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Contribution of restricted rotors to quantum sieving of hydrogen isotopes
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The rotational eigenvalues of isotopically substituted hydrogen molecules adsorbed into single-walled car-
bon nanotubes are calculated using a semiclassical method and using a model potential. The resulting eigen-
values are used to calculate the separation factors due to rotational confinement between different isotopic
species as a function of temperature and nanotube size. The results show that even for small shifts in the
eigenvalues, significant fractionations should occur, suggesting possible application as an isotope-separation
technique.
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[. INTRODUCTION by the ratio of equilibrium constants, is then seen to depend
strongly on the masses of the molecules. It was suggested in
The adsorption of hydrogen molecules on graphite angath-integral calculations that nanostructures of a diameter
carbon nanostructures has been of great interest in the lalsirger than approximately 7 A showed only weak selectivity
several years as carbon nanotubes have come to the forefrdd0], while smaller carbon nanotubes exhibited very large
as a possible storage medium for hydrogen for fuel-cell deselectivity. An important advance was made in this study by
vices. A number of promising advances have been showthe extension of the results away from the regime of dilute
where nanotubes can absorb large amounts of hydrogeabsorption to that involving higher pressures using a grand
[1-7] however the results are far from free of controversy,canonical Monte Carlo treatmefitO]. The study neglected,
due to possible contamination of the saml@s Other re- however, small effects that arise from the asymmetry of the
searchers have found that graphitic nanofibers show smatholecule. In the previous study the molecules were assumed
preference to graphitic carbon in the adsorption of hydrogeto be rigid spherelike particlgdl6] with isotropic rotations
[9]. Essentially, the experimental results depend on the posvhen exposed to the confining environment, whereas real
sibility of the carbon substrate to act as a kind of moleculamolecules have definitive shapes, leading to anisotropic ro-
sieve in absorbing the hydrogen molecules. tational potentials. Such anisotropy leads to the restriction of
Molecular sieves have been used to separate mixtures tffie rotational motion.
molecules based on the size and shape of the molecules. The The hindering potential of hydrogen adsorbed onto single-
separation of isotopes based on size or shape selectivitwalled nanotubes has been measured recently by inelastic
however, cannot be accomplished by classical means, b&eutron diffraction, and showed small rotational barriers. The
cause isotopic species have the same shape and size, aainples used were as-produced single-walled nanotubes, and
differ only in the masg10]. The usual methods of isotopic were approximately 1.7 nm in diameter, based on the spacing
separation11], such as chemical exchange, diffusion, andof the hexagonal close-packed latticE?]. A model for the
laser isotope separation are difficult, energy intensive, anghift rotational eigenvalues for hydrogen molecules bound to
expensive, and new methods of efficient isotope separatiom, flat surface was utilized nearly four decades ago in an
which are cheap and efficient would be a major advance. effort to interpret both the isotopic enrichment and the sta-
There are a number of differences that are manifested itistical distribution of ortho- and para-hydrogen bound to a
molecules upon isotopic substitution. Experimentalists fresurface[18,19. In the present case we extend the treatment
guently employ vibrational shifts in the isotopic species toto the case where the molecule is enclosed inside a cylindri-
investigate molecular structures, the investigation of masseal structure.
dependent kinetic isotope effects dates to the pioneering In the present work, we extend the theoretical treatment of
work of Washburn and Ure}12], and the subsequent treat- the quantum sieve past the previously employed one and
ment of isotopic kinetics of Bigeleisen and MeyégB]. The  two-dimensional models to incorporate the quantization of
systematic treatment of isotope effects in thermodynamicghe restricted rotational motion. We find that inclusion of the
properties, such as equilibrium constants, which we employotational restriction allows for enhanced selectivity over the
herein, dates to Urey’s pioneering 1947 woild]. recently employed models that consider translational con-
Recently, it has been proposed that the introduction ofinement alone.
guantum zero-point energy in the translational coordinates of In analogy to the translational motion recently treated by
molecules enclosed in carbon nanostructures could be enwanget al. [10], the rotation of a diatomic molecule, has a
ployed in separation of isotop¢$0,15. The source of this rotational energy given blE=BJ(J+ 1) whereld is the total
effect is the effective shift of the equilibrium constant for the angular momentum. Since the valueJfay be zero, there
absorbed and unabsorbed molecules. The shift in the equilibs no zero-point energy. It is well known, however, that in-
rium constant was shown to be smaller for particles that controduction of a potential shifts the energies of the rigid rotor,
tained larger masses. The separation factor, effectively giveand introduces a component of zero-point endfy—20.
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In the present paper, we consider the quantization of thapproximation have been estimated for a limited number of
rotational motion of a diatomic molecule in a carbon nano-cases in the case of a molecule absorbed on a planar surface
structure. We calculate the rotational eigenvalues as a fun¢49].
tion of the size of the structure. The eigenvalues obtained are The ratio of translational partition function§;,,s has
then employed to calculate partition functions, which, inbeen discussed previously in some defdid,15, and we
turn, yield the effective isotopic fractionations. In addition, will not describe it herein, focusing our attention to the
we do not employ the approximation that the temperature ipurely rotational aspects of the quantum confinement. We
sufficiently low so as to require that all molecules are in theirnote, however, that the approximation that the rotational and
ground state, however, in the present case that approximatidranslational motions can be separated will not be exact in-
corresponds to the low-temperature limit. side the carbon nanostructure, for instance, when the trans-

