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How do hadrons arise from QCD?

Lagrangian constrained by Lorentz invariance, gauge 
invariance and renormalizability: 

Deceptively simple Lagrangian produces amazingly rich 
and complex structure of strongly interacting matter in 
our universe

Introduction

L = ψ̄(iγµDµ − m)ψ − 1
4
F 2

µν

Dµ = ∂µ − igAµ Fµν = i
g
[Dµ, Dν ]
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QCD and Asymptotic Freedom
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Nonperturbative QCD

Fundamental differences relative to QED

Self-interacting: highly nonlinear

Interaction increases at large distance:  Confinement

Interaction decreases at small distance:  Asymptotic Freedom

Strong coupling:

Topological excitations

Solution of QCD

 Present analytical techniques inadequate

Numerical evaluation of path integral on space-time lattice

αs ! αem

QED QCD



SciDAC 6-28-05       J. W. Negele   6

Profound differences between hadrons 
and other many-body systems

Atoms, molecules, nuclei,...
Constituents can be removed
Exchanged boson generating interaction may be 
subsumed into static potential

photons → Coulomb potential
Mesons → N-N potential

Most of mass from fermion constituents
Nucleons

Quarks are confined
Gluons are essential degrees of freedom

Carry half of momentum
Nonperturbative topological excitations

Most of mass generated by interactions
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Goals

Quantitative calculation of hadron observables from 
first principles

Agreement with experiment

Credibility for predictions and guiding experiment

Insight into how QCD works

Mechanisms

Paths that dominate action - instantons

Variational wave functions

Dependence on parameters

Nc,  Nf ,  gauge group

mq
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Lattice QCD

ei
∫

dtd3xL → e−
∫

dτd3xL

Discrete space-time lattice

Discrete Action

Euclidean time

S(U) =
∑
!

2N

g2
(1−N−1ReTrU!)→ 1

4
F 2

µν

ψ̄M(U)ψ =
∑

n

[
ψ̄nψn + κ(ψ̄n(1− γµ)Un,µψn+µ + ψ̄n+µ(1 + γµ)U†

n,µψn

]
→ ψ̄(#∂ + m + ig #A)ψ
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Lattice QCD

〈
T e−βHψψψ · · · ψ̄ψ̄ψ̄

〉
=

1
Z

∫
D[ψ]D[ψ̄]D[A]e−

∫
d4x[ψ̄( "∂+m+ig "A)ψ+ 1

4 F 2
µν ]ψψψ · · · ψ̄ψ̄ψ̄

→
∏
n

1
Z

∫
dψn dψ̄n dUne

−∑
n
[ψ̄M(U)ψ+S(U)]

ψψψ · · · ψ̄ψ̄ψ̄

=
∏
n

∫
dUn

1
Z

detM(U)e−S(U)︸ ︷︷ ︸
Sample with M.C.

∑
M−1(U)M−1(U) · · · M−1(U)

→ 1
N

N∑
i=1

Ui∈ det M(U)
Z

e−S(U)

M−1(Ui)M−1(Ui)M−1(Ui)
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Lattice QCD - summing over paths

detM(U)e−S(U)
∑

M−1(U)M−1(U) · · · M−1(U)
〈
T e−βHψψψ · · · ψ̄ψ̄ψ̄

〉
=

∏
n

∫
dUn

1
Z

M-1 = (1+ κ U)-1 connects Ψ’s with line of U’s             
→ Sum over valence quark paths

det M generates closed loops of U’s                            
→ Sum over sea quark excitations

S(U) tiles with plaquettes                                                  
→ Sum over all gluons 

323 × 64 lattices → 108 gluon variables
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Computational Issues

Fermion determinant - Full QCD

Small lattice spacing

Small quark mass

Large lattice volume

Cost ~  (mq)
-2.5(mπ)

-4 ~ (mπ)-9

L(fm)   mπ (Mev)
1.6        500
4.0         200
5.7        140    

1
mπ

≤ L

4
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Current Status

Include fermion determinant - Full QCD

Precision results in heavy quark systems

 (mπ)
-9 limited past nucleon structure to                    

“heavy pion world” -  mπ ≥  500 MeV

Beginning to explore physical “light pion world”                         
role of chiral symmetry

Terascale resources required for physical regime

DOE: $ 6M   →    ~6 sustained Teraflops
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  Precision agreement in heavy quark systems

“Gold Plated Observables”   (Davies et. al. hep-lat/0304004)
Staggered quarks
Asqtad improved action
a = 0.13, 0.09 fm
Errors ~ 3%
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Hadron structure revealed by high 
energy scattering

