
	
  	
  	
  Find	
  a	
  monotone	
  transforma�on	
  	
  	
  	
  	
  	
  	
  	
  	
  such	
  that	
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Motivation 

•  Condi�oning	
  models	
  on	
  data,	
  via	
  sta�s�cal	
  inference,	
  is	
  central	
  to	
  many	
  
engineering	
  and	
  science	
  applica�ons	
  

•  Bayesian	
  approach:	
  	
  founda�on	
  for	
  inverse	
  problems,	
  data	
  assimila�on,	
  
assessing	
  uncertainty	
  in	
  computa�onal	
  predic�ons,	
  decision-­‐making	
  under	
  
uncertainty	
  

  Goal:	
  	
  develop	
  computa�onally	
  efficient	
  approach	
  to	
  Bayesian	
  inference	
  in	
  
large-­‐scale	
  complex	
  systems	
  
  Would	
  like	
  algorithms	
  that	
  are	
  theore�cally	
  sound,	
  computa�onally	
  
efficient,	
  and	
  endowed	
  with	
  clear	
  measures	
  of	
  accuracy	
  and	
  convergence	
  

  Overcome	
  bo�lenecks	
  associated	
  with	
  tradi�onal	
  Bayesian	
  computa�on	
  
(e.g.,	
  MCMC)	
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Optimization problems 

Bayesian framework	
  

Numerical demonstrations (cont.) 

Example	
  2:	
  	
  Nonlinear	
  reac�on	
  kine�cs	
  

  Model	
  parameters	
  represented	
  by	
  random	
  variable	
  x;	
  data	
  d	
  
  Bayes’	
  rule	
  

Challenges	
  
  Extrac�ng	
  informa�on	
  from	
  the	
  posterior:	
  moments,	
  marginals,	
  realiza�ons,	
  
set	
  probabili�es	
  

  Evidence/normaliza�on	
  is	
  difficult	
  to	
  compute	
  	
  
  Posterior	
  evalua�ons	
  may	
  be	
  expensive:	
  forward	
  model	
  (PDE)	
  appears	
  inside	
  
the	
  likelihood	
  	
  

  Parameter	
  x	
  may	
  be	
  high-­‐dimensional	
  

posterior	
  density	
  

likelihood	
  func�on	
   prior	
  density	
  

    
!(x |d) =

L(d | x)p(x)
" evidence	
  or	
  marginal	
  likelihood	
  

State	
  of	
  the	
  art	
  
  Markov	
  chain	
  Monte	
  Carlo	
  (MCMC)	
  simula�on	
  of	
  the	
  posterior:	
  	
  
flexible	
  and	
  broadly	
  applicable,	
  but	
  several	
  drawbacks	
  

  Varia�onal	
  Bayes:	
  suitable	
  for	
  a	
  special	
  set	
  of	
  inference	
  problems	
  

a	
  probability	
  density	
  for	
  the	
  prior	
  random	
  
variable	
  X,	
  parameterized	
  by	
  f	
  	
  

    
q x; f( ) =

L f (x); d( )p f (x)( )
!

det
!f
!x    

!(z) =
L(z; d)p(z)
"

   Z = f (X)

q x; f( ) = p x( )

  Pu�ng	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  is	
  equivalent	
  to	
  requiring	
  

	
  

  As	
  a	
  byproduct	
  of	
  inference,	
  we	
  will	
  calculate	
  the	
  evidence	
  β	
  
 
 

    
T x; f( ) ! logL f (x);d( )+ log p f (x)( )+ log det

"f
"x
# log p(x) = log!

  Map	
  exists	
  (under	
  weak	
  condi�ons)	
  but	
  is	
  not	
  unique	
  
–  Example:	
  linear	
  Gaussian	
  case,	
  iden�ty	
  prior	
  covariance,	
  posterior	
  
–  Any	
  map	
  of	
  the	
  form	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  such	
  that	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  is	
  valid	
  

  Two	
  op�miza�on	
  formula�ons	
  guarantee	
  existence	
  and	
  uniqueness	
  of	
  a	
  
monotone	
  map	
  
-  Penalty	
  from	
  op�mal	
  transport	
  theory	
  [Caffarelli,	
  McCann]:	
  

	
  
	
  
-  Knothe-­‐Rosenbla�	
  transport,	
  i.e.,	
  “triangular”	
  construc�on:	
  

     
min

f
Var T(X; f )!
"#

$
%& +!E f (X)'X( )T f (X)'X( )!