In Sec. Il we recall the basic equations leading to thelational motion takes the molecule in close proximity to the
separation factor in the one and two-dimensional systemwall, the rotational potential will become much larger, and
previously employed. We then extend the model to incorpowill not exhibit true cylindrical symmetry. In the present
rate rotational effects. The details of the method employed t@ase, we approximate the rotational potential as being that of
obtain the eigenvalues is discussed. In Sec. Il we present ththe molecule in the center of the nanotube, which corre-
results of our calculations, both of the eigenvalues and of theponds to its average translational position. At this point the

isotopic selectivity. In Sec. IV we discuss the results. molecule is at the maximum possible distance from the
walls, and we expect the perturbation of the rotational eigen-
Il. THEORY values would be as small as it could be in the given nano-

tube. We expect that calculations done at this value would be
We consider herein the balance of equilibrium betweern lower bound for the true separati¢the true separation
and adsorbed species and a free species in the gas phase. Tor could be written asS=S;a1Si0tSransror With
ratio of concentrations of absorbed and free molecules can bghan&rot> 1).
given in terms of the equilibrium constant for the reaction  The calculation of the partition functions of the hindered
rotational motion requires the eigenvalues of the restricted
~ Qads (1) rotor. In the present case we consider a linear rigid rotor. The

K= Qtree’ classical mechanical Hamiltonian for the rotof 2]
whereQ,q4s is the partition function of the adsorbed species 5 fb
andQs,. is the partition function of the free molecule in the H=B| Pyt Gzg) T V(0.4). (4)

gas phasgl10,15. If we consider a mixture of noninteracting
molecule§, the ratio of concentrations of adsorbed_moleculefhe first term corresponds to the rotational kinetic energy,
to those in the gas phase is then given by the ratio of equi;

libri tants. We t this ratio here t be th i expressed in polar coordinates, the second term represents
f;éltgl;rgcons ants. vve term this ratio here to be the separaliog, potential interaction between the molecule and the envi-

ronment, and is explicitly dependent on the molecular orien-
K Q Q tation. The constanB=7%/2,d? is the rotational constant of
1_ | xadst)| Xfree2) (2)  the diatomic molecule, with bond length and a reduced
massu. Frequently, the partition function can be obtained

s K2 (Qads,z) ( eree,l
from the classical approximatidr21],
whereK; is the equilibrium constant for the absorption of
specied. We note that we have assumed in writing 2 that the
species are noninteracting on the substrate and in the gas Q=f exd — BH(q,p)]dagdp, (5)
phase, which is the typical dilute gas approximation. In the
approximation of noninteracting degrees of freedom, the par-

tition function can be written as a product of indepenolentwhere the integral is over all allowable coordinates and mo-

partition functions over the different degrees of freedom, menta q,p),_ andﬁ=.1/k_BT. In the present case, however,
where the interest is in low-temperature phenomena, the

classical partition function must be corrected by accounting
for wide spacings of the energy levels with respeckid,
0§nd when a potential is present, the zero-point energy. The
Lorrect quantum partition function is given bg1]