High energy scattering measures correlation functions 
along light cone

Asymptotic freedom: reaction theory perturbative

Unambiguous measurement of operators in light 
cone frame

Must think about physics on light cone

Parton distribution q(x) gives longitudinal momentum 
distribution of light-cone wave function

Generalized parton distribution gives transverse spatial 
structure of light-cone wave function q(x, r⊥)
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element

〈P ′|O(x)|P 〉 = 〈γ〉H(x, ξ, t) + i∆
2m 〈σ〉E(x, ξ, t)

∆ = P ′ − P, t = ∆2, ξ = −n · ∆/2

Deeply virtual Compton scattering: off-diagonal matrix element

(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)

Off-diagonal matrix element

〈P ′|O{µ1µ2...µn}
q |P 〉

∼
∫

dxxn−1[H(x, ξ, t), E(x, ξ, t)]

→ Ani(t), Bni(t), Cn(t)
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Moments of parton distributions

〈p|ψ̄γµDµ1 · · · Dµnψ|p〉 → 〈xn〉q =
∫ 1

0
dxxn[q(x) + (−1)(n+1)q̄(x)]

〈p|ψ̄γ5γµDµ1 · · · Dµnψ|p〉 → 〈xn〉∆q =
∫ 1

0
dxxn[∆q(x) + (−1)(n)∆q̄(x)]

〈p|ψ̄γ5σµνDµ1 · · · Dµnψ|p〉 → 〈xn〉δq =
∫ 1

0
dxxn[δq(x) + (−1)(n+1)δq̄(x)]

q = q↑ + q↓, ∆q = q↑ − q↓, δq = q# + q⊥,where
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Lattice operators:  irreducible representations of hypercubic group with 
minimal operator mixing and minimal non-zero momentum components
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Numerical calculations

Heavy quark regime  (SESAM configurations)
NF =2,  Wilson quarks

a=0.092 fm,  163×32 lattice,  L=1.5 fm
mπ  = 744,  831,  897 MeV

Chiral quark regime  (MILC configurations)
NF =3,  staggered sea, chiral valence quarks

a=0.13 fm,  203×32 (203×32) lattices, L=2.6 (3.5) fm
mπ  = 359, 498, 605, 696, 775 MeV

Collaborators:

B. Bistrovic
D. Dolgov
R. Edwards
G. Fleming
Ph. Haegler

K. Orginos
A. Pochinsky 
D. Renner
D. Richards
W. Schroers

C. Alexandrou 
Ph. de Forcrand
Th. Lippert
K. Schilling
A. Tsapalis
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Hadron matrix elements on the lattice

Measure        for 

Connected diagrams   

Disconnected diagrams (cancel for                     )

Extrapolate 

mq, a, L〈O〉

〈O〉u − 〈O〉d
mq : mπ → 140 MeV
a→∼ 0.05 fm
L→∼ 5 fm
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Plateaus for operators 

〈x〉q 〈1〉∆q

〈x〉∆q 〈1〉δq
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Nucleon axial charge gA 

Fit: Hemmert et al hep-lat/0303002

〈1〉u−d
∆q
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Nucleon axial charge gA: all results
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Nucleon spin ∆Σ = 〈1〉u+d
∆q

Omit disconnected diagrams, gluon mixing
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Quark momentum fraction

Quenched QCDSF hep-lat/0209160 Full QCD LHPC hep-lat/0209160

〈x〉u−d
q
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Quark momentum fraction 〈x〉u−d
q

LHPC/MILC LHPC/SESAM
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Quark momentum fraction ratio 〈x〉u−d
q /〈x〉u−d

∆q

LHPC/MILC LHPC/SESAM
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Electromagnetic form factors

Simplest off-diagonal matrix element 

Fourier transform of charge density if 

Pb: 5 fm >> 10-5 fm,   Proton: 0.8 fm ~ 0.2 fm:   marginal

For transverse Fourier transform of light cone w. f., m → p+ ~ ∞

Large q2:  ability of one quark to share q2 with other constituents to 
remain in ground state - q2 counting rules

〈p|ψ̄γµψ|p′〉 = ū(p)[F1(q2)γµ + F2(q2)
iσµνqν

2m
]u(p′)

Lsystem ! Lwavepacket ! 1
m
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F1 Form factor
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Nucleon RMS radius - slope of F1
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Form factor ratio:    F2 / F1 

Q2F2(Q2)
log2(Q2/Λ2)F1(Q2)

