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The problem of a point force acting in an unbounded, three-dimensional, isotropic
elastic solid is considered. Kelvin solved this problem for homogeneous materials.
Here, the material is inhomogeneous; it is ‘functionally graded’. Specifically, the
solid is ‘exponentially graded’, which means that the Lamé moduli vary exponen-
tially in a given fixed direction. The solution for the Green’s function is obtained
by Fourier transforms, and consists of a singular part, given by the Kelvin solution,
plus a non-singular remainder. This grading term is not obtained in simple closed
form, but as single integrals over finite intervals of modified Bessel functions, and
double integrals over finite regions of elementary functions. Knowledge of this new
fundamental solution for graded materials permits the development of boundary-
integral methods for these technologically important inhomogeneous solids.

Keywords: Fundamental solutions, boundary element methods, functionally
graded materials, exponential grading
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1. Introduction

Lord Kelvin obtained the Green’s function G° for a three-dimensional homogeneous
isotropic elastic solid in 1848 (Love 1927, §130). This gives the displacement at a
point when a point-force is acting at another point. G is used widely as a ba-
sic ingredient in integral-equation methods for solving elastostatic boundary-value
problems.

Kelvin’s solution may be generalized in two directions. First, the elastic solid
could be anisotropic. In general, the three-dimensional Green’s function cannot then
be found in closed form, although it can be reduced to the evaluation of a single
integral over a finite interval; see (1.2) below. For references to the extensive litera-
ture on anisotropic Green’s functions, see Nakamura & Tanuma (1997), Ting & Lee
(1997) and Pan & Yuan (2000). The incorporation of anisotropic Green’s functions
into a boundary-integral analysis is described in the book by Schclar (1994).
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A second generalization is to consider inhomogeneous elastic solids. Very little
can be achieved, analytically, if the material properties are allowed to vary in a
smooth but arbitrary manner. For such media, it is usual to limit the analysis to
the construction of a ‘parametrix’ (Garabedian 1964, p. 168) or ‘Levi function’.
These may be regarded as ‘approximate Green’s functions’ formally, the Green’s
function G satisfies AG = §, whereas a Levi function L satisfies AL = § + R, where
R is a smooth ‘remainder’ and A is the governing differential operator. Recently,
Pomp (1998) has devised a numerical algorithm for constructing Levi functions with
a small remainder. Chapter 2 of his book gives a good review of the known methods
for finding Green’s functions when the governing partial differential equation has
variable coefficients.

Rather than looking for general techniques, we concentrate here on a specific
inhomogeneous material, one that has found application to functionally-graded ma-
terials. Thus, we assume that the material properties vary in a simple, explicit man-
ner. Here, we consider exponential variations, and suppose that the solid is isotropic
with Lamé moduli given by

AMx) =X oexp(28-x) and p(x) = po exp(26-x), (1.1)

where Ay and pug are constants, and 3 is a given constant vector. We say that
the solid is exponentially graded in the direction of 3. Evidently, Poisson’s ratio is
constant for such a solid.

We show first that the Green’s function G can be written as

G(z;x') = exp{—B- (@ + @)} {G°(w;2') + G/ (z;2) },

where G is the Kelvin solution, and the additional grading term GY is bounded. It
is given as a three-dimensional Fourier integral, and the main task is to evaluate this
integral. We show that it can be reduced to an explicit term, some single integrals
of modified Bessel functions over a finite interval, and some double integrals of
elementary functions over finite regions.

It is of interest to compare the calculation for an exponentially-graded but
isotropic material with that for a homogeneous but anisotropic material. In the lat-
ter, the Fourier integral over £ involves the vector r = & —x'. The integral simplifies
by choosing spherical polar coordinates with r along the polar axis. Moreover, the
integrand contains [Q(&)] ™!, where Qi¢(&) = Cijre&;&k and Cyjre are the constant
stiffnesses; thus, Q is homogeneous (Q(t€) = t*Q(&) for any t # 0), and this fact
simplifies the calculation. Specifically, we have

G

(2m)~° / Q&) exp(—ig -r) dé
(2m)7" / / £2[Q(E)] cos(€r cos ) € € dé

where r = |r|, £ = |€], £ = €€ and we have observed that both G and Q are real.
Using spherical polar coordinates (&, p, x), where ¢ = 0 is the polar axis, we have
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dé’ = sin ¢ dp dy whence

