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wr + (uPt), + euger = 0, O<z<l1, t>
u(x,0) wW(z), O0<z<l,

e Positive parameter
p > 1 Integer

We are interested in periodic solutions

1 1
/ udz, / u? dz.
0 0
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T3, 1s a partition of [0,1]

O=zo< 21 < - <zxpr = 1.

We consider functions that are discontinuous.
Jumps and averages:

[ulm = uw) —u., is the jumpof u atz.,
1 :
{ulm = 5 (ul +u)  isthe averagef u atz,
"periodicity":
Ty =Ty, m}&zazi{, Ug :u&
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Ws’p<7h) = HIE']'hWS’p([).

th — HIeTthU)-

—1/2 1/2
Wl oo 1y < chy 2ol g2y + by vall 2y, Yo € HY(I),

v —xljr <ch ol 0<j<i<q+1,

Ixl5,r < h7?Ixlr, Vx € Pyq.
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Multiplying the nonlinear term in the equation byc H'(7;,), integrating by parts and then
summing over cells we obtain

> (WP, v)r = = > (wPT )+ Z [(um+1 Py - (u;;)pﬂv;;}
1€7y, IeTy,
M-—1
= = > @) - Y el
IETh m=0
A p+1
¢(u$,u;)— Z( TP (ug )

With this in mind, we define the nonlinear operatdr: H'(7;) — V,! by

M—1
N(u),v) == > WPt u)r = > dut,up) [vm]. 1)
I1€Ty, m=0

The operatoyV is well defined by virtue of the Riesz Representation Theoleraddition we
have,
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Lemma 0.1. (i) The nonlinear form defined with the choicegoindicated above is consistent ir
the sense that for all 1-periodic functiomsn C'1[0, 1] there holds

(N (w),v) = (WP, v), Vv e HY(T).
(ii) The nonlinear termV is conservative in the sense that

(N(),v) =0 Yve HYT).
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we perform integration by parts twice to obtain

M-—1 M—1
Z (u$$$7v)1 = Z (Ux,vxx)I - Z ['U/a;xv]m + Z ['Ufa:vx]m
IeTy, IeTy, m=0 m=0

[0Y]m = & [W]m + [@lm¥r = dm [W]m + [Blm o, = {dYm[Ylm + [@lm{Y}m.

We define the operatdp : H3(7;,) — V,! by

M—1 M—1
(D), v) = > (asvaa)r — 9 (wkslolmn = [ulmvdy ) + D {uatm[valm.
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Lemma 0.2. (i) The formD is consistent in the sense that for all 1-periodic functiana
C?[0,1] N H3(73) there holds

(D(u),v) = (uggz,v), Vv E H3(Th).
(i) The formD is conservative in the sense that

(D(v),v) =0 Vv e H3(Tp,).
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Defineuy, : [0, T] — V! by

(uht,v) + N (up),v) + €(D(up),v) = 0, Yve VI telo,T],
up(0) = PuY,

P is some projection operator inqu with optimal O(h4+t1) approximation properties.
The semidiscrete approximatian, satisfies
lun (@) = lun(0)]|, ¢>0.

A unique global in time solution exists.
Note: The priodic B.C.'s are NOT enforced explicitely on th&. subspace ar,,. Rather, it is

incorporated in the formulation via the assumption that periodic.
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(D(w),v) = (D(u),v) Yve V!

Cheng-Shu projectiony > 2

(w,v);r = (u,v)g, Vv € Py—3(I), I € T,
W(Ty) = u(Tm), m=1,..., M,

W () = ue(xh) m=20,...,M —1,
Woz(Th) = uze (), m=20,...,M —1,

~ 1—19 .
||u_w||Wjap(I) SCh?+ J|u|WQ+1,p(I)7 IETha 7=0,1, p=200.

The projectionw defined by Cheng-Shu does not satisfy the required ideridyebut satisfies i
if D is replaced by their (dissipative) formulation.
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('lU,’U)I — ('LL,’U)I, Vv € Pq—?)(l)? IS Th

W(xm) = u(Tm), m=1,..., M,
{wx}m:{ul‘}m:uw(mm) m:O,...,M_]_, Orm:]_,...,M,
’LUxx<£U+) ZUxx(m/)_ftL), m:O,...,M_]_.