∼ const. hep-ph/0212351

Experiment Λ=300 Lattice Λ=300     
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Generalized form factors

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

〈P ′|Oµ1 |P 〉 = 〈〈γµ1〉〉A10(t)

+
i

2m
〈〈σµ1α〉〉∆αB10(t) ,

〈P ′|O{µ1µ2}|P 〉 = P̄ {µ1〈〈γµ2}〉〉A20(t)

+
i

2m
P̄ {µ1〈〈σµ2}α〉〉∆αB20(t)

+
1
m

∆{µ1∆µ2}C2(t) ,

〈P ′|O{µ1µ2µ3}|P 〉 = P̄ {µ1 P̄µ2〈〈γµ3}〉〉A30(t)

+
i

2m
P̄ {µ1 P̄µ2〈〈σµ3}α〉〉∆αB30(t)

+ ∆{µ1∆µ2〈〈γµ3}〉〉A32(t)

+
i

2m
∆{µ1∆µ2〈〈σµ3}α〉〉∆αB32(t),

P̄ = 1
2 (P ′ + P )

∆ = P ′ − P

t = ∆2
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Limits of generalized form factors

Moments of parton distributions  t →0 

Electromagnetic form factors 

Total quark angular momentum

An0 =
∫

dxxn−1q(x)

A10 = F1(t), B10 = F2(t)

Jq = 1
2 [A(0)20 + B(0)20]
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Transverse structure of nucleon

x → 1:  Single Fock space component  ⇒  slope → 0

x < 1:  Transverse structure  ⇒ slope steeper

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥∫

dxxn−1q(x, r⊥) =
∫

d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Generalized form factors from the lattice
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Transverse size of light-cone wave function

xn
av =

∫
d2r⊥

∫
dxx · xn−1q(x,!r⊥)∫

d2r⊥
∫

dxxn−1q(x,!r⊥)
q(x,!r⊥)model (Burkardt hep-ph/0207047)
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)

Spin Inventory
68% quark spin
  0% quark orbital
32% gluons

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV
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Nucleon spin decomposition
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in chiral regime

LHPC 

A20, B20, C20
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Nucleon spin decomposition
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Baryon shapes

Observe oblate deformation of spin 
3/2 Δ directly on lattice from 
density-density correlation function 
(Alexandrou, nucl-th/0311007 ) 

Infer deformation experimentally                           
from N→Δ transition form factor

Dominant transition M1

C2 and E2 would vanish if 
nucleon and Δ spherical
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M1 form factor
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Electric and Coulomb transitions

E2/M1C2/M1
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Insight into how QCD works: classical solutions

Stationary phase approximation

Instanton solutions connect vacuua with different winding numbers

To what extent are analytic expectations observed on lattice?

∫
D[A]e−

∫
d4xS[A] ∼ [detS′′]−1e−

∫
d4xS[Acl]

Aa
µ(x) =

2ηaµνxν

x2 + ρ2

S = 1
4

∫
F 2 = 8π2

g2 , Q = q2

32π2

∫
FF̃ = 1
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Instantons on the lattice

Cooling (relaxation) reveals lumps with             and 

For small size ρ, distribution ∝ρ6

Q ∼ ±1S ∼ 8π2

g2

s(x) q(x)
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Instantons on the lattice

Observables calculated with only instantons 
close to those including all gluons

Observe quark zero modes localized at 
instantons

Zero modes from instantons dominate light 
quark propagators

Topological susceptibility from instantons, 
Χ=(180MeV), yields η′ mass
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SciDAC Prototype Clusters

Production run on JLab clusters with analysis on MIT cluster

3g  2003 GigE Cluster
256 single processor nodes
2.67 Mhz Xeon
~0.4 Tflop/s on DWF

4g  2004 GigE Cluster
384 single processor nodes
2.8 Mhz Xeon
~0.7 Tflop/s on DWF
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SciDAC Software
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SciDAC Level 3 inverter by A. Pochinsky is work-horse for this project
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Summary

With Scidac resources and dedicated DOE machines, 
entering era of quantitative solution in chiral regime

Quark distributions

Form factors

Transverse structure

Origin of nucleon spin

Baryon shapes

Gaining insight into how QCD works
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Current effort and future challenges

Hybrid QCD

Pentaquarks:  volume dependence, full QCD at light 

Extrapolation based on hybrid chiral perturbation theory

Nonperturbative renormalization

Disconnected diagrams

Gluon observables

Full QCD with chiral fermions

a = 0.125 fm : mπ = 300, 250 MeV
a = 0.09, 0.06 fm

mπ


