Refinement Calculus

Specification (schemas)
NY refinement
Design (schemas)
NN translation
Algorithm (abstract program)
NN refinement
Code (guarded commands)
N  translation

Code (programming language)

Jsing Z 19-3 Jsing Z 19-4
Specification statement Example
frame : [ precondition, postcondition ] available! : [ true, available! = free(0BoxOffice) ]
Jsing Z 19-5 Jsing Z 19-6
Guarded commands
Example

fla)*f(b) <0 -0.1<f(m) <0.1

a<b s a<m <b

do---od

begin - - - end
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Abort

abort = w: [ false, true]

Choose

choose w = w: [ true, true]
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Skip

skip = [ true, true]

Magic

magic = w: [ true, false]
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Refinement

If a program P is correctly refined by another program Q, then
we write P = Q: pronounced ‘P is refined by Q’.

PcQ AN QER => PcR
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Strengthen postcondition

Jsing Z 19-14

Example

fa)*xf(b) =0 —0.1<f(m)<0.1

m:
If a<b , as<sm <b
pre A post; = post
= (strengthen postcondition)
then
w:[pre, posti] = w:|[pre, post; ] f(a) * f(b) <0 —-0.01 < f(m’') <0.01
m:
a<bh , asm <b
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Example
Weaken precondition
f(a)xf(b) <0 -0.01 < f(m') <0.01
m:
If a<b , a<m <b
pre; = prep
= (weaken precondition)
then
w:[prey, post] = w:[prey, post] f(a) *f(b) <0 -0.01 < f(m') <0.01
m:
, a<m <b
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. Infeasible
Feasibility check
“(a) x f(b) <0 -0.01 < f(m') <0.01
pre=3X :X; y' :Y e post m: fla)«f f

, a<m <b
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Introduce local block

If x does not appear in w, then

w [ pre, post] = begin

var x: T | inv e
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Example

fla)xf(b) <0 -0.1<f(m)<0.1

a<b s a<m <b

= (introduce local block)

begin
w, X : [ pre, post ]
var x,y e
end
fla)*f(b) <0 -0.1<f(m)<0.1
X, y,m:
a<b , a<m <b
end
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Assignment introduction
If Example
pre = post[E/w',x/X"]
x:[true, X’ =x+1]lex:=x+1
then

w,X:[pre, post] = w:=E
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Skip introduction

If
pre = post[w/w’]
then

w: [ pre, post ] = skip
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Example

X,y:[x=5Ay=x3,x=5]

C skip

19-24
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Logical constants

19-25
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Example

begin
x=X X=X-Y o v [y— '
Xy S Xi=y X con Xex:[x=X,x">X]
y=Y, y =X end;
begin
begin con X : T e prog end con Xex:[x=X x">X]
end
19-27 19-28
Scope Angelic nondeterminism
begin begin con X e x:[x=X, x> X]end
con Xex:[x=X,X>X]; x:[x=X,x>X]
end begin con X e x: [ true, X’ > x]end
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Introduce logical constant
If Eliminate logical constant
pre; = (3C: T o prey)
If C occurs nowhere in prog, then
and C is a fresh name, then
begin
w: [ prep, post ] con C: T e prog S prog
begin end
= con C: T e w:][pres, post]

end
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C-style constants

begin
var pi:R | pi =22/7 e

end
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Sequential composition

w, X : [ pre, post ]

x: [ pre, mid]

w,x: [ mid[X/x,x/X"], post[X/x]]

19-32
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Sequential composition introduction

w, X : [ pre, post ]
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Example

x:[true, X' =x+2]

19-34

begin C (sequential composition introduction)
con X e
X e
c x: [ pre, mid]; con
w, X : [ mid[X/x,x/x"], post[X/x]] x:i[x=X,x' =x+1];
end x:[x=X+1,xX=X+2]
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Swapping the hard way

’

x,y:ltrue, x’ =y Ay =x]

= (sequential composition introduction)
con X1,Y1:7Z e
x,y:ltrue, X’ =x—-y Ay =x1; [<]
x=X-Y1 X =Y,

X,y , [t]
y=X1 ,yY =X

C (sequential composition introduction)
con X, Y e
x,y:ltrue,x =x-yry =yl;
XHNN\M\N X\HXN\%N
X,V ,
y=Y2 , y=X
= (assignment introduction)

Xi=Xx-y

[<]

[$]
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Flattened
s ,y:[x=XAy=Y,x=YAy=X]
C (assignment introduction) =
yi=Xx+Yy begin con Xj, Y| :Z e
begin con X3,Y> e
t X:=Xx-Yy;
c (assignment introduction) yi=x+y
X:=y-x end -
X:=y—X
end
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Simple sequential composition
=
Xi=X-Y; If the predicates mid and post make no reference to before
Vi=x+y; variables, then
X:i=y-—X w, X : [ pre, post ]

= Xx:[pre, mid]; w,x:[mid[x/X"], post]
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Leading assignment

w, X : [ pre[E/x], post[E/x]]

= x:=E; w,x:|[pre, post]
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Following assignment

w, X : [ pre, post ]

= w:[pre post[E/X']]; x:=E
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C (strengthen postcondition)
V[ X<y, x<yAX =xAy =y]

C (skip introduction)

skip

C (strengthen postcondition)
XV:i[y<sx,y<xAX =yAy =x]
C (assignment introduction)