Q=QransQrot - ©)

For the present case, we have omitted any vibrational
electronic partition functions, as the temperatures for th
present investigation will be sufficiently low to ensure that

the moleculeg residg_ in the Iqwest_ vibra_tiona_l state, gnd the sz exp(— BE;), (6)
latter electronic partition function will be identical for differ- i

ent isotopes. The separation factor may now be construed as

a product of a translational and rotational componéht, where nowi indexes the quantum levels of the system, each
=SiansSrot» Where each of the separation factors are indi-of which has energ¥,; . For the partition function of “free”
vidually calculated from Eq(2). Such a separation has been rotational states, we have employed the quantum-rotational
utilized elsewher¢18] and attempted corrections to such an partition function[21],
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action integral, and consequently the eigenenergies can be
Qrot,free:; 9(1)(23+Lyexd —pB(I)(I+1)]. (7)  found from an interpolation of the function &(n) to inte-
ger values of.

The functiong(J) is the weighting due to the nuclear spin For a free rotor, the correct quantization condition would

statistics, which give rise to the traditional ortho- and para-°€

spin states. For heteronuclear diatomgs]) =1 for all val-

ues ofJ. In the present calculation we have assumed that the ?ﬁ pdg=27#J(J+1) (12)

adsorbed molecules maintain a statistical distribution of

ortho- and para-states, as activated carbon has been observed . . .

to catalyze the interconversion of the two species. For homoa. 19 from the different boundary conditions, from the con-
yz . . ; 0 Sp . tinuity of the wave function, and giving rise to a set of quan-

nuclear diatomics with half-integral spiftorresponding to

H. andT» in the present case. each of which have nucleatum levels where there is no zero-point of energy. Calcula-
2 2 P ’ fions of the free rotor guantum levels with the quantization
spins ofl =1/2[22]) we have

condition (11) lead to the exact quantum levels of the rigid
rotor. We have applied Eq10) for the quantum states in the
Qrot free= > (23+1)exd — BB(I)(I+1)]+3 >, (23 present case, as tma?/sirfd term in the effective potential
Jeven Jodd serves to restrict the trajectory from the poirits 0 and @
=1TT.
T hex = BB+ 1)) @ In the case om=0, we have considered the quantization
For the Dy isotopomer(with nuclear spin of =1 [22]), the ~ condition to be that of the free rotor EGLL) if there is no

relevant nuclear spin statistics give rise to barrier presented by the potenti(6,¢) that restricts the
range of motion. In a case where there is a barrier to free

rotation through the whole range of the azimithul coordinate,
Qrot, free™ GJEen (2J+1)exd —BB(I)(I+1)] 0= ¢=<, the eigenvalues are found with the standard quan-
& tization for a bound system, EQLO). In the case where there
are two separate quantization conditions for a single system
+3J2dd (2J+Lexd - BB(I)(I+1)]. (9  (e.g., where there is free rotation above the barrier and the
? system is bound below the barrighe two sets of quantum