"
#
#

$

%
&
&
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Conclusions 
  An	
  op�mal	
  transport	
  interpreta�on	
  of	
  Bayesian	
  sta�s�cal	
  inference	
  
  Posterior	
  expressed	
  as	
  pushforward	
  measure	
  of	
  prior	
  	
  
  Map	
  computed	
  by	
  solving	
  an	
  op�miza�on	
  problem	
  
  Advantages:	
  	
  clear	
  convergence	
  criterion;	
  arbitrary	
  numbers	
  of	
  independent	
  
posterior	
  samples;	
  embarrassingly	
  parallel;	
  exploit	
  gradient/Hessian	
  
informa�on;	
  marginal	
  likelihood	
  computed	
  for	
  free	
  (model	
  selec�on);	
  
posterior	
  moments	
  computed	
  analy�cally;	
  enables	
  sequen�al	
  uncertainty	
  
propaga�on	
  and	
  inference	
  

  Represent	
  f	
  using	
  an	
  orthogonal	
  polynomial	
  expansion	
  (e.g.,	
  Hermite	
  chaos)	
  

 
f x( ) = GT! x( ) Vector	
  of	
  orthogonal	
  polynomials	
  

Matrix	
  of	
  unknown	
  coefficients	
  

   
min

f
Var T(X; f )!
"#

$
%& such that z

i
= f

i
(x

1
,x

2
,…,x

i
)

Main idea: inference with maps 

Z	
  =	
  f(X)	
  

data,	
  forward	
  model,	
  error	
  model	
  	
  
[i.e.,	
  likelihood]	
  

prior	
  
knowledge	
  

posterior	
  
knowledge	
  

  X ~ p

“prior	
  random	
  variable”	
  
“posterior	
  random	
  variable”	
  

    
Z ! X d ~ !d

Prior	
  
density	
  p	
  

Posterior	
  
density	
  πd	
  

transforma�on	
  

X X 

Z 

Z 

Map	
  pushes	
  forward	
  the	
  prior	
  measure	
  to	
  the	
  posterior	
  measure	
  

1.  From	
  prior	
  to	
  posterior	
  knowledge	
  

2.  As	
  a	
  map	
  or	
  random	
  variable	
  transforma�on	
  	
  

3.  Graphical	
  representa�on	
  

   

k
2

k
1

! 2

prior posterior 

•  Five	
  late-­‐�me	
  observa�ons	
  of	
  species	
  A	
  
•  Infer	
  parameters	
  k1	
  and	
  k2;	
  truth	
  is	
  k1	
  =	
  1,	
  k2	
  =	
  2	
  
•  5th	
  order	
  polynomial	
  map	
  

Second component of map 

First component of map 

•  Ellip�c	
  PDE:	
  infer	
  heterogeneous	
  diffusivity	
  κ	
  from	
  limited/noisy	
  
observa�ons	
  of	
  pressure	
  p	
  

•  2-­‐D	
  spa�al	
  domain;	
  κ(r)	
  parameterized	
  by	
  Karhunen-­‐Loève	
  	
  
expansion	
  with	
  139	
  independent	
  modes	
  

•  Op�miza�on	
  algorithm	
  iden�fies	
  polynomial	
  map	
  up	
  to	
  5th	
  order	
  
•  Substan�al	
  gains	
  in	
  both	
  accuracy	
  and	
  speed	
  over	
  MCMC	
  

    
! = !

0
+ exp "

i
(r) #

i
x

i
i=1

n

!
"

#
$$$$

%

&
''''

Example	
  4:	
  	
  PDE-­‐constrained	
  inverse	
  problem	
  (139	
  dimensions)	
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Map
Truth

dA
dt

= !k1A + k2B
dB
dt

= k1A ! k2B
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Example	
  3:	
  	
  Cascaded	
  maps	
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after stage 4: σ after stage 1: 16σ after stage 2: 8σ versus MCMC 

  DAE	
  model	
  of	
  a	
  gene�c	
  toggle	
  switch	
  from	
  [Gardner	
  2000];	
  infer	
  six	
  parameters	
  	
  
  Real	
  experimental	
  data:	
  steady-­‐state	
  expression	
  levels	
  of	
  one	
  gene	
  

  f (x)

   T ! constant  q ! p

prior	
  r.v.	
  X	
  

posterior	
  r.v.	
  Z	
  

transforma�on	
  	
  πd	
  

p	
  q(f1)	
  

   Z = f
2
(X)

q(f2)	
  

   Z = f
1
(X)

    Z ~ N(µ,!)

    z = f (x) = µ + Lx   LLT =!

  These	
  are	
  stochas�c	
  op�miza�on	
  problems;	
  use	
  sample-­‐average	
  
approxima�on	
  with	
  prior	
  samples	
  of	
  X	
  

Numerical demonstrations  

Example	
  1:	
  	
  linear-­‐Gaussian	
  model	
  

  	
  	
  

  A	
  is	
  randomly	
  generated	
  
  Convergence	
  in	
  <	
  12	
  
itera�ons	
  

    A! !
8"100, d ! !8

   d = Ax + !

    
! " !(r,x)!p(r)( ) =#g(r)
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