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Abstract.  The rational management of oil and gas reservoirs requires un-
derstanding of their response to existing and planned schemes of exploita-
tion and operation. Such understanding requires analyzing and quantifying
the influence of the subsurface uncertainty on predictions of oil and gas pro-
duction. As the subsurface properties are typically heterogeneous causing a
large number of model parameters, the dimension independent Monte Carlo
(MC) method is usually used for uncertainty quantification (UQ). However,
the standard MC simulation is computationally expensive because a large
number of model executions are required and each model execution is costly
simulated on a fine scale spatial grid to ensure accuracy. This study describes
a multilevel Monte Carlo (MLMC) method for UQ in reservoir simulation.
MLMC is a variance reduction technique for the standard MC. It improves
computational efficiency by conducting simulations on a geometric sequence
of grids, a larger number of simulations on coarse grids and fewer simula-
tions on fine grids. In this study, we applied the MLMC method to a highly
heterogeneous reservoir model modified from the tenth SPE project. We es-
timated both the expectation and the distribution function of oil production
to quantify its uncertainty influenced by the subsurface uncertainty. The re-
sults indicate that MLMC can achieve the same accuracy as standard MC
with a significantly reduced computational cost, e.g., about 82-97% and 65-
97% computational savings in estimating expectations and approximating
distribution functions, respectively. The MLMC method is model indepen-

dent and can be applied in environmental modeling and many other fields.
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1. Introduction

Reservoir models are routinely employed in prediction of reservoir performance, and
in making economic and management decisions. These models describe fluid flow (e.g.,
oil, gas, and water) through the porous medium, so the porous media properties (e.g.,
permeability, porosity and capillary) have a significant impact on the model outputs such
as mass flow rate and pressure. Almost all the porous media properties used in reser-
voir simulation are subject to uncertainty. This uncertainty may be quite large, as direct
measurements of these properties are available at only a limited number of boreholes and
indirect measurements inferred from logs, well tests or reservoir data involve averaged
responses over a large scale. Analyzing the uncertainties of these properties and quantifi-
cation of their influence on predictions of oil and gas production has become increasingly
important for petroleum companies to make better field development decisions.

A wildly used approach for addressing uncertainty in reservoir simulation is to treat
the under-sampled model parameters (representing one or more porous medium proper-
ties) as random fields that satisfy certain statistical correlations. This naturally results in
simulating the reservoir using stochastic partial differential equations. Several stochastic
techniques like perturbation/moment equation methods [Zhang, 2002], generalized poly-
nomial chaos expansions [Ghanem, 1998; Laloy et al., 2013], and stochastic collocation
method [Li and Zhang, 2007; Lin and Tartakovsky, 2009; Zhang et al., 2013] have been
applied to flow problems in porous media. However, solving the moment equations is very
time consuming [Franssen et al., 2009] and it appears that the computation time neces-
sary to solve the equations will be of the same order of magnitude as the time necessary
to run a sufficient number of Monte Carlo simulations. Moreover, the Guadagnini and

Neuman solutions [Guadagnini and Neuman, 1999a, b] developed for the moment equa-
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tion may be poor approximations for strongly heterogeneous model because the equations
were developed by the perturbation method. The polynomial chaos and stochastic collo-
cation methods are not suitable for strongly heterogeneous problem either. For the highly
heterogeneous reservoir, to properly resolve high frequency space fluctuations in model pa-
rameters, a fine (high-resolution) numerical grid is usually employed to parameterize the
random parameter field. This results in an extremely large number of model parameters
especially for a large reservoir domain. Since the computational cost of both polynomial
chaos and stochastic collocation methods grows exponentially with the number of model
parameters, and truncating to any feasible numbers leads to large systematic errors, the
two methods cannot be efficiently and accurately used for the highly heterogeneous prob-
lems, like the reservoir model considered in this study.

Hence, standard Monte Carlo (MC) simulation is still chosen in applications. The MC
method is very attractive for high-dimensional problems due to its dimension indepen-
dent convergence rate. In MC simulation, the effect of the uncertain model parameters on
predicted oil and gas production is commonly analyzed in the following way: first equally
likely random realizations of model parameters are generated; then for each realization the
reservoir model is executed to obtain one simulation result of the predictions; and last the
predictive results over all realizations are analyzed statistically, for example, calculating
the moments, typically the mean and variance, and estimating the distribution functions.
To generate the random realizations, the parameter fields must be geostatistically charac-
terized, either based on site characterization data, or by simulating the correlation of the
field with a covariance or variogram function. The generated parameter fields should be
conditioned to honor measurements data of these parameters. These MC calculations are,

however, very computationally expensive not only because one realization is time costly

DRAFT August 19, 2014, 10:55pm DRAFT



73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96
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simulated in a fine numerical grid to reflect the high spatial variation, but also because a
large number of such simulations is required to reduce the sampling variance due to the
notoriously slow convergence rate of standard MC.

In this study, we address the problem of expensive computational cost in uncertainty
quantification for large-scale reservoir models with high dimensional parameter spaces.
The approach we used is called multilevel Monte Carlo (MLMC) simulation. The basic
idea of MLMC was first introduced by Heinrich [2001] to accelerate computation of high-
dimensional, parameter-dependent integrals. Similar ideas were used by Brandt and Ilyin
[2003] to accelerate statistical mechanical calculations. The MLMC method was then
extended by Giles [2008] to infinite-dimensional integration related to stochastic differen-
tial equations arising in mathematical finance. Since then, it has been applied in many
areas of mathematics related to differential equations, particularly stochastic differential
equations [Dereich and Heidenreich, 2011; Kloeden et al., 2011; Abdulle and Blumenthal,
2013] and several types of stochastic partial differential equations with random forcing
|Giles and Reisinger, 2012] or random coefficients [Barth et al., 2011; Cliffe et al., 2011;
Charrier et al., 2013; Teckentrup et al., 2013].

The MLMC simulation is shown to be very computationally efficient in solving stochas-
tic differential equations with random parameters, but this state-of-the-art method has
never been applied in reservoir simulation to evaluate the uncertainty of the predictions.
In addition, currently the MLMC method is mainly applied to estimate the expectation of
the interested quantity, and few literature shows its application in estimation of distribu-
tion function. To our best knowledge, only Giles et al. [2014] discussed the estimation of
distribution functions and densities with MLMC in their very recent work. In this study,

we apply the MLMC method to a reservoir model with a highly heterogeneous permeabil-
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ity field. We are interested in investigating the influence of permeability uncertainty not
only on the mean value of the oil production but also on its distribution.

In the estimation of expectation, MLMC exploits the linearity of the expectation, by
expressing the quantity of interest on the finest spatial grid (e.g., the grid defined at the
measurement scale) in terms of the same quantity on a geometric sequence of coarser grids,
each typically twice as fine in each direction as its predecessor. It is easy to understand
that defining a numerical model in a finest spatial grid, the simulation error is small but
the computational cost of the mode execution is very large. On a coarser grid, the cost is
diminished, but also reduced is the simulation accuracy. However, MLMC, by conducting
simulations on coarse grids, can achieve the same accuracy as standard MC simulated on
the finest grid. The reason is that MLMC conducts the simulations on a sequence of coarse
grids, so that the less accurate estimate on the preceding coarser grid can be sequentially
corrected by estimates on the following finer grids. The dramatic reduction in cost of
MLMC is due to the fact that many realizations are simulated on the computationally
frugal coarse grids and a few on the computationally expensive fine grids. In this study,
we explain how the computational cost is saved by MLMC and demonstrate the significant
computational efficiency of MLMC in estimating expectation.

