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What do we mean by hybrid uncertainty quantification?

Purely Intrusive approach Non-intrusive approach

Uncertain Model Uncertainty _ UQ Engine j
inputs ode information Uncertain :
Stochastic simulation |

(UQ e mbedded in the model)

Many deterministic simulations

hybrid approach for multi-physics
»« decompose the system into components with each having its own UQ
 create algorithms to use these modules to propagate global uncertainties
* in this project, we consider decomposition along physics boundaries

Intrusive modules Intrusive modules

_Uncertaln Uncertainty
Inputs information

Wrapped by mini-UQ engines (sampling)




Why Hybrid UQ?

= current model development practice Main driver

» “plug-and-play” gives flexibility

» operator splitting widely used M3 M4
» well-defined module interfaces X
» extensive use of open source or commercial codes as modules \
= Likely scenario in multi-physics models if UQ is embedded I\j|4

* Intrusive UQ may be readily available for some modules

* Only non-intrusive UQ may be available for other modules
* With time, advanced UQ may be available for some modules
* Also, new uncertain parameters may be added from time to time
* Thus, it is reasonable to consider UQ at module level
* Yet, global uncertainties/sensitivities must be propagated
* Is “plug-and-play” feasible with embedded UQ? If so, how?
o The objective of this project is to explore this.



An Example: hybrid UQ for Reaction Diffusion Equation

-
= Consider a 1D reaction-diffusion equation (D and K are second

order random variables (rv))
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0<x<1;0<t<T;u(0,t)=u(1,t)=0;u(x0 )=1(x)

= Operator splitting n+/2 _ n
C —FT(C]J,D)
n+1 n+1/2
C - :FR (C ,K)
= Suppose we have the following scenario:
e intrusive polynomial chaos is available for the diffusion equation

* only non-intrusive methods are available for the reaction equation

* this scenario may be realistic, especially for multi-species systems
- the reaction system may have an analytic solution
- the reaction equation may benefit from a fast ODE solver

- in some cases, one module may be open source or commercial code
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Goal: build a global uncertainty propagation algorithm
via “gluing” an intrusive and a sampling module

diffusion :
(polynomial chaos)

Objective: design a forward “global” uncertainty propagation algorithm

swhich permits 2 different UQ methods in the two modules, and

=which permits each module to be developed independently of the other

=given that the base uncertainty format is polynomial chaos coefficients

*Thus, at each time time, the following are performed by each module
(which can be captured by a generic software layer):

Non-intrusive module:

« convert from base to local format
 create appropriate sampling schemes
* run samples

« analyze results

» convert from local to base format



Polynomial Chaos for the Diffusion Equation

= Expand independent and dependent variables in PCE

D:ZPO:Di ;i (£);

= Substitute into the transport equation
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* Project onto each of the P+1 polynomial bases
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= apply initial/boundary conditions and then solve the equations
= Q: how to propagate global uncertainties locally?



Propagation of Uncertainties through the Diffusion Module

= Goal: plug the stand-alone PCE-based dffusion module into the
overall global uncertainty propagation algorithm

» |dea: for linear diffusion equations, the global uncertainty stream
can be broken up into pieces that can be handled naturally

= An example, to break up the 2" order PCE for 2 variables (D, K)

D order | K order PCE for D, p=2

0

PCE for D, p=1

R IN[O |
R Ok, | O |0

~—

= Intuitively, the global matrix can be decomposed into subproblems.

PCE for D, p=0




Non-intrusive Method for the Reaction Equation
- 0000000/

= C"*12 coming into the reaction module is a 2-rv PC expansion
= This needs to be converted to initial conditions for reaction
= How is this transformation done?

* reconstruct the Legendre polynomials (2-parameter)
» create a sample (2-parameter) for the reaction equation (size N)
- evaluate the Legendre polynomials at the sample points
= Now we have N initial conditions for the N sample points
= Next, run the reaction solver on each sample point
= How to convert from the sample outputs back to the PC format?
* the outputs will be fed into a Legendre regression analyzer
* use either projection or least-squares approach
 the results will be the PC coefficients
* beware of scaling issues
» Sampling and transformation can be handled by a software API



Response Surfaces for different diffusion ranges
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Numerical Results (D = [0.001, 0.01]; k = [0.1, 0.5])

-
Purely intrusive Hybrid
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Purpose: investigate whether the hybrid method gives accurate answers
Observations: convergence of hybrid at p=3, pure intrusive at p=2
Hybrid gives more accurate answers due to the use of analytic reaction
In practical cases, hybrid may be needed out of necessity
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Another Test Problem: multi-species reactive transport

Sequential Reactions Reactive Transport
& —1= (c.)—k,cC
A +C = YC, ot (€K,
ka cC,
A +C,=V,C, a =L(C,)-K,C,+Y:KiC,
3 - > A
‘ Xi | (c)k ety ki
A +CI :>yICI—|-1 at _ 37NN i+yi—1 1-1v¥i-1
n n
'Ah + Cn — ynCn+1 :L(Cn )_kncn +yn_1kn—1Cn—1
A is a reactant participating in reaction i Uncertain Paramters
C; is product of reaction i-1 o -diffusion, velocity (2 rv’s in L)
y; is the yield coefficient of reaction i . A1V -4
k; is the reaction rate constant in reaction i -reaction rates (4 rv’s, n=4)

Example reactions in subsurface flow: TCE - DCE =2 VC - ETH
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Stochastic Transport System
-
Let c(x,t) be species concentration defined on a bounded domain 2x [0,T].

