
EQUINOX: Hyper-spherical methods for high-D discontinuity detection

Achievement: 
· Analyzed the theoretical complexity of our new approach that revealed the advantages of the HS-HASG technique when compared with classic Monte Carlo and HASG methods.
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[image: ]  Significance and Impact:  (a) Convergence of the standard HASG vs. MC in up to 4-dimensions, (b) Convergence of the HS-HASG vs. MC in up to 7-dimensions


Our HS-HASG is the most efficient existing approach for detecting discontinuous regions in high-dimensional random domains.

Research Details:
· To develop an accurate high-dimensional discontinuity detection (HDDD) approach for quantifying probabilities of rare events and risk assessment of complex systems, e.g. turbulence, nuclear reactors, climate change, etc.
· This requires the integral of a (discontinuous) characteristic function describing the probability of the event of interest.
· A hybrid hyper-spherical hierarchical adaptive sparse grid (HS-HASG) approach is combined with a root finding technique (e.g. bisection) to refine and capture the discontinuous manifold.
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Objectives



Develop mathematical foundations and computational algorithms that ex-
ploit our adaptive sparse-grid stochastic collocation (aSGSC) methods that
enable innovative predictive methods and transformational uncertainty quan-
tification, data assimilation and parameter estimation paradigms at the
extreme-scale, that supports:
1 high-dimensional stochastic approximations that combat the curse of
dimensionality;



2 aSGSC surrogate models for posterior probability density functions
(PPDFs) in Bayesian inference;



3 ensemble Kalman filter (EnKF) procedure to calibrate the aSGSC
approximate of a spatially varying random field



4 discontinuity and edge detection for quantifying rare events and
probabilistic risk assessment



Uncertainty quantification (UQ) & data assimilation



Targets, operating 
requirements



e.g. expected outcomes,  failure 
probabilities, etc.



Inverse solver
e.g. constrained optimization, 



Bayesian inference, etc.  



Goal: Decision 
making



Prediction: Output 
quantity of interest



e.g. statistical moments, PDF, CDF, 
rare events, risk, etc.



Random model inputs
e.g. coefficients, loads, geometry, initial 



and boundary conditions, etc.



Stochastic solver
1.  Non-intrusive, e.g. 



stochastic collocation, Monte 
Carlo, latin hypercube, etc.  
2.  Intrusive,  e.g. stochastic 



Galerkin, orthogonal 
polynomials (wrt the PDF), etc.  



Observations and 
experiments



e.g. incomplete measurements, noisy or 
random data, etc.



Uncertainty
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Adaptive sparse grid stochastic collocation methods



• Choose M sparse-grid points {y



k



}M



k=1 adaptively in the parameter space �
• Interpolate sampled values (e.g. Lagrange, wavelets, etc.) :
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(y) œ P(�) for k = 1, . . . , M are basis functions which expand the
polynomial space P(�), c
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slope =�1



N = 21
N = 31



N = 41



Monte Carlo, N = 21



N=81, N=121



N=21, 31, 41, 81, 121 & L=1/16



Two-dimensional adaptive sparse grid (left); Convergence of our aSGSC in 141 dimension SPDE (right)



Result: Proved sub-exponential convergence, i.e. O(M≠r), where r ∫ 1/2,
resulting in superior rates compared to all UQ approaches, including MC
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Surrogate modeling for Bayesian inference



Given measurement data d, PPDF of the unknown parameters y is



p(y|d) Ã p(d|y)p(y),



where p(y) is the prior density, p(d|y) is the likelihood function and d contains
a perturbation, i.e., d = f(y) + " with a given covariance matrix



Example. Parameter estimation for a system of reactive transport equations
• 50 observation data with 3% Gaussian random noise.
• 6 unknown parameters including dispersion and 5 reaction rates
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Classic MCMC with 60,000 simulations; linear, quadratic and
cubic surrogates with 9226, 4375, 3765 simulations
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The errors of the surrogate systems



Result: Our aSGSC surrogate approach reduces the computational complexity
by a factor of 20, when compared to conventional MCMC



EnKF for random field calibration



For an ensemble of size n, i.e. Y(t) = [y1(t), . . . , y



n



(t)]:
1 Forecast: y



f



i



= M(ya



i



(t)) + w



i



where w



i



≥ N(0, W)
2 Update: y



a
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(t + 1) = y



f
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+ K(uobs ≠ H(yf
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)), where H(·) is the forward
model simulator and K is the Kalman gain matrix



Example. EnKF for spatially varying stochastic parameter field calibration
• The true parameter filed is a truncated Karhunen-Loève expansion
• The adaptive sparse-grid approximation is used to parameterize the field
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Approximate random fields and corresponding adaptive sparse grids
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The true parameter field



Result: We are the first to employ EnKF to calibrate the coe�cients of the
aSGSC approximation for estimating high-dimensional random fields



Hyper-spherical aSGSC for discontinuity detection



Given a random vector y œ RN with the PDF fl(x), we want to compute the
probability of the event {x Æ x0}, i.e.



P(y Æ y0) =
Z



‰{yÆy0}(y)dfl(y),
where let ‰{yÆy0} is a discontinuous characteristic function
• Construct aSGSC approximation to the discontinuity surface in the



hyper-spherical coordinate system
• Bisection approach to capture the discontinuous surface
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(a) aSGSC; (b)&(c) aSGSC in hyper-spherical and euclidean spaces; (d)&(e) Convergence comparisons



Result: The Hyper-spherical aSGSC is the most e�cient existing approach for
detecting discontinuous regions in high-dimensional random parameter domains
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(a) aS GS C; (b)& (c) aS GS C in hyp er - s pher ical and euclidean s p aces; (d)&(e) Convergencecomparisons

Result :T h e H y p e r - s p h e r i c a l a S G S C i s t h e m o st effi cient existing approach for

detecting dis continuous regions in high-dimens ional random parameter domains
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