X —00

m X
G = (2n)7? lim S((p)/ cos(&r cos p) d€ sinp dy
0 0

1 .
. 1 osin(Xrp)
s, [ Steos 0 =S

dp,

where S(p) = ()2”[0(%')]*1 dx. Note that we have evaluated the integral over ¢ and

then put u = cos . The integral over u is known as a Dirichlet integral; its limiting
value as X — oo is 7S(0) (Knopp 1951, §49C, p. 365), whence

G = o plR@] " ax (12)

where the integral is taken around the unit circle, centred at the origin and lying
in the plane perpendicular to r. This derivation can be found on p. 412 of the book
by Synge (1957); other derivations (involving divergent integrals and generalized
functions) are available.

For the exponentially-graded material, we do not have homogeneity and we
have three distinguished directions, associated with &, » and 3. It turns out to be
advantageous to use spherical polar coordinates with 3 along the polar axis.

The assumption (1.1) is typical in the engineering literature devoted to func-
tionally graded materials (FGMs). The papers by Hirai (1995) and Markworth et
al. (1995), and the books by Suresh & Mortensen (1998) and Miyamoto et al. (1999),
provide a good overview of current FGM research.

A knowledge of G for an exponentially-graded elastic solid permits the treatment
of a variety of problems involving FGMs. For example, problems of stress analysis
can be solved using boundary integral equations. Previous work in this area includes
the papers by Shaw & Gipson (1995) and by Azis & Clements (2001); the latter
paper considers Lamé moduli proportional to (3+x + ¢)?, where ¢ is a constant.

Another class of problems concerns fracture mechanics. A review of crack prob-
lems in inhomogeneous media has been given by Erdogan (1998). Most work has
been devoted to two-dimensional problems with cracks aligned with the grading
direction; these limitations may be removed using the Green’s function derived be-
low. Propagating cracks can also be modelled effectively using boundary integral
equations. This approach is advantageous for two main reasons. First, the crack-tip
singularity can be incorporated readily, leading to very accurate stress-intensity
factors. Second, the re-meshing task is much simpler as the crack propagates.

2. Governing equations

Consider an anisotropic inhomogeneous elastic solid with stiffnesses ¢;jx¢ (), where
a typical point has position vector @ = (1, x2, x3) with respect to O, the origin of
Cartesian coordinates. The Green’s function G(x;x') satisfies

% {cijk((w) aac;;,:n} = _5im 6(‘1" - wl)a 7/ = 172737 (2]‘)
J

where 6;; is the Kronecker delta and d(x) is the three-dimensional Dirac delta. As
usual, G;j(z; 2') gives the i-th component of the displacement at @ due to a point
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force acting in the j-th direction at x'. Also, the usual condition, cijre = ceji,
ensures that G is symmetric,

Gij ((13; (13’) = Gji(a:'; :13) (22)
Evaluating the left-hand side of (2.1) gives

0*Gm ( 0 ) 0Gem

Oxj Oxy, G—:CJ-CUM @) Oy,

Cijre(T) = 6mb(x—2x'), i=1,2,3. (2.3)

We consider a particular inhomogeneous material in which the stiffnesses vary
exponentially, so that

cijie(x) = Cijre exp(26-x), (2.4)

where 8 = (81,02, 83) and Cjjpe and j; are given constants; the factor of 2 in the
exponent is inserted for later algebraic convenience. Hence

(a/axj)cijkg (:13) = 2Cijk€ ﬂj exp(Zﬁ :13) = Qﬂj Cijkt (:1}) (2.5)
and so (2.3) becomes

G G /
174 8xj 6$k + 2/6] Cl]lcl axk - _6zm exp(—?,@ * w) (5($ -z )

o
= —bim exp(—208-2')é(x—x') (2.6)

for i = 1,2,3. Note that we can replace the right-hand side of (2.6) by
—8im exp(—B-[pr + p'z']) d(x — '), (2.7)

where p and p' are any constants that satisfy the constraint p+p’ = 2; this flexibility
will be exploited soon.
We can write (2.6) as