In the estimation of cumulative distribution function (CDF), we first redefine the CDF
as an expectation of an indicator function, and then use MLMC to estimate the expec-
tation. The estimation of CDF exhibits two features: (1) we estimate the expectation of
an indicator function instead of just a real number; and (2) the indictor function has a
singularity. To deal with the first feature, we first use MLMC to estimate the CDF at
discrete points, and then extend to a function on a compact interval by interpolation. For

the second feature, to overcome the influence of the singularity and for MLMC to work
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well, we introduce a smoothing step, i.e., using a smoothing function to approximate the
indicator function first and then using MLMC to estimate the expectation of the smooth-
ing function. In this study, we develop an algorithm of CDF estimation with MLMC. We
demonstrate that the algorithm can efficiently and reliably estimate the CDF by achieving
the desired estimation accuracy with significantly less computational time than standard
MC.

The rest of the paper is organized as follows. In Section 2, the stochastic problem is
defined. In Section 3, we discuss the estimation of expectation through MC simulation,
where we focus on the computational comparison between the standard MC and MLMC.
In Section 4, both standard MC and MLMC are used to estimate the CDF where a
reliable and efficient algorithm of MLMC estimation is introduced. In Section 5, the
MLMC approach is applied to a reservoir model for estimation of the expectation and
CDF of mass flow rate at a production well, and the results are discussed in Section 6.
Finally, in Section 7 we give our conclusions.

The main novelty of our work lies in application of the state-of-the-art MLMC method
to a challenging computationally demanding and highly parameterized real-world reservoir
problem. This paper therefore plays an important role in bridging the gap between earlier
theoretical work on relatively simple simulation models [Cliffe et al., 2011] and more
complex real-world inference problems. More importantly, we develop an efficient and
reliable algorithm to estimate the distribution function using MLMC, which is rather new

and have not been applied before.

2. Problem Formulation
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Consider a immiscible and incompressible two-phase flow reservoir equation on a d-

dimensional bounded domain Q C R%(d < 3) with boundary I'

aSa kkra
—a(¢gt8 ) + V- (pava) —qa = 0, where Vo = — L (Vpa - paG),

subject to initial and boundary conditions

sq(x,0) = s%;

Pa=0p,onlp; so=sonl'p; n-v,=v, on'y.
where a denotes the two phases (e.g., water and oil), pa, Sq, Va, Ga, kra, fta and p, are the
density, saturation, Darcy velocity, source/sink term, relative permeability, viscosity and
pressure of the a-phase, respectively, and G is the gravity vector. Here, porosity ¢ and
permeability tensor k are uncertain porous medium properties of a heterogeneous subsur-
face environment €. Flow, e.g., changes in pressure and mass flow rate Q) = p,v,A are
affected by these uncertain properties, where A is across-sectional area. Initial saturation
distribution is s° and boundary condition is jointly prescribed by the Dirichlet (I'p) and
Neumann (I'y) segments of the boundary I' = I'p UT'y with the unit normal vector n.

In a typical application, the spatially varying parameters, e.g., permeability k(x), are

measured at limited ns locations x;,7 = 1, 2, ..., ns, throughout the domain €2, where {2 is
discretized into M cells and represented by x;; at measurement scale. Uncertainty about
parameter values at points x; € Xy; where measurements are not available (i.e., x; # x;)
can be quantified by treating these parameters as random fields, e.g., permeability field
k(xy7), whose ensemble statistics are inferred from available data. In this sense, the
corresponding problem defined in equation (1) becomes stochastic. Its solutions are given
in terms of probability density functions (PDFs) or cumulative distribution functions
(CDFs) of the system states such as pressure and mass flow rate at some locations and

specific times.
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In this study, we are interested in investigating the influence of uncertain permeability
field k(x;;) on mass flow rate @ at a point (x, t), specifically, in estimating the expectation
E[Q] and the distribution function F' using Monte Carlo simulation. Here, k(x;;) and @
are random variables defined at the measurement scale. Practically, the numerical grid at
the measurement scale is too fine to make the MC simulation affordable. Therefore, the
MC simulation is commonly performed on a relatively coarse numerical scale generating
samples of )s, where M represents grid size at the numerical scale. Then by estimating
the expectation and distribution function of @y, we approximate E[Q] and F'. We assume

that as M — M, E[Q);] — E[Q] and F — F);. Define the convergence rate as «, then
E[Qu — Q]| = ctM ™, (2)

for a constant ¢;. The convergence of F); can be defined in the similar way.

3. Estimation of Expectation

In this section, we discuss the estimation of E[Q] using MC simulations. We first
review the standard MC estimator of E[Q)] briefly and then move to introduce the MLMC
estimator of E[@] in detail. We focus on comparing the computational cost between these

two estimators.

3.1. Standard Monte Carlo simulation for estimating expectation
Based on the definition of Anderson[Anderson, 1999], Monte Carlo is the art of approx-
imating an expectation by the sample mean of a function of simulated random variables.

Mathematically, the standard MC estimator for E[Q,/] is

Nye

R 1 .
MC (@)
- ; 3
M = Fe 2 3)
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X-10 D. LU, ET AL.: MULTILEVEL MONTE CARLO METHOD IN OIL RESERVOIR SIMULATION
where Qg\i} is the ith sample of )y, and Ny¢ is the total number of independent samples.
Note that QYC is an unbiased estimator for E[Q,], i.e., E[QMC] = E[Q].

Using equation (3) to estimate E[@] includes two sources of error: (1) the approximation
of E[Q] by E[Qx], where the error is related to the spatial discretization in our problem
(i.e., the difference between the measurement scale M and the numerical scale M), and
(2) the estimation of the expected value E[Q,] by a finite sample average Q%C, where
the difference is caused by the MC sampling error. Here we use mean square error (MSE)
to measure the accuracy of the standard MC estimator and analyze the contribution of

both errors.

The MSE is defined as:
. . 2
(@3~ | (@ - mia))’]

Since V[QMC] = N;,LV[Qy] and E[QYC] = E[Qu] , we get

e(Qi7)* = Ny VIQu] + (ElQum — Q). (5)

The first term in the MSE of equation (5) is the variance of the MC estimator, which
is small as V[Q)/] is small and decays inversely with the number of samples Ny;c. The
second term is the square of the error in expectation between (), and (), which can be
reduced by using a fine grid with large grid size M. When the grid size M is the same as
M, the second term is zero.

Hence, a sufficient condition to achieve a root mean square error (RMSE) of ¢ with
the MC estimator is that both of the terms in equation (5) are less than £2/2. This can

be achieved by choosing Nyc > 2V [Qa]e™? and M > (g/(v/2¢1)) " where a and ¢
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are defined in equation (2). When M = M, Nyc can be chosen as Nyc > V[Qu]e 2.
Therefore, for the estimator Q%C being a sufficiently accurate approximation of E[Q] with
small €, a large enough number of samples needs to be simulated on a sufficient fine grid.
This results in huge computational cost.

