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Summary

We’ve derived and developed new fast O(N) algorithms based on multiresolution and separated representations of homogeneous weakly singular operators in three and higher dimensions.  These representations have been applied to computational chemistry and physics applications.  Fundamental techniques were developed for approximation and representation of separated form of functions and operators, and its regularization, up to arbitrary but finite precision, that is compatible with multiwavelet representation of operators.

Homogeneous singular operators are ubiquitous in problems of physics.  The Hilbert transform and the Coulomb kernel are just some of the important examples with wide ranges of applications in computational chemistry, computational electromagnetics and fluid dynamics.

Theoretically, it has been clear for some time that a multiresolution representation of homogeneous operators should lead to useful numerical algorithms.  However, the straightforward transition from one spatial dimension to three dimensions and beyond yields algorithms which are too time consuming for practical high precision applications.
We’ve recently develop a multiresolution approach using a new separable representation of Green functions in conjunction with multiwavelet bases.
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Figure 1. Projection of one of the singular kernels, numerically regularized, for the projector on divergence-free functions using 4 multiwavelets.

In particular, we constructed and used a separable representation for the Green’s function for the Poisson and the bound-state Helmholtz equations, as well as the projector on divergence-free functions. These constructions combined with multi-resolution multiwavelet representations and a numerical regularization procedure make our approach practical and fast in three and higher dimensions.

The multiresolution analysis produces efficient representation of many functions and operators by separating the behavior at different lengths scales.  The non-standard representation removes interaction between scales.  Multiresolution with non-standard form provides coefficient truncation criteria which permits adaptive local refinement while enforcing global error criterion.  This form can be efficiently implemented on cache-based computer architectures.
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Figure 2. Adaptive grids are automatically generated for molecular orbital simulations. An orbital of benzene and a slice through that orbital are shown.

These new methodologies have been applied by Robert Harrison and his group (funded by SciDAC BES).  A prototype software implementation has been developed for parallel computers for density functional theory and Hartree-Fock energies, analytic derivatives with respect to atomic positions, and linear response theory for excited states.  This code has been applied to atoms as heavy as barium and many molecules comprising first, second and third elements.  Each simulation has been able to duplicate the most accurate result in the literature.  An example of the simulation for the methane molecule is displayed on Figure 2.

The successful demonstration of a basis free one-electron method based on multi-resolution analysis is a precursor to direct numerical solution of many electron problems.  Numerical solutions of two and many electron problems will require solutions of six and higher dimensional Schrödinger equation.  This a significant challenge since most algorithms are formulated for only up to three dimensions.  It is for these higher dimensional problems that we anticipate the benefits of our approach.  

This is a significant application in three and higher dimensions of multiwavelet bases for partial differential and integro-differential equations.  The close collaboration of mathematicians and computatational chemists has greatly benefited the application of new mathematics and numerical methods to practical applications.

For more information and for downloads please visit http://www.ornl.gov/~gif.
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