The difference with the Cheng-Shu projection is only in thieck condition. BUT leads tc
huge complications! Reason: It is not a local projectionnaoge, but a global one.

The projection defined above satisfi@3(w),v) = (D(u),v), Vv € H3(T},).
Proposition 0.1. Assume that: is sufficiently smooth and periodic. Assume further that 2 is

even and that the numbéd of cells in7;, is odd. Then there exists a uniquesatisfying the
above conditions. Furthermore fgr= 0,1, p = 2, cc and for all I € 73,

1—j +1
Jw — wHWj,p(I) < ch;y ’ ( Z h?HUHWQJrLOO(I) + Z h? HUHWqulOO(I))’
ey 1€ \T N

WhereThN is the set of cells whose length differs from that of its twigmours.
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1. Comparav tow so lete = w — w

2. Expance in Legendre polynomials and .....

(e,v)r =0, Vv € Py—3(I), VI € Tj,

e(zm) =0, m=1,...,M,

ex(Tm) + ex(Th) = uz (Tm) — We(xm) m=0,.... M—1,orm=1,..., M,
exx(m;,i):(), m=20,...,M —1.

With e,,, denoting the restriction aof to 1,,,, we have
q q
em(x) = Zam7ng7g(m) = Zam,ng(t), m=0,...,M —1,
£=0 (=0

we see that the first equation and the orthogonality of theehdge polynomials imply

ame =0, £=0,...,9—3, m=0,...,M—1.
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q(q+1) 2(2g — 1)

o 2 = o , O -1 = ,
T g-2)(g-1) T T T (g=2) (-1 ™
am_laq Oém7q q - 2 ( ~ — )
+ = Ug(Tp) — Wg (T , m=1,..., M,
hm_l ho 2(](2(]— 1) fL‘( E) fL‘( Y )
q—2 =
_ _ q Tt (¢ g ),
wherea s 4 := ap,q and where the constangs, j = 0, ...,q — 2 depend only oy and the
values(,,—1,5, 7 =0,...,q9 — 2 belong to the cell,,, 1.
The coefficient matrix of this system is &d x M circulant matrix with first ronf1, 1,0, ..., 0].
This matrix is invertible if and only if\/ is odd, whence its inverse, also circulant, has
=[1,-1,1,-1,...,—1,1] as its first row. Thus, we have
CAKmq: q—2 (nm—z (775—7734_1)) m=0,...,.M —1,
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If hy = hoy1,then|ny —npqq| < ChZHHUQHHLw(Iﬂqul) by the MVT
Hence, it follows that

|, q| < (L 4+ )R HwI T | foo 0,1y + ch?TH w2 oo 0,1y, m=0,..., M — L.
Theorem 0.1. Assume that the solution of problem is sufficiently regutat thatuy, (0) is
chosen to satisfifu® — uy, (0)|| = O(h?). Then, there exidip and a constant both depending

onw, p andT such that for allh. < hg there holds

[(w—up)@®)|| <ch?, 0<t<T.
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(un’l —u",v) + K,(N(u”’l),fu) + me(D(un’l),v) =0, YveV]

un—{—l — un 4+ 2(un,1 . un)-

k IS time stepsize.
Easy to see thdlu™|| = ||u°||. Also can prove second order convergence in time

lutn) — ™[] < c(h? + &2).