Assume that the cost to compute one sample of Qs is Cpr = coM” for a constant ¢y

and some v > 0, the total cost of the standard MC estimator with N,;c samples is
C(QMEY = ¢,Nye M. (6)

The v is the rate of cost increase with M and its value depends on the efficiency of the
numerical model solver; an efficient solver generally causes a small 4. The v value can be
calculated by fitting the curve of C;; with changes of M, where Cy; can be measured by
the computational time. For a certain numerical solver, the total computational cost of
the standard MC estimator increases with Ny;c and M. To reduce the cost, the Ny;o and
M should be small, but small Ny, and M cause large MSE. So an efficient and effective

estimator is desired to reduce the computational cost without satisfying the accuracy.

3.2. Multilevel Monte Carlo simulation for estimating expectation

This section describes the MLMC simulation for estimating E[Q]. First the idea of
MLMC simulation is introduced, followed by analyzing its computational cost savings
compared to standard MC, at last the algorithm of MLMC for expectation estimation is
presented.
3.2.1. The idea of MLMC

The basic idea of MLMC simulation is simple. It exploits the linearity of expectation.
Instead of estimating E[Q] by E[Q ] on a single fine grid with size M, MLMC estimates

E[Q] using several E[Qy,] based on an increasing sequence of relatively coarse grids with
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size My, i.e., My < M; < ... < My = M. Here ¢ = 0,1,..., L is called levels and the
highest level L has the grid size M. The relation of the grids between two consecutive
levels is My,_; = s~ 'M, for £ > 1, where s~! is the factor by which the grid is coarsened
at a lower level and s is an integer greater than 1. The value of s affects the efficiency of
MLMC method and usually s = 2¢ is an optimal choice for our stochastic problem with
random coefficients according to Giles [2008], here d is the number of spatial dimensions
of the simulation domain.

Mathematically, the idea of MLMC can be formulated as:

L L

ElQum] = E[Qn,] + ZE[QMe - QM@A] = ZE[}/@L (7)

(=1 =0

where Yy = Qu, and Yy = Qu, — Qur,_, for £ > 1. Hereinafter, for notational simplicity
we represent )y, with @, for ¢ > 0. Equation (7) indicates that the expectation on the
finest level grid M is equal to the expectation on the coarsest level grid M, plus a sum
of difference in expectation between simulations on consecutive levels. In this way, the
less accurate estimate on the coarsest grid is sequentially corrected by the estimates on
the following finer grids, thereby achieving the finest grid accuracy. In MLMC, each of
the expectations on the right-hand side of equation (7) is independently estimated by
standard MC (equation (3)) using different number of samples. For example, let Y, be an
unbiased standard MC estimator for E[Yy] using Ny samples, and let Y, for £ > 1 be the

MC estimator for E[Y;] using N, samples, then we have
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where Y} is calculated based on above equation (8). It is important to note that the
quantities Qéi) and Qéi_)l in equation (8) are the samples from the same set of realizations
of X but simulated on different levels of grid, i.e., on grids M, and M,_;, respectively.
3.2.2. The computational cost of MLMC

Since all the expectations on the right-hand side of equation (7) is independently
estimated by the standard MC, the variance of the MLMC estimator is V[QML] =
S N7V, We expand the MSE of the MLMC estimator as the way in equations

(4) and (5), we get

(@) =D NV + (E[Qu — Q)% (10)
£=0

Equation (10) indicates that the MSE of the MLMC estimator, like the standard MC
estimator, consists of two terms, the variance of the estimator due to the sampling error
and the approximation error due to domain spatial discretization. In comparison between
equations (5) and (10), the second term is exactly the same and its accuracy depends on
the value of M. Like the standard MC case, when the grid size M is the same as M, the
second term is zero. In fact, it is the first term that reflects the advantages of the MLMC
estimator in achieving the same accuracy as the standard MC but with less computational
cost.

For example, we limit the first term of MSE in both equations (5) and (10) as &;. To
achieve this accuracy, the number of samples Ny in equation (5) simulated on the grid
M should be larger than V[Qs]/e1. Correspondingly, the total cost of standard MC

defined in equation (6) is at least

C( A%C) = cV[Qum]/e1 M. (11)
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For MLMC, assume the cost to compute one sample of Y; on grid My is Cp, = oM, then
the total cost of MLMC is

L
C(QM") = caNo M7 + 2> N, MJ. (12)
/=1

To limit the first term of equation (10) to €1, a sufficient condition is that the value of
N, 'V[Yy] at each level ¢ is less than &, /(L + 1), i.e., the number of samples N, is greater
than V[Y;|(L + 1)/e;. Assume that V[Q,] is approximately constant at different levels,
i.e., V[Yo] = V[Qo] = V[Qn] (this assumption is verified in our numerical examples in
Section 5), above equation (12) becomes

CQM") = VIQuI(L+1)/e1 M + ¢2 Y VVi(L+1)/e1M,". (13)

The cost of MLMC defined in equation (13) is cheaper than that of standard MC
defined in equation (11) reflected in the following two aspects. (1) At level £ = 0, all
the samples are simulated on the coarsest grid My, and the computational cost savings
of the coarsest grid My over the grid M is about (L + 1)(My/M)”. Depending on the
value of v and how we coarsen the grids, the cost savings can be significantly huge. For
example, if we coarsen the grid M with factor s = 24, i.e., My = (1/2)*M for 1D problem
and My = (1/2)*!M for 2D problem, then for L = 3 and v = 1, the cost of MLMC
at £ = 0 is about 1/2 of standard MC in 1D and 1/16 in 2D. With larger value of -,
the cost savings can be improved further. (2) At levels ¢ > 1, the number of samples
N, for each level ¢ is significantly smaller than Nj;c due to the smaller value of V[Y}]
compared to V[Q]. It can be shown that if @) converges to @) in mean square, then
V[Yz] — 0 as £ — co. We assume the convergence rate of V[Y,] with ¢ can be measured by
a positive value 3, i.e., V[Y;] = c;;M[ﬁ. For a large value of 3, the computational saving

of MLMC can be substantial. The § depends on how sensitive the interested quantity ()
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to the parameter field X, defined in different levels; a small sensitivity of () generally
causes a large value of § and correspondingly a fast variance decay. For example, in the
groundwater simulation of Cliffe et al. [2011], they investigated the influence of uncertain
conductivity field on a cumulative outflow from a region and a flux rate at the center of
the region using MLMC. Their results indicated that the estimation of expectation of the
cumulative outflow gives a larger cost saving than that of the flux rate at the center of
the region. Practically, 5 can be calculated by fitting the curve of V[Y;] with changes of
M,.

To sum up, if the variance V[Y;| decays faster with ¢ than the cost Cyy, increases, i.e., if
S >, the first term of equation (13) at level £ = 0 will be dominant. In this case, the cost
savings of MLMC compared to standard MC will be asymptotically (My/M)7, reflecting
the ratio of the costs of simulations on the coarsest grid compared to those on the finest
grid used. On the other hand, if the variance V[Y;] decays slower than Cy;, increases, i.e.,
if 5 < 7, the second term of equation (13) at the highest level L will be dominant, and the
cost savings of MLMC compared to standard MC will be asymptotically V[Y7]/V[Q].
Therefore, in both cases the MLMC estimator significantly improves the computational
efficiency. Giles [2008] and Cliffe et al. [2011] presented a theorem about how much
efficiency can be improved by the MLMC estimator for different relations between 3 and
.
3.2.3. The procedure of MLMC for estimating expectation

Before we step into the procedure of the MLMC simulation, we first discuss three
fundamental issues related to the MLMC algorithm: (1) how to choose the coarsest level

of grid My to obtain the largest cost savings, (2) how many levels should be used to
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achieve a desired accuracy, and (3) what is the optimal number of samples for each level
to minimize the overall variance for a fixed cost.