In most statistical mechanical applications at moderate tenf?Umbers are tabulated separately, and the corresponding in-
peratures, the nuclear spin statistics can be accounted for i§"Pelations are done independently. _
replacing the nuclear spin weightings with their average in !N the present case we define the azumithal argjie,Eq.
the form of a symmetry number in E¢f). Such an approxi- (4) to be the. rotation away from the prmg:lpal axis of. the
mation is typically valid in the rang&T>5B which in the nanotubg cyhnde_r, which is tr(_aate_d as having a cyllndncally
case of hydrogen molecules corresponds to temperatur€¥mmetric potentialy/(6,¢) being independent ab. In this
larger than approximately 200 [R1]. In the present case itis CaSe, Py is quantized by m?, and the effective one-
not possible to do so since we are interested in the lowdimensional Hamiltonian becomes
temperature limit, and there may be significant corrections to 5
the rotation_al partition function arising from coupling of the p§+ m
nuclear spin states, as such, we have chosen to treat the sirfg
nuclear spin weightings exactly. ) ) ) i i ) .

In order to calculate the quantum levels of the restrictedNumerical integration of trajectories using E@.2) using
rotor in the present case, we make use of a semiclassichiamilton’s equations of motiof5],
treatment. The semiclassical treatment allows the extraction

of approximate eigenvalues for the system from the classical q= ﬁ (13)
mechanical Hamiltonian in the spirit of the WKB approxi- ap’

mation [23], albeit in multiple dimensiong24]. In the

present case, careful selection of the coordinates reduces the . oH

necessary calculation to a one-dimensional one, and the p__ﬁ’ (14

carryover from WKB is direct. The usual one-dimensional

WKB quantization condition is given by quantization of the is now straightforward, and can be rapidly accomplished un-
action[23], til the requisite condition for a complete cycle in the left-
hand side of Eq(10) is accomplished.

In addition to the direct calculation of the energy eigen-
values, care must be taken to obtain the correct degeneracy
of a given eigenstate. In the present calculation, we use the
where the integral is carried out over a complete cycle of theimplification of calculating energy states for integens
classical motion. The quantum numbemust be integral, =0. For states witim>0, the degeneracy of the state is 2,
and for a given randomly selected classical trajectory maywing to two possible orientations of the rotation with re-
not be so. However, the energy varies monotonically with thespect to the fixed axis, which would normally be accounted

! 10
n+§, (10

3€ pdg=2nh
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for by them and —m quantum numbers, which are degener-
ate. In addition, for states witk(n)<V(#/2,¢), the mol- -
ecule will not be able to surmount the barrier to rotation in =~ ..
the tube, and there will be a degeneracy, resulting from the
two possible orientations of the molecule within the carbon
nanotube. In principle, such states will interact to lift the T
degeneracy, however the semiclassical eigenvalue methoé
does not yield such splittings, which are expected to beg °y
small. In our calculation, such states are treated as doubl > -0+ \
degenerate. 200 Q! \\

The nuclear spin degeneracy is handled in a procedure o .- o
analogous to that which was accomplished by White and
Lassettre[18]. The states are correlated to the free rotor
states by takingr{+m)—J. The nuclear spin statistics of a
rotation with quantum numbet and are then applied.

For the purposes of the present calculation, we have em

ployed a mO?Iflhed Lerlmarld-Jo_nﬁs ;ype poter‘gﬁﬂ]lfor tZe FIG. 1. Potential surface for the rotational interaction between a
Interaction of the molecule with the nanotube. In order todiatomic hydrogen molecule and the carbon nanotube, as a function

preserve the cylindrical symmetry of the system, which al- he nanotube radius.

lows the reduction of the dimension of the problem, we have

O
9‘0‘&’0’0

S

e
<3S
2S5

N

assumed the cylinder is uniform, with an attraction to the B. Dependence of eigenvalues on cylinder size
molecule given by The eigenvalues obtained from the semiclassical quanti-
zation show a continuous variation as the size of the cylinder
*\6 r*\12 is varied. The eigenvalues for,Hor the m=0 states are
V(0,¢)=—2¢| —| el — (15  illustrated in Fig. 2. In the large radius limit, the states ap-
LJ LJ