Xyi=y,X
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Conditional introduction
s If
Conditional statements
pre= (G1 vV G2 V...V Gp)
if Gy — com then
O G» — comp
if Gi > w:[Gy A pre, post ]
o G, — comy, O G» — w:[ G2 A pre, post |
fi w:[pre post] &=
O Gn — w:[ Gy A pre, post ]
fi
19-45 19-46
C (conditional introduction)
[ XSYAX =xAY =y
Example if x<y—xy: \Y [<]
X<y, Yy<XxAX =yAy =x
X<SYAX =XAY =Yy i XSVYAX =XAY =Yy
X N OYys<Xx—Xxy: v []
true, y <xAX =y Ay =x YEX,Y<XAX =yAYy =X)
fi
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T
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if x <y — skip
OYy<X—XY:=)X
fi

19-49
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Contract frame

w,Xx: [ pre, post] = w: [ pre, post[x/x']]
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Expand frame

w: [ pre, post] = w,x: [ pre, post A X' = x]

19-51

Iteration

do G1 — com
0o G, — comr

o Gp, — comy
od

Loop introduction

AGIwW Iw]

inv , inv[w'/w]

do

= G inv[w'/w]
inv,0<V[w/wl<V
od

19-

]
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Point at the target

i:[target € rans, s(i’) = target ]




begin
conl:1..#se
i:[s(I) = target, s(i') = target ]

19-55

19-56

i:[s(I) = target, s(I) = target N1 <I1];
i:[s(I) =target A1 <1, s(i") = target ]

s(i") = target

i:| s(I) = target s(I) = target

An integer array

ar: (l.n) - N

end
i<I , i <I
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do
s(i) # target — i:=1; do
s(I) = target s(I) = target s(i) + target —
i: i<I i"'<I i=i+1
s(i) # target ,0<I—1i <I—1i od
od
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Init = ar: [ true, ranar’ = {0} ]

Init = ar:[true, Vj:1l.near j=0]

zeroed(i,ar) = Vj:l.iearj=0




ar : [ true, zeroed(n, ar’) |
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C (simple sequential composition)

c
Jj,ar: [ true, zeroed(j' —1,ar’) 1; [<]
varjll<j<n+1le
jyar : [ zeroed(j — 1,ar), zeroed(n,ar’) | [1]
Jj,ar : [ true, zeroed(n,ar’) ]
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. . . U
C (assignment introduction)
C (strengthen postcondition)
Jji=1
Jj,ar: [ zeroed(j— 1,ar), zeroed(j’ —1,ar’) nj' =n+1]
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c (following assignment)
. e j#+n+1
c (loop introduction) ar - J “ [l
doj+n+l— zeroed(j — 1,ar) , zeroed(j,ar")
Ji=j+1

. Jj*+n+1
j,ar:
zeroed(j — 1,ar) ,

od

O<n—j'+1<n-j+1

zeroed(j' — 1,ar")

C (assignment introduction)

ar:=ar @ {j — 0}
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Init

=
begin
varjll<j<n+1le PROCEDURE Init ;
Jji=1; BEGIN
doj+n+1— FOR j := 1 TO n DO ar[j] := 0
ar := update(ar, j,0); END
Ji=j+1
od
end
Jsing Z 19-69 Ising Z 10070
Base conversion
Horner’s rule
10011100
127 +0%26+0%2°+1 %24+ a+ ap % Bt ayx B2t et ank
1423 +1%22+0%x2 +0%2° =
ap+Bx(a+PB*x(---Bx(an2+B*k(an-1+B*xay))---))
=128+16+8+4 1 2 n-2 n-1 n
=156
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Recurrence relation

Siyaix f = Hyp
where

Hpn = an
Hin=ai+ B *His1n fori<n

apdn-1...d2d;
d:[true,d =3 a;* 1]

d:[true,d =Hinl
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d:[true,d =H ]l

In

varj:l..ne
d,j:[true,d = Hinl

C (sequential composition introduction)
d,j:[true,d" = Hjnl;
d,j:[d=Hjn, d =Hn]

C (assignment introduction)

d,j:= an,n

[<]
[1]
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C (strengthen postcondition)
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Q.,\.“ ﬁ& = m\._:. a = m__: >,~; = Hg

C (strengthen postcondition)

&?\.;&HSS« d’ =HynNJj

1]
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C (loop introduction)
do
e ajt| 0 Vo (O S o
. o yJ J =11l J—=11
aji| T 0=T <) d = Hjn d' = Hyn
_ QHES_&\HE\.:

od
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C (leading assignment)
Ji=Jj-1;
) j*0 0<j <j
d,j: ,
d= m?L.: ’ a = i’ n
C (contract frame)
Jj=0 O0<j=<j
d= m?rr: ’ d = :,:_

d:

C (strengthen postcondition)
&”ﬁ.\ﬂo>&ﬂ~|¢+f:_&\”
C (strengthen postcondition)

&”ﬁ,\“‘uo>&Hm:r:_&\H

C (assignment introduction)

d:=a;+pxd

Sg.;ym *Ei.:g

aj+pxd]




begin
varj:l..ne
d,j:= an,n;
doj#1—
Ji=Jj-1;
d:i=aj+xx*xd
od
end
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PROCEDURE Translate ;
BEGIN
d := a[n]
FOR j := n DOWNTO 1 DO
d :=a[j] + x * d
END