In MLMC theory, there is no requirement of the choice of M. In practical application,
generally the coarsest grid M, can be chosen as small as the simulation allows. The
coarser the grid is, the more levels can be included in the MLMC estimator, and thus the
larger the potential cost savings are with respect to the standard MC. In our problem,
this choice depends on the regularity of the covariance function of the permeability field
and on the correlation length. The permeability field considered in this study varies on a
very fine scale and is highly oscillatory due to the sparse measurement data, so when the
grid is coarse enough that the length of a grid cell is larger than the correlation length,
this coarse grid does not yield a good representation of the problem and including it in
the MLMC estimator can lead to a larger cost than necessary. For example, when the
coarsest grid My is coarse enough, it is possible that the variance V[Y}] at a certain level
¢ is larger than V[Q,/]. In this situation, the contributions to the computational cost of
the MLMC estimator from the level ¢ and lower levels will be greater than those using
the standard MC, rendering the inclusion of the lower levels meaningless. As discussed in
Section 5.2, it turns out that for our problem the optimal choice for the coarsest grid is
such that its cell length is slightly smaller than the correlation length of the permeability
field.

The answers to the last two questions are related to the desired accuracy of the MLMC
estimator. To achieve a MSE of €2, both terms in equation (10) have to be less than £%/2.
According to Giles [2008], to make the second term in equation (10) smaller than /2,

the level L is suggested increasing till

max {s—lm_l\, |YL|} <e/V2(s—1), (14)
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where s is the factor discussed at the beginning of Section 3.2.1, and ¢ is a user-specified
RMSE accuracy.

According to Giles [2008] and Cliffe et al. [2011], treating the Ny as continuous variables,
the variance of the MLMC estimator (i.e., the first term in equation (10)) is minimized

for a fixed computational cost by choosing

Ny = car/V[Y?]/Cuy,, (15)

where ¢4 is a constant and Cpy, = oM, as defined before. To make Zf:o N[y < €%/2,

the optimal N, is chosen as

Ne 2 2572 [V /Mg (Z \/Ww) , (16)

when M < M according to equation (15). When My = M, the second term in equation
(10) is zero and the first term less than 2 can achieve the RMSE accuracy €. So in this

case,

Ne 2 e Vi) (Z \/vm]Mz) - (17

Putting together the elements discussed above, the MLMC algorithm to estimate expec-
tations can be implemented in practice as follows:

Algorithm I:

1. Start with L = 0;

2. Estimate V[Y7] by the sample variance using an initial set of N, = 1000 samples;

3. Determine the optimal N, for each level ¢ = 0,1, ..., L based on equation (16) or

4. Evaluate extra samples Y; at each level as needed for new Ny;

5. If L > 1, test for convergence using equation (14);
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6. If L <1 oritisnot converged, set L = L + 1 and go back to step 2.

7. Stop when converged or the grid size M, hits the measurement scale size M.

Note that in above algorithm, for each itexration with L increasing the N, increases
for all levels based on equation (16). So in step 4, the appropriate number of increased
additional samples needs to be evaluated and the estimate of V[Y;] needs to be updated.
The updated V[Y;] is then used in step 3 to calculate Ny if step 3 is revisited. In addition,
the accuracy of the estimate of V[Yy] at each level depends on the size of the initial sample
set. The large the sample size, the more accurate the estimate and in the meantime the
larger the computational cost. It is possible that for a large value of ¢, the initial Ny at a
higher level L may be larger than necessary causing a waste of computational time. So it
is suggested adjusting the initial sample set Ny, in above step 2 based on the user-specify

accuracy of ¢.

4. Estimation of Distribution Function

In this section, for the continuous random variable @), we discuss the estimation of its
cumulative distribution function (CDF) F' on a compact interval [Uy, U], with Uy < Uy
being fixed throughout this section.

In definition, the CDF of a continuous random variable () can be expressed as an integral

of its probability density function p(Q) as follows:

Flg) = / " (QQ. (18)

This integral can be formulated as an expectation of an indicator function f(¢) in the

following way,

oo 1, for [—o0, ¢

F(q) =E[f(q)] = f@p(Q)dQ, where f(q) = (19)
—0 0, for (q, +o0]
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Thus, we can use standard MC and MLMC simulation as discussed above to estimate the

CDF, F(q).

4.1. Standard Monte Carlo simulation for estimating CDF

To estimate F'(¢q) on a compact interval [Uy, U;], the algorithm of standard MC works as
follows: first generate Ny, independent samples Q5 on a certain numerical grid M; then
use sample mean of the indicator function f(q) (i.e., the empirical distribution function

of Q) for F(q) estimation at finite ¢ points with Uy = u; < ug < --- < u; = Uy, that is,

LS () Number of samples < ¢
FMC — 1 4 < — — , 20
Mt (9) Nyc ; {@Qw=a Total number of samples Ny¢ (20)
where ¢ = {uy,us, -+ ,u;}; and last use interpolation to get the entire CDF estimation.

The standard MC estimator F ]{‘/[/[ “(g) has two main sources of errors, the interpolation
error of using F; to approximate I’ and the MC error in estimation of F; with the MC
estimator F' ]\]‘f ¢ where the MC error, like equation (5), can be further expanded into two

parts, the sampling error and spatial discretization error. To sum up, the mean square

error of FMY can be expressed as,

E||F - FYCI2 <E|F - FI% +E|F - FY|%
—

e{%c
_ (21)
< M 1 llogt NV fasdl o, + ELfura — FAII
where || - || denotes the maximum norm on R’. When the numerical grid M is chosen
as the same as measurement scale M, the discretization error e}/¢ = 0. In this case, a

sufficient condition to achieve a RMSE accuracy of ¢ is that both interpolation error e}¢

and sampling error e3¢ are less than £2/2.

When cubic spline interpolation is used at t equidistant points between [Uy, U;], the

|7 ()

interpolation error || F' — F}||» is bounded by 2 = Azt where Ax = (U —Up) /(t —
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1). So to achieve the interpolation error eM¢ = |F — F;||2, < 2/2, t can be chosen as
24e
V2[[FO(2)[o

can be chosen as Ny¢ > 2elogt|| V] /s || o

t> (U, —Upy)/( )14 4-1. To achieve the sampling error e)/¢ < £2/2, Ny¢

4.2. Multilevel Monte Carlo simulation for estimating CDF

When using MLMC to estimate the CDF, i.e., E[f(¢)], a smoothing step is necessary on
every level for computational efficiency. As discussed above, the dramatic computational
cost savings of MLMC are due to the fact that the variance at each level ¢ for ¢ > 1 (i.e.,
the variance of difference of estimated quantity between ¢ and £—1) is smaller than that in
standard MC (i.e., the variance of estimated quantity itself). For the indicator function
f(g) the variance at location ¢ is large because of the discontinuity and application of
MLMC to f(q) directly would barely improve computational efficiency. So, we first use a
smoothing function to approximate f(q) to reduce the variance, and then apply MLMC
to estimate the expectation of the smoothing function to obtain the CDF estimation.

We assume the density function p(Q) is r-times continuously differentiable on [Uy, Uy].
According to Giles et al. [2014], the smoothing function is a rescaled translation of function
g(q) which can be defined as follows:

(1) g(q) =1 for ¢ < —1 and g(q) = 0 for ¢ > 1;

(2) For g € [—1,1], g(q) is a r+1 degree polynomial whose coefficients can be determined
by solving the equation fjl @g(qQ)dg = (=1)/(j+1),for j=0,...,r —1;

(3) If r is even, the function g(q) is the same for r and r + 1.

