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Summary

Modeling of material breakdown evolution requires solution of a new set of governing linear system of equations every time a lattice bond is broken. We have developed a new algorithm based on a rank-one update of the matrix inverse, in which the computational complexity of solving a new set of linear system of equations after breaking a bond reduces to a simple backsolve operation using the already factored matrix. This algorithm using the direct sparse solver is faster than the available accelerated iterative solvers such as the preconditioned conjugate gradient (PCG) solver, and eliminates the critical slowing down associated with the iterative solvers that is especially severe close to the percolation critical point. 
Progressive damage evolution leading to failure of disordered quasi-brittle materials has been studied extensively using various types of discrete lattice models.  The essential features of discrete lattice models are disorder, elastic response characteristics, and a breaking rule for each of the bonds in the lattice. The disorder in the system is introduced by either random dilution of bonds or by randomly prescribing different elastic stiffness constants or breaking thresholds to each of the bonds in the lattice. The breaking of a bond occurs irreversibly when the applied field (stress, displacement, or current) across the bond exceeds the breaking threshold. Each time a bond is broken, the forces are redistributed and hence it is necessary to re-solve the equilibrium equations to determine the forces in the remaining bonds of the lattice. Therefore, numerical simulations leading to final breaking of lattice system network are very time consuming, especially with increasing lattice system size.  Since the response of the lattice system corresponds to a specific realization of random breaking thresholds, an ensemble averaging of numerical results over numerous configurations is necessary to obtain a realistic representation of the lattice system response. This further increases the computational time required for performing simulations on large lattice systems. develop an algorithm that significantly reduces the 

average computational time required to break one lattice configuration. 

We have developed an algorithm, which reduces the computational complexity of obtaining the solution after the a single fuse is burnt, to a backsolve using the already existent factorization of the stiffness matrix and sequential vector updates. The algorithm is based on the Sherman-Morrison-Woodbury formula for obtaining the inverse of the new stiffness matrix (after the new fuse is burnt) from the old stiffness matrix inverse through a rank-one update. Because the inverse of the stiffness matrix is usually not explicitly calculated, the algorithm in requires a backsolve using the already existent factored matrix and a sequence of rank-one updates. The backsolve operation is further simplified by the fact that it is performed on a trivial right hand side vector and hence the solution can be obtained relatively quickly. Numerical simulation results using random resistor networks show that the present algorithm is computationally superior to the commonly used state-of-the-art Fourier accelerated preconditioned conjugate gradient iterative solvers. The average relative speed-up of our algorithm for large lattices is 10 fold. Furthermore, the new algorithm completely eliminates the critical slowing down observed in fracture simulations using the conventional iterative schemes. 

For very large lattice systems with large number of system of equations, this methodology is especially advantageous as the factorization of the system of equations can be performed using a parallel implementation on multiple processors.  Subsequently, this factored decomposition can then be distributed to each of the processors to continue with independent fracture simulations that only require less intensive backsolve operations. This technique is particularly advantageous for investigating the effects of various disorders on material fracture characteristics. In these problems, statistically significant sample and ensemble averaging of numerical results is required for physical interpretation of the results. The research findings and the developed algorithm have been presented at the 2003 SIAM Conference on Applications of Dynamical Systems in Snowbird, Utah.
The combination of efficient numerical methods for the analysis of large systems and scaling laws is important for developing methods that incorporate multiple length and time scales in the analysis. The significance of the developed algorithm is that it will allow physicists and material scientists to consider larger lattice systems for modeling and analyzing fundamental properties of how do things break. Further developments will include extension of the developed algorithm to more complex lattice systems and bond breaking rules.
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