We have implemented two methods for solving the nonlinesiesys
1. Newton’s method

2. explicit-implicit iteration
(upih — ™ 0) + /(N ("), ) + re(D(uyiy)v) =0, Vo e Vi,

All results hold under the assumprion thdt—3/2 is bounded.
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We use two test functions which are solutions@f+ vu, + €eugprr = O:

u(z,t) = Acr? (4K (z — vt)),

O<m<1
K = K(m) is the complete elliptic integral of the first kind
A =192meK?, v = 64¢(2m — 1)K?,

W N e

4. cnis a Jacobi elliptic function

In the experiments we have = 0.9 ande = 242,

u(z,t) = Asecht (K(x — vt — x0))

A is the amplitudes = 2 %, xo = 1/2.
In the experimentsi = 1, e = 2472,

Also, we use a priodic version af.
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Table 1: Convergence rates, the cnoidal wave, unif

meshg = 2.
N At L2 error order L error order
10 4.0E-02 1.3169E-00 1.9388E-00
20 1.0E-02 1.2735E-00| 0.0483 | 2.1475E-00| -0.1475
C-C 40 2.5E-03 1.7869E-01| 2.8333 | 3.0294E-01| 2.8256
method | 80 6.25E-04 1.2017E-02| 3.8943 | 2.0728E-02| 3.8694
160 | 1.5625E-04 | 7.6271E-04| 3.9778 | 1.3499E-03| 3.9407
320 | 3.90625E-05| 4.8290E-05| 3.9813 | 9.2342E-05| 3.8697
10 4.0E-02 7.1270E-01 1.2985E-00
20 1.0E-02 5.9638E-01| 0.2571 | 1.1130E-00| 0.2224
NC-NC | 40 2.5E-03 5.7218E-01| 0.0598 | 1.0403E-00| 0.0975
method | 80 6.25E-04 1.0466E-00| -0.8712 | 1.6738E-00| -0.6861
160 | 1.5625E-04 | 2.0404E-01| 2.3588 | 3.4832E-01| 2.2646
320 | 3.90625E-05| 2.6643E-02| 2.9370 | 4.5632E-02| 2.9323
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Table 2: Convergence rates, cnoidal wave, unif

meshg = 3.

N At L2 error order L°° error order

10 4.0E-02 1.2083E-00 2.1869E-00
20 1.0E-02 1.5809E-01| 2.9342 | 3.5795E-01| 2.6110
C-C 40 2.5E-03 1.2153E-02| 3.7014 | 3.3732E-02| 3.4076
method | 80 6.25E-04 | 1.2048E-03| 3.3344 | 3.3640E-03| 3.3259
160 | 1.5625E-04| 1.3999E-04| 3.1054 | 3.6877E-04| 3.1894

10 4.0E-02 9.7806E-01 1.6220E-00
20 1.0E-02 7.4734E-01| 0.3882 | 1.2326E-00| 0.3961
NC-NC | 40 2.5E-03 3.6619E-02| 4.3511 | 6.2686E-02| 4.2974
method | 80 6.25E-04 | 1.3171E-03| 4.7972 | 2.2584E-03| 4.7948
160 | 1.5625E-04| 4.8798E-05| 4.7544 | 8.3729E-05| 4.7534
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Table 3: Convergence rates, cnoidal wave, unif

mesh andy = 4.

10 4.0E-02 8.6715E-01 1.4038E-00
C-C 20 5.0E-03 7.3741E-03| 6.8777 | 1.5963E-02| 6.4585
method 40 6.25E-04 2.2954E-04| 5.0056 | 3.8679E-04| 5.3670

At = CAx3 80 7.8125E-05 | 3.6186E-06| 5.9872 | 6.1312E-06| 5.9792

160 | 9.765625E-06| 5.6694E-08| 5.9961 | 1.0019E-07| 5.9354

10 4.0E-02 1.1452E-00 1.7881E-00
20 5.0E-03 2.6086E-02| 5.4562 | 4.4169E-02| 5.3392
NC-NC 40 6.25E-04 3.3303E-04| 6.2914 | 5.677/8E-04| 6.2816

method 80 7.8125E-05 | 4.4421E-06| 6.2283 | 7.5900E-06| 6.2251
160 | 9.765625E-06| 6.3137E-08| 6.1366 | 1.0900E-07| 6.1217
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Table 4: cnoidal waveg = 2, non-uniform mesh o

type2Azx, Az, --- ,2Ax, Ax.