Rescaling the function g(¢) with a smoothing factor d, g((Q — ¢)/d) is the smoothing
function used to approximate the indicator function f(gq) defined in equation (19). The
smoothing factor ¢ plays an important role in MLMC estimation. The larger the ¢ is,

the smoother the function, consequently the smaller the variance. So using a smoothing
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function with a large 6, MLMC can be very computationally efficient, but in the same time
the estimated CDF may deviate from the true CDF substantially with a large smoothing
error. The reasonable choice of § can be determined by limiting the smoothing error to a
required accuracy as discussed below.

We denote the MLMC estimator using smoothing as Fj7~(q). It has three main sources
of errors, the interpolation error of using F; to approximate F', the smoothing error of
using F, to approximate F, and the MLMC error in estimation of F, with the MLMC
estimator F ]J\‘f L where the MLMC error, like equation (10), can be further expanded into

two parts, the sampling error and spatial discretization error. To sum up, the mean square

error of FML can be expressed as

E|F — EYFI% < E|F - B +E|F — B2, +EI|F - B

ML e
ML SN 5 s (22)
<ep+e +Hb@§ NzVﬂth+{Wwa—%N%,
£=0 _ ER;L
Vv 4
eML
3

where Y, = g((Qun,—4)/0)—9((Qu,_,—9)/9), 9ars = 9((Qnr—q) /) and g = g((Q—q)/9),
and ¢ = {uy, us, - ,u;} at the ¢ points between [Uy, U;] as defined before.

A sufficient condition to achieve a RMSE accuracy of ¢ is that all the four errors are
less than €2/4. When cubic spline interpolation is used like above standard MC case, t

can be chosen as

12¢

tZM—%WWW@E

WA (23)

by limiting the interpolation error % smaller than €2 /4.

The smoothing error e}/ depends on two parameters, 7 and 4, of the smoothing func-

tion. For a certain r, the § value can be determined by setting e)'* < £2/4, i.e.,

IELf (@)] = E[g((Q — q)/0)]llec < /2. (24)
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Practically, for each g, we solve the equation fj;o p(Q) (flg) —g9((Q —q)/d))dQ = ¢/2 to
get a § value, and finally we take the smallest § as the value which satisfies the smoothing
error accuracy requirement and use it to determine the smoothing function for MLMC
estimation.

As the t points and smoothing function are determined, we then use MLMC to estimate
the expectation of the smoothing function at the ¢ points and then extend the estimation
to the entire interval of [Uy, Uy] to get the estimated CDF. The estimation of F; using
MLMC can be implemented according to Algorithm I, with the optimal /N, chosen as N, >
4e2logt H VIV /M,) (25:0 \ /V[Yz?t]MZ> H when Mj < M to achieve the sampling
error accuracy of €2/4. When My = M, ¥ is zero. In this case, the first three errors in
equation (22) less than £?/3 can achieve the RMSE accuracy e. For this accuracy setting,
the ¢, 9, and N, values can be determined accordingly.

Putting together the elements discussed above, the MLMC algorithm to estimate the
CDF with smoothing function can be implemented in practice as follows:

Algorithm II:

1.  Determine the estimated interval [Uy, U] based on the approximated CDF with

an initial set of 1000 samples;

2. Determine ¢ based on equation (23) where the fourth derivative of F' can be

estimated with the initial samples;
3. Calculate 0 based on equation (24) with a fixed r;
4. Implement Algorithm I to estimate F, at the ¢ points;

5.  Extend the estimation to the entire interval [Uy, U;] by interpolation to get the

estimated CDF.
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Note that in above algorithm, for a high accuracy requirement, the initial samples used
in Steps 1 and 2 are better simulated at the highest level. When samples from some coarse
level are used, the interval in Step 1 may be underestimated and the ¢ value is Step 2
may be overestimated caused by a large estimated derivative of F'. An relative accurate
estimation of high-order derivatives of F' can be calculated according to Schuster [1969].

The key point in Algorithm II is to calculate & because ¢ critically determines the
MLMC computational efficiency. Giles et al. [2014] calculated § simply by § = ¥/ +1)
on the basis of asymptotic analysis. This calculation produces a very small § value and
thus results in a marginal time saving of MLMC over the standard MC. We calculate ¢
by setting the smoothing error equal to the required accuracy and solved the equation
exactly. In this way, the calculated J is guaranteed to have a largest value and thus results

in a significant computational efficiency improvement of MLMC estimation.

5. Application to Oil Reservoir Simulation

To illustrate effectiveness and efficiency of the MLMC method, it is applied to a synthetic
study of oil reservoir simulation. The synthetic case is designed based on the fine grid
model from the tenth SPE comparative solution project [Christie and Blunt, 2001]. The
tenth SPE fine grid problem is chosen for the following reasons: (1) the model has a
sufficient fine grid making the use of the standard MC simulation on the fine grid solution
very time costly, though not impossible; (2) full details of the problem and data files are
available for free downloading from the project website; and (3) it is a typical oil reservoir
problem and many researches have been worked on this problem [Subbey et al., 2004; Di

Donato et al., 2003].

5.1. Model description
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The fine grid geological model from the tenth SPE project is represented in a three-
dimensional domain with 365.76 x 670.56 x 51.816 cubic meters (m?®) and discretized into
60 x 220 x 85 cells. There are four production wells at the four corners of the model,
each producing at 4000 psi bottom hole pressure, and a central injection well with an
injection rate of 5000 barrels/day. All wells are vertical and completed throughout the
formation. The simulation of this sufficiently fine model is very time costly. With the
efficient reactive flow and transport simulator, PFLOTRAN [Mills et al., 2007], running in
ten processors, it takes about five hours to get the simulation results of the oil production
after 100 days. This amount of time is almost unaffordable for the MC simulation with
thousands of simulation runs.

To demonstrate the MLMC method in a reasonable time and without lose of generality,
our synthetic model has the following modifications: (1) the synthetic model is two di-
mensional but with the same spatial discretization as one layer of the fine grid tenth SPE
model, i.e., total 60 x 220 cells in a 365.76 x 670.56 m?* domain; (2) the permeability (k)
field of the synthetic model is taken from the first layer of the fine grid tenth SPE model
as shown in Figure 1 (a) and the porosity is treated as a constant with value of 0.1; (3)
to make the 2-D synthetic model physically reasonable, the injection rate of the central
injection well is revised as 62.90 barrels/day; and (4) the simulation time is reduced to
2 days since after about 2 days the oil production tends to be steady. With these sim-
plifications, one simulation takes about 150 seconds with PFLOTRAN running on one
processor, so a thousand simulation runs can be completely less than two days. This
amount of computational time is affordable for testing and demonstrating our MLMC
method for uncertainty quantification. The application of MLMC simulation on the 2-D

problem can be extended to a 3-D problem easily and straightforwardly.
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5.2. Application of the MLMC method

We are interested in investigating the influence of the permeability uncertainty on the
mass flow rate @ of production well P whose location is shown in Figure 1 (a). Specifically,
we want to estimate the expectation and the CDF of @) using the standard MC and the
MLMC methods.

