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orrections

thods for Initial Value
OT?




undamentals 1




ns, then in general
O(N”3) work.




v Subspace Methods

| most eigenvalues of
0, then we can search
n the

e very fast! Consider
n series )=1+a+a’2+a’3+...




on-Krylov Methods

‘Newton Method and Krylov methods can be intertwined.

*Efficient implementation requires
-A formulation s '

-Efficient way t
difference appr

Reference:
|AM, 2003



undamental 11.

Consid




1l Deferred Correction

, Zadunaisky,

1964;

ldea: lter
using a low order method.



1l Deferred Correction

Divide one “BIG" time step [Tn, Tn+1] (= [0, T] = [tO, tm]) into m
smaller subintervals by using points ti;

Step 0: [Compute initial approximation]
Using
i~ P (
Exampl




1l Deferred Correction

Step 1. [Compute successive corrections]
1) Compute an interpolating polynomial P(t) of ®il .
2) Define the error function &(t) = ®(t)-P(t).
3) For '
O'(
O(
4) Usin
solution
5) Define a newsapproximatessolution oit"” = @i + 1r
6) Go backiorBNEnecessary.




the ends of the i
the polynomial i

-Numerical diffe
Trummer, An ins
Anal., 24 (1987)

1l Deferred Correction




il Deferred Correction

adrature

Remark: | 5sian nodes = Orthogonal
polynomial + re

- The tegral equation:

Re

- Reference: A. Dutt, reengard, and V. Rokhlin, Spectral deferrec
correction methods for ordinary differential equations, BI'T; 40(2), 2000.12.



SDC works!

ility properties can be

for 12th order:




the Original Paper

-5,ung4,39 uncin cIs.EU,on teother hand,
digits of accuracy at a requested tolerance of 1e-10, using
esting comparison can be made at ten digits of accuracy.

licit deferred correction scheme requires 5, 887 function
RADAU code of Hairer and_ Wanner [11], which is more







Problems with SDC.

1.0rder Red

Consider the

p (1) =p(t) = —(p(t) = p(t)),

©0(0) = p(0).

5 problem too.




SDC (and other classical solver) results

Comparizon of original S0C (O) with GMRES accelerated SDC [G)
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oblems with SDC.

2. For DAE problems, the method may be
divergent!!!




SDC is divergent!

Residual in the original SDC methods
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Linear Problem Study

Consider
f(t, o) = Ly + g(t)

The collocation formulation:

S0+ hSf—3=0.
)

6 — hSLd = Gy 4+ hSf(F. o) — ol

)




Spectral Integration

Given (t;, g;) at the Gaussian nodes in [0, k|, let P(x) be the interpolating
polynomial, evaluate fﬂ"r P(y)dy at tq,ts, - -t,, and denote the values by
(i

We call the linear mapping from f; to F; the spectral integration matrix.




Linear Problem Study

Therefore the low order method solves

(I _ hS*L) 5—¢

where i )
0 0 0 0
hy O 0 0
15 _ hi ho 0 0
hy hy 0 0
0 0
hi{ ho -+ h, 0




Linear Problem Study

For backward Euler method:

0
0
0
0

hm— 1

hm— 1 hm

Note: S is a lower triangular approximation of S and the continuous

T
operator | .




Linear Problem Study

For backward Euler method:

0
0
0
0

hm— 1

hm— 1 hm

Note: S is a lower triangular approximation of S and the continuous

T
operator | .




What we want vs What we can

This is what we want to solve:

(I —hSL)s =7

This 1s what we can solve:

(I h,SL) 5—¢

Sxé::*f;

Question: What is SDC?




Low Order Preconditioner

For linear problems, apply the preconditioner

to

(I —hSL)d =€,

the resulting equation takes the form
(I —C)5 = ot

This can be solved using Neumann Series expansion

5 = Z CIi—1s0l,
j=1



Order Reduction

values in L,
ge slowly.

. — 1 i
O = (I iy :;L) WS — S)L



C: Pros and Cons

‘Pro: Low order method is a good
preconditioner for high order method.

Con: N
converg



1.Use t

2.Comp
method
expansi




KDC Method for DAEs

Consider a g
DAE)

Define Y(t)=y N NN, W
have a Picard type equation

Flyo + / | Y (T)d7,Y(t),t) =0

version IS
F(yo+AtS @Y, Y, t) =0,




Deferred Correction

e zero of

*The fun
simplify




oralization to PDEs

L(Up, Uy Uy Uge) = 0

g Gaussian

Uz, ti) = w2, t;)

*The discretiz
formulation is

L (U. ug + AtS @ U, ;— (wg + AtS @ U) |, {— (g + AtS ® U)) — 0

dx dr?



KDC Accelerated Mol T

*The error eq

L(U+5 ug + AtS® (U+5) h (u0+ATS & (U+5)) o s(up+AtS®@ (U +9))) =

iy - - - _:‘:.' T -i P - - ,:‘:.' =y - 'i: P - o _::' Ty Y
L(U40d, ug+AtS@oU+ALS@, il (wp+AtSOU+ALS@0), — (ug+AtSOU+ALS@d)) =0
l(' I:fs ) I,.--':-.'.-




C Accelerated MoLT:
Pros and Cons

Pros:

‘High Order In time, with optimized stepsize.
-Can use existing adaptive parallel elliptic
equation gt
accelera

cons:

‘Further
*Code de




nalytical Results

Theorem:

For ODE problems, the KDC method
using p Gaussian points is order 2p (Super

symplectic
symmetric



ernar

10

10

10

=10

-12

—{&

Numerical Results

Comparizon of original S0DC {00 with GMEES accelerated SDC (&)
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The Ring Modulator Problem

G-SDC | DASSL | GAMD | MEBDFI | PSIDE | RADAU | VODE
rtol le-8 le-12 le-10 le-9 le-10 le-9 le-11
atol * le-12 le-10 le-11 le-11 le-10 le-14

ho 2.5e-6 * le-10 le-10 * le-10 *
rerr | 3.0e-9 1.1e-9 3.1e-9 2.9¢-9 2.1e-9 2.1e-9 1.3e-9
F 1134 2104 4057 2284 3417 2172 2961
steps 4 1591 76 669 154 47 2277




DAE Problem

Consider

where M = diag(1,1,0) and the real solution is
y(t) = (. €', =€’/ (2 + 1)).




Stepsize Comparison




Wheelset Problem

Wheelset Problem

—+— DASSL
- —+— - MEBDFI
---+-- PSIDE
* p=4
Vo p=8

—
o
L
b
8]
=

10° 10°
Number of Function Evaluations




A Simple PDE Example

(t f) [[}‘-«l:_.au{J—I—ILH}}—.-llf




Order of the Method

6 Gaussian nodes, slope = 12.6551 . 6 Radau lla nodes, slope = 11.4277

Max error of v
Max error of y

Time step size
Time step size




‘Lower o re good
precondit er order methods.

‘The res an be solved efficiently
using Ne

-Based o
‘optimaltime stepping strategies for el
Value problems
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