0*Gm
Oxj Oxy,

+ 28 cijre(z') 8;;7[: = —mdlx—x'), i=1,2,3,

Cijre(z')

which we recognize as (2.3) with the variable coefficients ‘frozen’ at & = &', having
used (2.5). We remark that Pomp’s algorithm (1998, §2.4) begins by freezing the
coefficients of the second-order derivatives only.
Alternatively, we may work with (2.6) directly. We introduce G°, the Green’s
function for a homogeneous solid with constant stiffnesses Cjjre, defined by
20
Cijke gxfg;”k = —0imd(x—2'), i=1,23. (2.8)

Comparing these equations with (2.6) suggests writing

G(z;2') = exp(-28-2') {G’(z;2') + G'(z; ')}, (2.9)
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whence G' is found to satisfy

0%G! oG} oG
i m 23. i tm —9243. i m 21
gkt aiL“]' 8azk + ﬂj CJM aiL“k ﬂj CJM aiL“k ( 0)

for ¢« = 1,2,3. This is a system of three coupled second-order partial differential
equations, with constant coefficients. However, the decomposition (2.9) has a dis-
advantage: the symmetry property (2.2) is not inherited by G'. Thus, we change
the right-hand side of (2.6), using (2.7) with p = p' =1, giving

82 G(m aGém

.. - _ — ) — . ! —_ !
Cutt 5y A b exp{=B- (@ +2)} 6@~ ), (211)

and we replace (2.9) by
G(z;z') = exp{-B-(z +z')} {G°(z;2') + G'(z; )}, (2.12)
so that
G (z;2') = GY;(2'; ).

To find an equation for the grading term GY, we simply substitute (2.12) in (2.11),
making use of (2.8); the result is
82G?m g FPY AN 0 ol
C,'jkg W + Ly Glm(a:, T ) = —Ly G(m(a:, T ) (2.13)
for i = 1,2, 3, where the first-order differential operator L;,; is defined by

Li¢ = (Cijre — Cije)B;(0/0xr) — Cijne 3 Br-

3. Fourier transforms

We treat the system (2.13) using three-dimensional Fourier transforms, which we
define by

F{u} u(g) = /u(m) exp(i&-z)dez,

FH@) = ule) = @n)* [ () exp(-ig o) de,

Thus, we obtain

{Qie(&) + Bu(B,6)} G4, (& ') = —Bye(B,€) G, (& ),

where

Qie(§) = Cijne&i&e  and  Bie(8,€) = W(Cijre — Cinje) Bi&k + CijreB B
Note that if we define a complex vector v by v = & + i3, then

Qit + Bi¢ = CijreyiTe (3.1)
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where the overbar denotes complex conjugation: ¥ = £ —i3.
From (2.8), we have

Qit(€) G2y (& 2') = Giy exp(i - )
whence
G (&52') = Eun(B,€) exp(i&-a')
where
E(8.€) = —{Q(€) + B(8,6)} 'B(8,£) [Q€)] . (3.2)

Inverting the Fourier transform, we obtain
G/(@i') = (2m) " [ E(8,€) exp(-ir-)de (33)

where 7 = @ — @'. It remains to evaluate this three-dimensional integral over &.
We note a few properties of E. First, (2.2) implies that

Eij(B,€) = E;i(B,-€).

Second, as GY is real, we have

Third, as a useful check on calculations, we note that B(£,£) = Q(&), whence
E(€,€) = —3[Q)1

4. Isotropy
If the underlying homogeneous medium is isotropic, we have
Cijke = Xo0ij0re + pro (dirdje + 0iedjn)

where Ag and pg are the (constant) Lamé moduli. Note that Ag/po = 2v/(1 — 2v),
where v is Poisson’s ratio. From (2.4), the corresponding graded medium has Lamé
moduli given by

AMx) = Xo exp(2B-x) and p(x) = po exp(28-x),

and so it has the same constant Poisson’s ratio, v.
We readily obtain

Qic(&) = po {&0i + (1 — 2v) 164}
and
Q' (&) = (no€") ™ {20 — 21 — v)] 7 &},
where &2 = |€[?; see, for example, Mura (1982, eqn. (3.33)). Similarly,