N At L2 error order L error order

10 4.0E-02 1.3340E-00 5.8547E-00

20 1.0E-02 9.1940E-01| 0.5370 | 1.6786E-00| 1.8023
C-C 40 2.5E-03 6.1914E-01| 0.5704 | 1.0938E-00| 0.6179
method | 80 6.25E-04 2.3766E-01| 1.3814 | 3.9930E-01| 1.4538

160 | 1.5625E-04 | 6.5006E-02| 1.8703 | 1.1072E-01| 1.8506

320 | 3.90625E-05| 1.6573E-02| 1.9718 | 2.8665E-02| 1.9496

10 4.0E-02 6.8821E-01 1.2660E-00

20 1.0E-02 6.5336E-01| 0.0750 | 1.2087E-00| 0.0668
NC-NC | 40 2.5E-03 9.7878E-01| -0.5831 | 1.6384E-00| -0.4388
method | 80 6.25E-04 1.2109E-00| -0.3070 | 1.8813E-00| -0.1994

160 | 1.5625E-04 | 3.2924E-01| 1.8787 | 5.5988E-01| 1.7485

320 | 3.90625E-05| 4.4494E-02| 2.8875 | 7.6207E-02| 2.8771
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Figure 1. Comparison of C-C, NC-C and NC-NM
methods, cnoidal wave probletn= 10 with ¢ = 2.
Left: 80 uniform cells; Right:40 uniform cells.
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exact
2.5 X Cc-C
o NC-C
NC-NC
2

0.5
of 7
-0.5 ; -0.5 f—
-1 i I - 1 1 1 i L1 I L1
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
X X

Figure 2: comparison of C-C, NC-C and NC-NC me
ods, cnoidal wave problem, time= 10 with ¢ = 2.
Left: 160 uniform cells; Right:80 nonuniform cells.
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- [ L L L L L L L L L L L L L L L - B L L L L L L L L L L L L L L L L
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1

Figure 3: comparison of C-C, NC-C and NC-NC me
ods, cnoidal wave probleny, = 3 and 80 uniform
cells. Left: timet = 10; Right: ¢ = 200.
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05

X Cc-C
o NC-C
IN NC-NC

Figure 4: comparison of C-C, NC-C and NC-NC me
ods, solitary wave problent,= 25 with ¢ = 2. Left:
40 uniform cells; Right:80 uniform cells.
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11F !
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Figure 5: cnoidal wave probleng, = 2 and 80 uni-
form cells. Right graph is a zoom-in version of the |

graph.

Conservative Discontinuous Galerkin MethodsFor TheGaired Kortewea-de Vries equation — p. 2



0.5 0.2
4
c-C c-C ’
S E— NC-C , R R — NC-C 7
0.4 — — — - NC-NC ’ - — — — - NC-NC P
- / 0.15 |-
V4
, |
,
B V4
03} e
— | rd —
g / o
3] J’ o 01f
~ 4 ~
| B ,I -
i /
// I
i P 0.05 |-
0.1F s |
- 7
I
B P d
| ”~
= - -
0 i e 1 | 0
0 50 100 150 200 0

Figure 6: Left: cnoidal wavey = 3 and&80 uniform
cells; Right: solitary wave; = 2 and80 uniform cells.
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We define “Shape error” @z, t) = mingc(_g.5,0.5) ||un(z, ) — u(z + &, 1)||

0.01

0.005 |-

Figure 7: Time history ofL? error and shape error
conservative method witth = 2 and80 uniform cells.
Left: the cnoidal wave problem, Right: the solits
wave
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Figure 8: Dissipative method witth = 3 and41 uni-
form cells.
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Figure 9: Conservative method wigh= 3 and41 uni-
form cells.
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p=2>5

Initial profile: Perturbed solitary wave, amplitude=2.02
Adaptive code, refinement/coarsening for spatial mesh
adaptive stepsize selection

Initial stepsizeAt = 10—

M =200

t = .02
amplitude = 2.5
lastAt = 104
M =337
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t = .0225542
amplitude = 23,
lastAt = 1.2 x 10~ 1
M=477
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t = 0.0225542
amplitude = 96
last At = 1.8 x 10716
M =556
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