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Minimizing Sum of Convex Functions Stable Principal Component Pursuit (SPCP)

» Compressive Sensing: {Minycgrn p||X||1 + %HAX — b||?} » Stable PCA: miny yermxn{rank(X) + p|| Y|lo,s.t. || X+ Y — M| <6}
> Matrix Rank Minimization: {minxcgm«n p|| X||. + | A(X) — b||?} » SPCP Convex Relaxation: miny yermxnt||X||« + p||Y|l1,8.1. |[X + Y — M| < 6}
- Total Variation Image Restoration: {minycr»aTV(x) + 8||Wx||1 + 5||Ax — b||*} » Application: Background/foreground decomposition of noisy surveillance video
> Sparse Covariance Selection: {minycgs» —logdet(X) + (X, X) + p|| X|[1} | | - |
- Robust PCA: {miny yegm | X||. + ol Y[l1,8.t. X + Y = M) ADAL: Alternatlng Direction Augmented Lagrangian methoa
: _ N S »Solve miny y zermad || X[« + p|| Y1 | X =Z,(Y,Z) € Q},where Q={Y,Z|||[Z+ Y — M| <o}
ALM and FALM: Alternating Linearization Methods for Minimizing the Sum of Two by solving
(onvex Functions minyy {L(X, Y, Z;T) = | X|l. + p| Y1 +(T. X = Z) + 5| X = Z|E | (Y, Z) € @}

first w.rt. X and then w.r.t. (Y, 2).
Algorithm: ALM (FALM) » Subproblem for X corresponds to an SVD.

» Subproblem for (Y, Z) corresponds to a vector shrinkage operation, plus O(mnlog mn)
operations to compute the Lagrange multiplier for the constraint (Y, Z) € Q..

ALM: Alternating Linearization Method

XK1= argmin, f(x) + 9(2¥) + (V9(Z), x — Z) + 5l|x — Z¥|% ;

y"+1 =argminy f(x**7) + (VI(x*7), y — x*) 4+ 2 [x* T — yl12 + g(y);
k k+1
=Y

If FALM then

whtl . — (Xk+1 4 yk+1)/2 ;

tet = (14 /1 +48) /2.

Sk+1 . k1 | tk‘+1[tk(yk+1 1 Wk) L (Wk+1 _ Wk)] ;

Interpret ALM as symmetric ADAL  Properties of ALM and FALM:

Table: Comparison of NSA and ASALM (Tao
and Yao)

Alg. | NSA ASALM

CPU 160.8 910.0
no. SVD 19 94
rank(X) 81 89

HX;giFD”F 0.00068 0.00080

X1 = argmin, L(x, y*; \F) » ALM: O(1/¢) iterations to obtain an e-optimal solution.
Motz = \k (X*1 — yk) /1 » FALM: O(1/+/¢) iterations to obtain an e-optimal solution.
yk1 .= argmin, £(xk*1, . )\k+%) Optimal first-order method in terms of iteration

A+ L )\k+% B ( yk+ ka)/ CompIeX|ty.

» Gauss-Seidel like method.

MSA and FaMSA: Multiple Splitting Algorithms for Minimizing the Sum of K Convex

Functions

Solve min "7 , fi(x). Use min f(x) + g(x) + h(x) to illustrate MSA and FaMSA for simplicity.
Define

Qgn(u, v, w) := f(u) +g(v) +(Vg(v),u— V) +g[lu—V|[Z+ h(w) +(Vh(w),u—w) + 5 [lu— wl|>?
Qm(u, v, w) and Qy(u, v, w) are defined similarly.

ADAL for Total Variation (TV) Denoising

MSA (FaMSA-s): (Fast) Multiple Splitting Properties of MSA and FaMSA-s TV Denoising: min,  Al|ul|7v + 4||u — b]|?
Algorithm » MSA: O(1/¢) iterations to obtain an e-optimal Variable-splitting:
Algorithm: MSA (FaMSA-s) solution. 1 5
X! = arg min, Qg(x, K, ) . FaMSA: O(1/./%) iterations to obtain an min A(llokll1 +llayll) + 5l — b
y*1 .= arg min,, Qum(WX, y, wH); e-optimal solution. Optimal first-order method st. dy=Du,d,=Dv,v=Fu
zK 1= arg min, Qg (W, WX, z); in terms of iteration complexity. ADAL (TV denoising)
whH = (xR kT zk+1)/3 il .= wktl: L Jacobi like method 1
’ k+1 (k+1) (k) (k+1) _ A(k+1)
if FaMSA-s then » parallelizable dik;; % T(DUEK; T M%E( ;, A1) Tx T X 10 (Du A )
k
o1 := (1 + \/1 +412)/2 ; d}(/k+1) — T(D(/‘</+1) H17y ( ;)\/f )) V(kH) %,y(k) I 1 (Dyk+1) d(k+1))
_ _ VI — v (dy) T Ut 4 A42) / S /
Wk+1 . Wk+1 | t? 1(Wk+1 . Wk); }(/k+1) ; (k) ) 1
A o u(k+1) - U(O'X | V(k+1)’%( s ) ngﬂ) . ng) I (Pu(k+1) - V(k+1))
. . - p2 .
ALB: Accelerated Linearized Bregman method where T (x, A)i ::.max{|x,-| — X\, 0}sign(x;), D is an upper bidiagonal matrix, and P is a
permutation matrix.
(Accelerated) Linearized Bregman method Denoising Results (after 25 iterations)
(LB/AI._B) 10° REl.ative il (n:5.00) ﬂmswmage o= ol A= 10 PoMRE= 14163 ADAL, PSNR= 23397 SplitBregman, PSNR= 18382
Algorithm: LB/ALB ; o - nhli b P o e oo
W= argmin, J(w) + 5 llw|® — (y*, Aw — b) ; w7}
yk+1 . }—,k _ T(AWK+1 — b) yk+1 o yk+1 : N
: y ' ) 10 " F
if ALB then _
D_/k+1 = Oékyk+1 - (1 — Oék)yka where oy = kiJFQ; 10_30 100 200 300 200 500

Residual (n=500)

; 100 200 300 400 500 Collaborators

Figure: Comparison of LB and ALB on a matrix Shigian Ma, Katya Scheinberg, Necdet S. Aybat, Zhiwei Tony Qin, Bo Huang
completion problem with n = 500, rank=10, FR=0.3
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