We assume that the random permeability field log(k) is a Gaussian process whose mean
and covariance structure can be inferred from the 36 synthetic data regularly situated in
Figure 1 (b). Here we use the entire synthetic data set to infer the covariance structure
in the aim of capturing the spatial correlation of the log(k) field as accurate as possible.
The accurate spatial correlation is important in this study because we want to verify
our statement about the relation between the correlation length and the choice of the
coarsest level in MLMC. Based on the sample variograms shown in Figure 2, we consider
two variogram models, exponential (Exp) and spherical (Sph). Both models have two
parameters, sill and correlation length. They are estimated by fitting the variogram
models to the sample variograms through the least square estimation. As shown in Figure
2, the spherical model has better fits in both x- and y-directions than the exponential
model. Then based on the fitted spherical model and conditioned on the 36 synthetic
data, random realizations of permeability log(k) field are generated using the sequential
Gaussian simulation program (SGSIM) in GSLIB [Deutsch and Journel, 1998], where one
realization is shown in Figure 1 (c¢). The generated realizations differ from the synthetic
log(k) field in Figure 1 (a) but at the 36 locations with data available they are exactly
the same.

When using standard MC to estimate E[Q)] and F, the simulations are conducted at

the measurement scale with grid size M = 60 x 220 cells. When using MLMC, we set
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the highest level at the measurement scale and the lower levels have half number of grid
cells of its preceding higher level in both x- and y-directions, i.e., My,_; = (1/2)*M, for
¢ > 1. The coarsest level M, is chosen as its cell length hg smaller than the correlation
length A. Based on the fitted spherical model in Figure 2, the correlation length in x-
and y-directions are A\, = 217m and A, = 114m, respectively. So the coarsest level grid
has 2 cells in x-direction with cell length hg, = 182.88m < A, and 7 cells in y-direction
with cell length hg, = 95.79m < A,. In this setting, total six levels (level £ =0, 1,...5) are
defined in Figure 3. For simulations on the levels £ < 5 the generated permeability field is
upscaled using the simple average method. More advanced upscaling methods as reviewed
in Wen and Gémez-Hernandez [1996] can be used and they are expected to improved the
MLMC efficiency further, but this topic is out of the scope of this study and is deemed
to pursue in future.

The coarsest level is chosen as hy < A because as the grid coarsened further when the
cell length hg is greater than the correlation length A, the variance V[Y;] at certain ¢ will
be greater than V[Q,,], making the inclusion of lower levels meaningless with respect to
computational efficiency. For example, we consider two cases, Case I with hy < A and
Case II with hg > A. In Case I the coarsest level has grid 2 x 7 and it has total six levels
as shown in Figure 3. In Case II the coarsest level has grid 1 x 4 which is one level coarser
than Case 1. So Case II has total seven levels with the six higher levels the same as Case
I. The behavior of the variance V[Q),] and V[Y,] for all the six levels in Case I and the
seven levels in Case II are plotted in Figure 4 (a) and (b), respectively.

Figure 4 (a) indicates that V[Q,| is approximately constant on all levels, numeri-
cally verifying the assumption V[Qo] ~ V[Qy] we made above equation (13). The

variance V[Y;] decreases as the level ¢ increases and the decay rate § is about 0.3,
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which is estimated as minus half of the slope of line log,V[Y;] according to relation
V[Yy] = esM;? = ¢5(22My)~?. In comparison of V[Q,] and V[Y;], Figure 4 (a) indi-
cates that the two values get closer as the level decreases, i.e., as the grid cell length
increases. It seems that when the cell length increases further, the two lines will eventu-
ally cross and V[Yy] will be larger than V[Q,]. This situation is observed in Figure 4 (b)
of Case II with the grid coarsening one more level and the cell length hy > A. In Figure
4 (b), at level £ = 1, V[Y;] > V[Q/] = V[Qu], suggesting that further coarsening from
this level is helpless in improving computational efficiency. Also, when hg > A, at level
¢ = 0 the variance V[Q,] ceases to be constant and V[Qo] is actually greater than V[Q,]
for ¢ > 0.

Note that not all the six levels defined in Figure 3 are needed for MLMC to achieve a
desired accuracy. For a low RMSE accuracy requirement with large € value, the needed
highest level L for convergence in Algorithm I may be smaller than the defined highest
level 5. More discussion about the relation between € and L is presented in Section 6.1.

The v value in calculation of N, is estimated based on relation Cy;, = co M, = c5(22*M,)?
where the cost Cy, is measured using the computational time simulated at level M,. As
shown in Figure 5, the estimated 7 is about 0.9, half of the slope of the time increasing
line. In this study the estimated v > (3, i.e., the computational cost Cy, increases faster

than the variance V[Y;] decays, suggesting that the cost in the higher levels is dominant.

6. Results and Discussions

In this section, we compare the results of MLMC with those of standard MC in esti-
mating the expectation of @ and the CDF of log(Q). log(Q) is used in estimation of CDF
because the range of () samples is very wide and a large portion of samples are close to

zero. All the simulations are conducted with the computer code PFLOTRAN running on
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one processor. Computational efficiency of MLMC is evaluated from two perspectives: (1)
the computational time required to obtain an estimate of E[Q] and F' within a prescribed
accuracy, and (2) the accuracy of the estimated E[Q] and F' for a given amount of time.
These two criteria are complementary in that the first criterion is for the situation when a
specific accuracy is required and a large amount of computational time is affordable while
the second criterion when limited amount of time is affordable and the accuracy is not a

serious concern.

6.1. Estimation of the expectation

We first illustrate the algorithm using MLMC to estimate E[Q]. Figure 6 depicts the
number of levels and the number of samples N, at each level required for the MLMC
expectation estimator to achieve RMSE accuracy ¢ = 0.3,0.2,0.1,and 0.05. The figure
indicates that for higher accuracy requirement with smaller £ values, more levels are
needed and each level needs a larger number of samples for convergence. For example,
when ¢ = 0.3, only three levels are sufficient and the number of samples at the highest
level L = 2 is just 220; when ¢ = 0.05, all the six levels are needed and the number
of samples at the highest level L = 5 increases significantly to 1832. In addition, we
note that for a certain ¢ the N, decreases as the level ¢ increases and the decrease rate
is about a constant independent of the accuracy €. Equation (16) indicates that the
decrease rate of N, relies on the variance decay rate § and the cost increase rate v as
Ny x \/W x Mg(_ﬁ N2, Larger 8 and ~ values cause faster decay of N, resulting
in larger computational efficiency. This conclusion is consistent with the discussion in
Section 3.2.2.

We now evaluate the computational efficiency of the MLMC estimator from the two

perspectives. Figure 7 plots the RMSE and the computational time for the standard MC
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and the MLMC estimators. We compare (1) the computational time of the two estimators
with the RMSE fixed at 0.2, 0.1, and 0.05, and (2) their RMSEs with the time fixed at 25,
50, and 100 hours. The comparison results are summarized in Table 1. Table 1 indicates
that to achieve the same RMSE, MLMC needs significantly less computational time, and
the time savings on average are about 90%. For example, for RMSE=0.1, in comparison
with the 177.49 hours of standard MC, the time for MLMC is just 15.64 hours with cost
savings more than 90%. On the other hand, for the same computational time, MLMC
can achieve higher accuracy with smaller RMSEs than standard MC, and the accuracy
improvement on average is more than 60%. For example, within 100 hours, the RMSE of
the standard MC estimator is about 0.158, but for MLMC the RMSE reduces to 0.061.
The two comparison suggests that MLMC is more efficient in estimating the expectation
than standard MC.