proach those of a free rotdrepresented by the point &
=8.0 A). The apparent discontinuity in the lowest eigen-
with the Lennard Jones interaction distance between the enghjue at approximatelR=5.3 A arises from the lowest ei-
of the molecule and the wall of the nanotube being given bygenvalue crossing over the separatrix from a rotor like state
to a bound harmonic oscillatorlike state. The extent of the
discontinuity is largest for the Hmolecule of all of the iso-
M= R_(E) sin . (16)  topic combinations, and is less than approximately 5~ tm
A second discontinuity is present at approximate®y
=3.5 A where the lowest energy configuration transitions
In these expressionR is the radius of the nanotube adds  from aligned with the tube to orthogonal to it, and there is a
the bond length of the molecule in the tube. resulting separatrix. The quantum states fiof >0 states
The crude estimation of Lennard Jones parameteasd  (not shown are similarly continuous and asymptotically ap-
r* has been accomplished by adjusting the interaction paproach the free rotor limit.
rameters between hydrogen molecules and metf#6jebut

shifting the distances of interaction from the center of the e} ' ' . |
hydrogen molecule to the ends, reducing for the .,
hydrogen-methane interaction by half the bond length of the —=°f = *
hydrogen moleculed=0.74 A). The parametee, which wil o e |
controls the depth of the attractive well, is doubled in the vesssesesssesese .
present case, resulting from the symmetry of the system oo} _
where each end of the molecule is equidistant from the sur-i_ o
face of the nanotube, and contributes equally. The final ap-S [, .
proximate parameters we have used in the present calculatio™ wol o |
aree=148 K andr*=3.412 A[27]. . .
of » ,',...°' ..~,.-°:::"".,.......n . _
lll. RESULTS qop v e ]
A. Potential surface ool teee
The potential surface we have used for the present calcu s s 5 é 7 s s

lation is shown in Fig. 1. At small cylinder radii, the repul-

sive part of the potential forces alignment of the molecule F|G. 2. variation of eigenvalues as a function of cylinder radius
with the principal axis of the cylinderd=0 or 7). At longer  for H, molecule. The points d&8=8 A represent the asymptotic
radii, the most attractive potential is for the molecule or-free rotor limit E(J)=BJ(J+1), and are not calculated from the
thogonal to the principal axisf= 7/2). semiclassical quantization method.
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T Radius T Radius

FIG. 3. Contribution to isotopic selectivity due to rotational re- FIG. 5. Same as Fig. 3, but for HD molecules.
striction as a function of cylinder size and temperature, foninl-
ecules. The feature in the vicinity ®=5.5 A is a result of the
presence of the transition between rotational and vibrational char-
acter of the eigenvalues, resulting in the discontinuity of the lowest
eigenvalue in Fig. 2.

C. Rotational separation factors

The extent of the isotopic separation due to the quantiza-,\m\
tion of the rotational motion, as calculated from E2). using Fod..
rotational partition functions has been calculated as a func=%
tion of temperature and nanotube size for all possible hydro-gYs‘“'"'
gen isotopomers, P T,, HD, HT, and DT relative to the 1 =~~~
standard, and is illustrated in Figs. 3—7, over temperatures
between 5 and 100 K. The separation factors at low tempera
ture are very large, up to fifteen orders of magnitude, and as
a result the separation factors have been expressed on a log
rithmic scale. The feature at approximat&y5.5 A at low
temperatures is an artifact of the small discontinuity that
separates the rotational eigenstates from the vibrationa. T Radius
eigenstates as the barrier to rotation grows.

An example of a single cut through the surface foratl a
temperature of 20 K is represented in Fig. 8. The feature due

0y

FIG. 6. Same as Fig. 3, but for HT molecules.

T Radius T Radius

FIG. 4. Same as Fig. 3, but for,Tnolecules. FIG. 7. Same as Fig. 3, but for DT molecules.
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85 - - - - ' - ' eigenstates a twofold degeneracy. The expected splittings, on
the other hand, are expected to be small, and for all except
the lowest temperatures in the present study, they are ex-
usl | pected to be much smaller th&gT.