Let ¥ = {c € H) (Q): ¢ =cgonTy} and nonhomogeneous boundary I}

Consider now «, v* , and v are functions of random event 8 of an
abstract probability space (@.X,F):

a=a(f8), vi=v'(B8), v =v"(0)

Find
c(x,8,t) e ¥ @L:(O,P)

such that it satisfies almost surely the stochastic problem:

(deix,0.t) a(@)v: dc(x,0,t) n a(@)wY d%cix.8.t)

It o T TR 3y

v (8) de(x.,08.t) v¥(8) de(x.8.t)
! TR Ix R Dy X € £
L c(x,0,t) =cy(x,0) x eIy

a : dispersivity; v, v : velocity In X, y direction; R : retardation factor
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Stochastic Variational Form for theTransport System

____________________________________________________________________________________
Find c(x,0,t) e ¥ @L,(O,P) such that

Alc,w)=E[a(c,w)] Vw(x,0)e ¥ @L:(0O,P)

where

Alc,w) = Lw(x.ﬂ] {Lac{’;‘f’”dxl dP (6)

1 . dw (x,0)dc(x,0,t)
+ E[ﬂ(ﬁ}u (6) ul by . dx>dp{e}

dw(x,0) dc(x,0, r}
t R[ 0) v (6) (fn dy dy )dF‘(H}

o | dc(x,0,t)
-~ w L@ ([ ® 520 ) o)
1 o | dc(x,0,t) .
- w L@ [ X5 ) e
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Stochastic Discretization
e

Let .4 be the set of nodes of the finite-element mesh not lying on T'y and

D, (x) be the corresponding shape function
Let o, v*, v* be independent second-order random wariables in

wr = span{%¥y,.... P} C ¥ = L[,(0O,F)

Using (P + 1)-term polynomial chaos expansion, one obtains

a(§.0) = ;ﬂ:"}’:'(ﬁ{ﬂ)}

Fx{gaﬁ} — E L-'f"—]—";-[g{ﬁ'}jl vf(gzﬂ'} — E Vf‘PJ{g{B}}

{H{gjwl} x:{"“'"x{gj!qu} vy:"i‘*’f(g]vq":'}

‘ < P2 > ‘ < W2 = ! < P? >

Ch {xagatj: E ( Cik {tjqjk {gj) qji{x) S (?yh@wdu)
k=0

= 4
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Stochastic Discretization and Galerkin Projection
-

Find ujg, re A, 0< k< Pfor Vwj,jeA,0<k<P such that

1 — Z Z [L d P, g;ﬂt)q}j (x,ﬁ}dx] Uj g Wi —|—%{ E

iEAN k=D ijeAd
+ klr-mijﬂaﬁv;j (PP, P, ( L 2P g;ﬁ’t)a{bf;;’ﬁ}dx) Ui 1 W
_ i v (PP, (fﬂ 0%y E;:H-‘”t::j {x,ﬁ}dx) Ui ) Wj.

k. m=[

P ID; (x,6.1)

- ) ‘*’f(‘{'ﬁ’r‘{'m}(L 3y ‘l*jixaﬂﬁdx)]uj--fwm}

k.| m=0
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Hybrid UQ for multi-species reactive transport
.

= Operator splitting
« 2D transport using finite element (4 equations, decoupled)
« Multi-species reaction (coupled, use analytic solution)

» Test problem
« Transport (PCE): dispersivity and velocity varies +/- 20%
* Reaction (non-intrusive): +/-20% in reaction rates
= At each time step
« Partition the incoming global states into subproblems
« Perform transport solves
 Re-package solution into global states
« Generate initial conditions for each reaction solve
* Perform reaction solves (sampling)
 Reconstruct reaction solutions into global states
- Latin hypercube (least squares)
- Sparse grid (projection)
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Numerical Results on 4-species reactive transport (means)
- 0000000/

5 % relative error for C1 mean 5 % relative error for C2 mean
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» PCE order = 2 (same for p=3) Note: absolute differences are small (~5e-4 relative to 1.5e-2) i



Numerical Results on 4-species reactive transport (std dev)
- 0000000/
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» PCE order = 2 (same for p=3) Note: absolute differences are small (~1e-4 relative to 5e-2) 18



Scalability analysis of Hybrid UQ methods

>

e

Sample 1 }\
s
Sample 2 }\
.

\ \>[ Sample k ]\

e oY

* Transport: species doupled, PCE decoupled, multiple rhs systems
» Reaction: each sample instantiation independent from the others
= However, there are all-to-all communications 19
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Summary and future work
- 0000000/

= Hybrid uncertainty quantification is appealing
« accommodate embedded (intrusive) UQ methods
« compatible with modern-day “plug-and-play” philosophy
- facilitate progressive integration of advance UQ methods
* sometimes out of necessity, e.g.
- different time step requirement for each module
- accommodate commercial/open source modules
* may increase parallelism
= Still there are many challenges
* high dimensional uncertain parameter space
* highly nonlinear parameter to output mapping
* errors in propagating uncertainties
 load balancing/fault tolerance on HPC
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