexpensive
means of simulating deterministic PDEs. To our knowledge, little work has been done on
extending this method to the field of stochastic PDEs, and yet this is a field of study which
seems ideal for this approach, given the need to consider a vast ensemble of solutions. We
hope that this work invites further inquiry by others into a relatively open area.

There are many worthwhile problems to consider in both linear and nonlinear stochastic
PDEs. For instance, using a Karhunen-Loeve representation of the input data, described by
Example 1.2.2, provides greater correlation and information concerning the random fields.
Studies of these cases may lead to a better understanding of the errors that occur when
approximating ensemble averages of solutions by a reduced-order model. More importantly,
the coupling of this ROM technique with the sparse collocation methods described in
Chapters 1 - 7 will be of critical importance since our eventual goal is to solve realistic
engineering applications. Such investigations will increase the understanding, interest and

application of these methods for the analysis of the stochastic dynamics of linear and
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nonlinear problems of practical interest (Deang et al., 2001; Faris and Jona-Lasino, 1982;

Sancho et al., 1998; Shardlow, 2005, 2003, 2004).
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CHAPTER 10

CONCLUDING REMARKS AND FUTURE
RESEARCH

The major contribution of this work was the development and analysis of a novel weighted
Smolyak method, describing an optimal choice for the weight parameters. These weights
adaptively tune the anisotropy of the method for each given problem. The methodology
behind this approach can be based both on a priori or a posterior: information and is
motivated by the regularity of the solution and the error estimates derived in this work.

The method proposed here can be viewed as a natural extension of our previous works;
the full tensor Stochastic Collocation method described in Babuska et al. (2005¢) and the
isotropic Sparse Grid Stochastic Collocation method Nobile et al. (2006).

The new technique consists of a Galerkin approximation in physical space and an
anisotropic collocation in probability space, at the zeros of sparse tensor product polynomials
utilizing either Clenshaw-Curtis or Gaussian knots. As a consequence of the collocation
approach our techniques naturally lead to the solution of uncoupled deterministic problems
that are trivially parallelizable, as in the Monte Carlo method.

The error estimates derived in this work predict a rate of convergence that is at least
algebraic with respect to the total number of collocation points. Similarly to the Monte
Carlo method, the number of collocation points is directly proportional to the computational
work required by the algorithm. Furthermore, the derived estimates provide a glimpse into
future directions in this area. We observe that for problems possessing coefficients that are
truncated expansions with proper decay in each probability direction, there may not be a
deterioration in the exponent of the algebraic convergence with respect to the truncation
dimension. This is a substantial advantage when comparing to the previous works; see

Babuska et al. (2005¢) and Nobile et al. (2006).
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The numerical examples included in this work gave computational ground to the
theoretical results and suggest that the actual convergence rate of the method may be
superior to the prediction yielded by the current error estimates. The numerical results
include a comparison of the new weighted Smolyak method with the methods from Babuska
et al. (2005¢), Nobile et al. (2006) and the standard Monte Carlo. In particular, for
moderately large dimensional problems, the anisotropic sparse grid approach seems to be
very efficient and superior to all examined methods.

Some of the immediate research directions and possible future areas of study we would
like to pursue include topics that are extensions of my current efforts, while others are areas

we are interested in and look forward to exploring. Each of these areas are discussed below.

e Regularity of solutions to nonlinear SPDESs: TFor certain classes of
problems, the solution may have very regular dependence on input random variables.
Rigorous analysis of solution regularity with respect to the random variables is fundamental
since it dictates the rate of convergence. For instance, it was shown in Babuska et al. (2005¢)
and Babuska et al. (2004b) that the solution of a linear elliptic PDE with diffusivity coefficient
and/or forcing term described as truncated expansions of random fields is analytic in the
input random variables. In Chapter 3 we provided a similar proof, under mild assumptions
for a nonlinear elliptic problem with a quadratic nonlinearity.

This is an area of extreme interest to us and we intend to pursue several varying
approaches in the future, to prove this result in general. In particular, we are optimistic
that borrowing techniques from abstract nonlinear parabolic theory will assist in validating
this result. For example, the works Lunardi (1987, 2004); Escher and Simonett (2003) prove
that the solution to a fully nonlinear parabolic problem admits an analytic extension in some
region of the complex plane with respect to the parameter ¢ (time). In this setting we can
think of the parameter ¢ as the noise parameter y,, € I';, = [—1,1] and we can attempt to
extend these analyticity results to our particular problem, described by 3.4.2.