. We return now to the results of the present study. We
observe that the separation factors obtained from the present
5 model are very large at low temperatures and for small nano-
L. ) tubes, and are clearly dependent on the mass of the mol-
o ecules. The largest nanotube in the present study is approxi-
2 | § mately 1.5 nm, and is comparable to the size of the
hexagonally close-packed lattice of nanotubes in some ex-

osf ceeeen. . perimental systemld 7]. Even for the larger tubes and higher

. Trrese., temperatures, calculated separations that may be large
of . tecccessscrrsaney enough to be experimentally observdfactor of approxi-
mately 2 for 5 A (radiug nanotubes at 20 K, with much
085 %5 s 25 5 55 3 o5 7 larger effects for smaller tubgsare obtained, despite the fact
Radius that in our calculations and in the experimental observations
FIG. 8. Rotational separation factors foj felative to H as a  [17] the gross amount of perturbation to the rigid rotor ei-
function of cylinder size aT =20 K. genvalues is small. We note that in the present study, very

large selectivity is observed in the range of 6-8 A for the

to the discontinuity is evident at approximaté=5.5 asis  cylinder diameter, in previous studies that focused on trans-
a second discontinuity at the position of a second separatrikational confinemen{10], comparable selectivity was ob-
at approximatelyR=3.5, where the barrier to rotation now served in this range, suggesting that both the translational
exceeds the barrier for crossing through the principal axis ofind rotational confinement lead to significant selectivity.
the cylinder, or the transition from the lowest energy con- |n addition, we note that the present results for the sepa-
figuration being aligned in the direction of the wall of the ration are above and beyond those that are obtained from
tube or aligned with it. consideration of the quantization of the translational motion
alone[10], and thus the combination of the two separation

IV. DISCUSSION factors should produce larger effects than either one by itself.
We first remark on some limitations of the method thatEssentially, the separation factor arises from the introduction

has been employed here to evaluate the eigenvalues. As wakzero-point energy into modes, which in the free state have
described in Sec. I, we have assumedeafactoseparation N0 zero-point energy. The result is an effective “chemical
of the coordinates between rotation and translation for th@otential” (equivalent to the zero-point of eneigfor ad-
molecule in the nanotube. Such a separation was made &Prption onto the substrate,_whlch is purely_dependent on the
retain the cylindrical symmetry of the potential for rotation, Mass of the molecule and its moments of inertia. Naturally,
independent of the position of the molecule within the cyl-Since this effect arises from small differences in the ground
inder. Naturally, such a separation is very approximate, but irstates of the partition-function ratios, it is Iargest_ at the Iovy-
the present context, where we see that as the separation st temperatures observeql. The case of translational cenflne-
comes more dramatic as the motion develops more vibralent introduces zero-point energy for two translational
tional character as the molecules are closer to the wall, thBodes, and in the present calculation we have introduced
separation obtained in this approximation that treats the mok€ro-point energy for two additional rotational modes.
ecules as having the largest distance from the cylinder walls, In the present study, we observe that, in addition to the
we find a lower bound for what we would expect the trueconsideration translat|o_nal_ _confmement of a molecule in a
separation to be. One could, in fact, solve the full rotation-"@notube, there are significant quantum effects that arise
translation coupled problem, but the present case reduces tH&m the restriction of the rotational motion. The addition of
dimensionality of the problem to a single dimension, wherethe zero-point energy, which arises from the c'onflnement of
the full rotation-translation problem is a four-dimensional these degrees of freedoftwo, in the case of a linear rotor
problem, and substantially more diffici24]. We intend to _obtaln_ed from a crude potential, significantly enhar_lces the
return to this question in a future study. isotopic sepa.rat|on factor over that for a model that includes
Another question that arises in the present calculation i@Nly the confinement of the translational motion.
the question of spllttmgs in the bound states. For a number of ACKNOWLEDGMENTS
cylinder sizes, there is a barrier to rotation that gives a sym-
metric double-well problem in thé coordinate. Such a sys- This work was sponsored by the Division of Computer
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