We explore reasons of high computational efficiency in the MLMC estimator from two
aspects, the computational cost in each level and the increase of estimation accuracy with
inclusion of more levels. Take the results for e = 0.05 as an example, Figure 8 (a) plots the
time for one sample run and the required number of samples at all the six levels. The figure
shows that as the level increases and the grid resolution gets finer, the required time for
one sample run increases (the red solid line), but in the meantime the required number
of samples decreases (the dashed blue line). This suggests that MLMC puts the right
effort where it is needed, i.e., most of model executions conducted on the computationally
frugal coarse grids (lower levels) and just a few on the computationally expensive fine grids
(higher levels). In this way, the total computational time is significantly saved compared
to standard MC which spends all its effort on the computationally most expensive finest

grid. Though with less computational time, MLMC can achieve the similar estimation
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as standard MC because it considers the estimates on a sequence of grids so that the
less accurate estimates on the preceding coarser grids can be sequentially corrected by
estimates on the following finer grids. Figure 8 (b) illustrates how the MLMC estimate

gets closer to the standard MC estimate as more levels included.

6.2. Estimation of the CDF

We first illustrate Algorithm IT using MLMC to estimate the CDF of log(Q). To assess
the accuracy of our Algorithm II, the actually calculated RMSE of the MLMC estimator
is compared with the desired accuracy €. Here we take the standard MC results with
50000 samples simulated on measurement scale as a reference, and evaluate the MLMC
estimator at five desired accuracy, € = 0.05,0.04,0.03,0.02, and 0.01. Figure 9 shows the
estimated CDF of log(Q) based on 1000 samples simulated on the six levels. The figure
indicates that the estimated CDF from the coarsest level samples )y deviates from the
reference the most, suggesting that the determination of estimation interval and ¢ values
using the samples of the coarsest level may not be accurate. The estimated CDF based
on the 1000 samples Q5 of the highest level is very close to the reference, indicating that
the suggested samples in Steps 1 and 2 of Algorithm II are reasonable in this study. We
then, based on the 1000 samples of @5, choose the estimation interval as [—3, 5] since the
CDF values beyond this interval are almost zero, and determine the ¢ values for different
€ requirement.

The calculation of § requires r in the smoothing function to be determined first. Since
r is typically unknown in practice and currently there is no theory about the optimal
choice of r, here we choose a range of r, r = 3,5,7,9,and 11, to illustrate its impact on
J. Figure 10 (a) plots 0 values for the range of  at the five ¢ accuracy requirement. The

figure shows that for a large r value, i.e., constructing the smoothing function with a high
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degree polynomial, the § value is large, and this is true for all . Though different ¢ values
are resulted, the calculated smoothing errors for the range of r are close to each other and
all meet the accuracy requirement, as shown in Figure 10 (b). The calculated smoothing
errors are not exactly equal to the error bound due to the numerical error in calculation
of § based on equation (24).

A large 0 produced by a large r results in a relatively small variance of ijt. Figure
11 (a) shows V[V/] = HV[Y&] HOO for r = 3 (the solid red line), and the relative variance
reductions of r = 5,7,9, 11 compared to r = 3 (the dashed blue lines). The figure indicates
that V[th] decays with levels and for larger r values, the decay is faster and the variance
at each level is smaller. The smaller variance and faster decay suggest that a smaller
number of samples are needed at each level and with the level increases, the required
number of samples decreases faster. Thus, when using the smoothing function of r = 11,
MLMC needs less time to achieve the same ¢ accuracy compared to the case when r = 3,
as shown in Figure 11 (b). Since the parameters used in Algorithm II are determined by
limiting the errors smaller than their corresponding required accuracy bounds, the actual
RMSE of the MLMC estimator is smaller than the ¢ demand. Figure 11 (c) plots the ratio
of calculated RMSE and the desired accuracy ¢ for the range of r. The figure indicates
that the ratio is below one regardless of r.

To sum up, the above analysis suggests the following: (1) Algorithm II can be reasonably
and efficiently used for CDF estimation. Especially, the way we proposed to calculate
J significantly improves the computational efficiency. For example, Giles et al. [2014]
calculated ¢ as 6 = e/ +Y_ which gives 6 = 0.68 for ¢ = 0.01 and » = 11. This value is
much smaller than our § of 3.89 for the same situation as shown in Figure 10 (a). As a

result, for their small ¢ value, it requires 553 hours to achieve ¢ = 0.01, whereas our larger
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d only requires 163 hours for the same accuracy demand (Figure 11 (b)), resulting in
more than three times computational efficiency improvement. (2) For the same e, MLMC
requires less time for a large r.

However, no matter what r value is, the MLMC estimator with smoothing is more
efficient than the standard MC. Take r = 3 for example, Figure 12 shows that the time
used by standard MC is significantly more than that used by MLMC to achieve a certain
accuracy €. For r = 11, the computational efficiency improvement of MLMC is more
outstanding. As shown in Table 2, with the RMSE fixed at 0.03, 0.02, and 0.01, the time
saving of MLMC with r = 3 over standard MC is on average about 86.1% and for r = 11
the averaged time saving is about 88.3%. This is also observed when we compared the
RMSE with time fixed. For example, with time of 25, 100, and 150 hours, Table 2 shows
that MLMC with » = 3 can improve the accuracy on average about 43.7% and for r = 11
the averaged accuracy improvement is about 48%.

Thus, due to the computational efficiency, for a limited time the MLMC estimator can
capture the main features of the true CDF, whereas the standard MC estimator may
deviate from the true CDF a lot. For example, as shown in Figure 13 (a), with only 0.2
hours, the estimated CDF of MLMC with » = 3 is close to the reference with a small
RMSE of 0.05, but with the same time the estimated CDF by standard MC differs from
the reference dramatically with RMSE about 0.45. The reason is that, this small amount
of time can only simulate five samples in standard MC case, but it can generate 968,
501, and 176 samples for the first three levels, respectively in MLMC and this number
of samples is enough to capture the main features of the underlying CDF. As shown in
Figure 9, 1000 samples of (), from level two can mimic the shape of the reference CDF very

well. On the other hand, with a large amount of time affordable, both standard MC and
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MLMC can make a equally good estimation, but MLMC estimator needs a significantly
fewer time. As shown in Figure 13 (b), the estimated CDFs of standard MC and MLMC
are equally well, both are close enough to the reference. But to attain the same accuracy,

MLMC estimator needs only 195.45 hours while standard MC needs 560.83 hours.

7. Summaries and Conclusions

This paper presents a multilevel Monte Carlo method to improve computational effi-
ciency of uncertainty quantification. MLMC is a variance reduction technique for the
standard MC. It improves computational efficiency by conducting simulations on a geo-
metric sequence of grids, a larger number of simulations on coarse grids and fewer simu-
lations on fine grids. Thus, this study tackles a challenging problem of the prohibitively
large computational cost in uncertainty quantification for large-scale applications with
high dimensional parameter spaces.

The MLMC method was first applied in a reservoir model to estimate the expectation
of mass flow rate in a production well. In the estimation of expectation, the MLMC
estimator can achieve the same accuracy as the standard MC, but requires dramatically
less computational time with time savings on average about 90%. For the same compu-
tational time, MLMC can obtain higher accuracy than the standard MC with accuracy
improvement on average more than 60%.