Broadening these abstract theoretical results will open the door to many new appli-
cations. In particular, the work of Takac et al. (1996) proved the analyticity of essentially
bounded solutions to semilinear parabolic systems with applications to the Ginzburg-Landau
equations. It is this direction that we predict this area of study to be headed. This thesis is

just a beginning to many realistic engineering applications which we intend to devote much
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future research.

e Parameter identification in nonlinear SPDEs: An important inverse
problem in applications (biochemistry, physics, bioengineering) is to fit a system of nonlinear
SPDEs to observed data, possibly corrupted by random measuring errors. Let the given data
be a set of measurements {n(t,z,w);t € (0,T),x € D,w € Q} (or a discrete set, even a finite
number of snapshots in time, or on a small portion D° of the physical domain D), and

suppose that these data are to be modeled by a system of equations of the form

dy

E(t’ T,Ww) :f(t, z,w,y(t, r,w),Vy(t,z,w),Ay(t, z,w); B(t, x, w)) (10.0.1)

with some boundary and initial conditions, where 3 is the parameter to be determined by
fitting. In most cases, the system of SPDEs cannot be solved in closed form, so it is necessary
to combine a numerical solver with the parameter identification process. We seek 3 so that
the corresponding computed solutions Y3 match the measured data 7.

The method that we use is a nonlinear least square approach, i.e. we minimize the

expected value
2
20) =8| [ (uglt.o) = nit.o)) doat].
(0,T)xD

with respect to 3, and subject to the restriction 0] being a solution of (10.0.1). We treat this
as a target-tracking optimal control problem, where we will extend our work (Gunzburger
et al., 2007) to prove the existence of a global minimizer and use adjoint-based first order
necessary conditions for optimality to write a gradient type numerical algorithm to find the

parameter 3 that corresponds to the n measurements.

e Combining deterministic ROMs with Sparse Grid probabilistic
techniques : There are many worthwhile problems to consider in both linear and
nonlinear stochastic PDEs. For instance, rather than the white noise approach in Burkardt
et al. (2007) described in Chapter 9, using a Karhunen-Loeve representation of the random
fields discussed in our earlier work (Nobile et al., 2006, 2007; Babuska et al., 2007), provides
greater correlation and information concerning the random fields. Studies of these cases
may lead to a better understanding of the errors that occur when approximating ensemble

averages of solutions by a ROM. More importantly, the coupling of this reduced-order
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modeling technique with the sparse collocation methods described in Sections 4.4.2 and
4.4.3 will be of critical importance, since our eventual goal is to solve realistic engineering
applications. Such investigations will increase the understanding, interest and application of
these methods for the analysis of the stochastic dynamics of linear and nonlinear problems

of practical interest.

e Extending our SPDE techniques to solve complicated applications:
In the future we would like to focus on the development of mathematical theory and efficient
numerical algorithms to produce reliable numerical approximations for a wide variety of
applied problems. In particular, it has been my goal since first investigating SPDEs to
research Multiscale Methods for Fluid-Structure Interaction, where the interaction between
distinct regions is random or uncertain. An example application of this type of algorithm is
modeling blood-flow through a pulsating heart, and the blood endocardial wall interactions
involved.

The fluid mechanics formulation will be based on multiscale and stabilized finite element
methods for the incompressible Navier-Stokes equations with random coefficients and source
terms. It is in this setting that we intend to couple my existing stochastic techniques.
We already have insight into the regularity of solutions to the stochastic Navier Stokes
equations with respect to the noise parameterization. Along with the fact that our stochastic
techniques are “embarrassingly parallel” and we can reuse deterministic codes, we are

extremely confident that we can expect analytical and computational successes in this area.

e Verification and Validation (V&V): The main aim of our stochastic sim-
ulations is to derive some predictions, which could be the basis for decision making.
A major question is how reliable these predictions are. The areas of Verification and
Validation address the question above. In particular, “Validation” relates to the reliability
of the mathematical model (a completely formulated mathematical problem) which is solved
numerically, while “Verification” relates to the quality of a numerical solution to the given
mathematical model. The Verification step is purely a mathematical problem, while the
Validation and prediction steps pose much more complex problems.

Recently, there have been many interesting publications attempting to improve the
effectiveness of V&V, all revealing the need to perform nondeterministic computational

simulations in comparison with experimental data. It is this parallel that exists to my

144



own efforts that we believe must be addressed in order for V&V to be more effective in
improving confidence in computational predictive capability. We are eager to explore this
area further.

In closing, we firmly believe that our research in several areas of applied mathematics,
in particular the cutting-edge field of SPDEs and their numerical solutions, will undeniably
generate both intellectual interest on the part of our colleagues and fellow researchers in the
field, and monetary support as an extension of the current widespread appeal this type of
work has invariably gained. Many of the areas in which we have devoted our attention have
been recently explored however, there still are vast uncharted areas in these fields where we

feel our techniques would be adept at conquering. We are anxious to get started.
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