We then proposed an algorithm using MLMC to estimate the distribution function.
The numerical results in the reservoir simulation show that our algorithm is efficient
and reliable in achieving the desired accuracy. With this algorithm, to achieve the same
accuracy as the standard MC, MLMC can obtain time savings about 88%. For the same

time requirement, MLMC can improve accuracy of CDF estimation about 48%. And
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within a very few computational time, MLMC estimator can capture the main features
of the distribution.

The MLMC method is model independent and can be applied in environmental mod-
eling and many other fields. The underlying multilevel concept is flexible to be used to-
gether with other sampling techniques such as stratified sampling and quasi Monte Carlo
methods to further improve computational efficiency. To construct the multiple levels,
it can use a geometric sequence of grids spatially or a geometric sequence of different
timesteps temporally. Moreover, there was not special restriction in discretizing the grids
and timesteps. Provided a suitable hierarchy of levels can be constructed, the MLMC
estimator is expected to perform equally well on nonuniform and anisotropic problems as
the uniform and isotropic ones.

The key for MLMC to improve computational efficiency is that the variance V[Y;] has
a meaningful decay compared to V[Qy]. For a highly heterogeneous problem with very
small correlation length, the use of MLMC may barely obtain computational savings. For
these problems, using a smoother approximation of the random field may be a solution,
e.g., using the Karhunen-Loeéve (KL) expansion to generate random field realizations and

truncating the KL-expansion to a few terms.
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Table 1. Comparison of computational efficiency between standard MC and MLMC in

estimating expectation.

Compare computational time for a fixed RMSE

RMSE 02 01 005

Time (h) (MC) 44.38  177.49 709.92
Time (h) (MLMC) 1.35  15.64 124.34
Time saving of MLMC (%) 06.96% 91.19% 82.49%

Compare RMSE for a fixed time

Time (h) 25 50 100
RMSE (MC) 0279  0.196  0.158
RMSE (MLMC) 0.096 0.084  0.061

Accuracy improvement of MLMC (%) 65.67% 57.00% 61.32%

Time saving of MLMC is calculated as (Timenc — Timenpac)/Timeyc x 100%.

Accuracy improvement of MLMC is calculated as (RM SEpc—RMSEnpye)/ RMSEyex100%.
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Table 2. Comparison of computational efficiency between standard MC and MLMC in

(table2} estimating CDF.

Compare computational time for a fixed RMSE

RMSE 0.03 0.02 0.01

Time (h) (MC) 49.66 12920 560.83

Time (h) (MLMC (r=3)) 162 461 195.45
Time (h) (MLMC (r=11)) 145 397 163.23
Time saving of MLMC (r=3) (%) 96.75% 96.43% 65.15%
Time saving of MLMC (r=11) (%) 97.07% 96.93% 70.89%

Compare RMSE for a fixed time

Time (h) 25 100 150
RMSE (MC) 0.0449 0.0237 0.0195
RMSE (MLMC (r=3)) 0.0189 0.0150 0.0124
RMSE (MLMC (1=11)) 0.0187 0.0140 0.0108

Accuracy improvement of MLMC (r=3) (%) 57.83% 36.64% 36.57%

Accuracy improvement of MLMC (r=11) (%) 58.40% 41.00% 44.52%

Time saving of MLMC is calculated as (Timeyc — Timenpyc)/Timeyc x 100%.
Accuracy improvement of MLMC is calculated as (RM SEpc—RMSEypye)/ RMS Eyex100%.
MLMC (r=3) means when using MLMC to estimate CDF, the smoothing function is constructed

with r equal to 3.
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(b) 36 Sample data

(a) True log(k)

o o e o 12
12
125
. °
-13
-13
14 ¢ 135
15 e o o <18
-145
~18 ° ° °
-15
17
e o ° 455

(c) One realization

(a) True log permeability field log(k); I represents the injection well and P is the

production well. (b) Locations of 36 sample data drawn from (a); conditioning on these samples,

the realizations of random log(k) field are generated. (c¢) An example of one realization of random

log(k) field.

DRAFT

August 19, 2014, 10:55pm

DRAFT

{TrueK}



X - 42 D. LU, ET AL.: MULTILEVEL MONTE CARLO METHOD IN OIL RESERVOIR SIMULATION

1.5

e Sampled
= = = Exp model
1} === Sph model

Variogram (x direction)

O ! ! ! ! ! ! !
0O 40 80 120 160 200 240 280 320
Distance

1.5

Variogram (y direction)

O ! ! ! ! ! ! !
0O 20 40 60 80 100 120 140 160
Distance

Figure 2. Sampled and fitted variograms with exponential (Exp) and spherical (Sph) models

{Gamit} 1D X- and y-directions based on all synthetic permeability log(k) data.
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Level 0, Grid 2x 7 Level 1, Grid 4x 14 Level 2, Grid 8x 28

Level 3, Grid 15x55

»

Figure 3. Grid size of different level grids used in MLMC. The highest level grid (level 5) has

the same size at the measurement scale. {Levels}
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Figure 4. Plots of V[Q,] and V[Y;] = V[Q; — Q,—1] for each level £ when (a) hy < A and (b)
ho > X where hq is the cell length of the coarsest level grid and A is the correlation length of the

ar_decay) DPermeability field.
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Figure 5. Relation between the time used to compute one sample on level ¢ and the level /.

The slope is roughly 1.8, indicating the increase rate of cost v ~ 0.9. {Gamma)
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Figure 6. For a certain RMSE accuracy ¢, the number of levels needed for convergence and

(y the number of samples N, used in each level in E[Q)] estimation with MLMC.
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Figure 7. Achieved RMSE and used computational time by standard MC and MLMC in esti-

mation of E[Q]. Table 1 lists the comparison of computational time between the two estimators

for fixed RMSE, and the comparison of RMSE for fixed time. {Expectat:
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(a) Time for one sample run (red solid line corresponds to left y-axis) and the required

number of samples (blue dashed line corresponds to right y-axis) at the six levels of MLMC; (b)

MLMC estimates of E[Q] with considering different number of levels, and the standard MC

estimate of E[Q)].
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Figure 9. Estimated CDF Fj,,) based on 1000 samples simulated on the six levels. The

reference CDF estimate is based on 50000 samples simulated on the highest level grid. {cDFO}
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Figure 10. (a) Calculated 0 for a range of r at five desired accuracy . (b) The smoothing
errors of smoothing functions constructed with different r; the dashed black line is the accuracy

{Delta} requirement of smoothing error, i.e., error upper bound.
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Figure 11. (a) Variance V[V/] = HV[th]”OO decay with levels for r = 3 (red solid line
corresponds to left y-axis) and the relative variance reduction (%) of » =5,7,9,11 compared to
r = 3 (blue dashed lines correspond to right y-axis). (b) Compuational time used for MLMC

with 7 = 3 to achieve desired accuracy ¢ and the relative time savings (%) of r = 5,7,9,11

compared to r = 3. (c¢) The ratio of calculated RMSE and desired accuracy ¢ for a range of r.
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Figure 12. Achieved RMSE and used computational time of standard MC and MLMC for

CDF estimation. Table 2 lists the comparison of computational time between the two estimators

cor_ruse}  for fixed RMSE, and the comparison of RMSE for fixed time.
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Figure 13. Comparison of estimated CDFs between the standard MC and MLMC when (a)
computational time is 0.2 hours and (b) the accuracy requirement ¢ is 0.01. In (a), for the same
time, the RMSE of standard MC is 0.45 but for MLMC is only 0.05; in (b), for the same desired

accuracy, the time of standard MC is 560.83 hours but for MLMC is only 195.45 hours. {CDF}
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