Bie(B,€) = po {876 + (1 — 20) 7 [BiBe + (4v — 1)i (Bi&e — Be&i)]}
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where 32 = |8/
Let C =¢-B,a=(1-2v)"', k=(1—-v)"! and 0 = 4v — 1. Then, we find
that

BQY),,, = B0 + 3k&m(iacC — B°) + & Bbm
— o3& Bm + %nﬂgﬁm(ia£2 —aC)}. (4.1)
Using (3.1), we have
(Q +B)ij = po {7?8ij + 2vay; + 7ivs }
where v = ;7;. Then, using a general result given in Appendix A, we obtain
(Q+B);' = (u07*A)7 {Ad; — 366 (Y + 8v3%) — 158, Be(7* + 8v¢?)
+ $6&Be(8vC +i07?) + $68;6(8vC —ioy?) }, (4.2)
where C = &3 = £f cosb,
A= 42825+ p* and ¢=14+2vksin?6.
Then, a lengthy calculation, using (3.2), (4.1) and (4.2), gives
Eji(B,€) = —(uoy*€*A) " {€° B Adje + 3050} (4.3)
where

Qje(B,€) = A& & + BE;Be + BB + CB; By, (4.4)

A= +8v8%) — %A, B=—£48vC +i0~y?) and C =&(y? + 8ue?).

5. The triple integral

There are three vectors in the triple integral (3.3), namely, r, 8 and £&. We can
regard r and 3 as fixed, and integrate over £ using spherical polar coordinates.
From (4.3), we have

Ejo = Edj + Hjy, (5.1)
where
E = (uoy*¢®)™" and Hj = —%n(ug'y2§4A)_1sz.

Thus, there are two contributions to GY, coming from the two terms on the right-
hand side of (5.1); we consider them separately.

(a) The first term

We can easily evaluate the contribution due to E, using spherical polar coordi-
nates (&, p, x), with the polar axis (¢ = 0) in the direction of 7. Thus, we obtain

_ 2 e’} m
B —62 smfr
= uer )y €@+ ©
(o)t (1), (2)

using a standard contour-integral method for the &-integral.
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(b) The second term

The second term on the right-hand side of (5.1) is more complicated. In order
to treat this term, it is better to take 3 as defining the polar axis of spherical
coordinates (not r, as is commonly done). The reason for this choice is that we
have already introduced 6, the angle between € and 3 (-8 = {5 cosf), and this
angle appears in A and C.

Let n and m be any two mutually perpendicular unit vectors in the plane
perpendicular to 8. Let B = 383, so that {n,m,B} forms an orthonormal right-
handed triad. In terms of the global, fixed, Cartesian coordinates, we have n = (n;),
m = (m;) and 8 = (3;). For example, we can take

n =By "(8s,0,—p1) and m = (BB) " (—P1B2, B, —B2Ps)

provided fo = (82 + B3)1/2 # 0.
Let (&,6, ¢) be the spherical polar coordinates of the point at &€, so that

E-n=¢sinf cosgp, £-m =¢Esinf sing  and E-B = £ cosd.
Similarly, let (r,©, ®) be the spherical polar coordinates of the point at r, so that
ren=rsin® cos®, r.m=rsin® sin® and T-B =rcos 0.

Hence, putting X =rsin © and Z = rcos ©, we obtain
& =¢Xsin6 cos(p — D) + £Z cost.

The first step is to integrate over ¢. Extracting the dependence on ¢, we see
that Qj¢, defined by (4.4), can be written as

Qe = Q9 + QY cos g + Qb sin ¢ + Q2 cos 2¢ + O, sin 2¢

where
0% = LA(nng+mim)€sin® 0 + { A cos® 0 + (B+ B) C +CB*} By,
O = 3AWbe+ Bymo)e sin20 + (Bngfe +Bhyne) €55iné,
O = LAGm;B + Bymo)€ sin20 + (Bm; B, + Bime) €sin,
0, = LA —mym)€ sin®0,
B, = LA(yme+ mynoEsin®o.

Then, as we can integrate over any interval of length 27, we can use

/ o iEX sind cos (p—P) ( CF)szﬁ > d¢ = 27(—i)"J, (€X sin 6) < c9sn<I> ) ,

e sinng sin n®

where J,(w) is a Bessel function. Hence

™

Qjeexp (—ir -€) dg = 2me 7 {Ry(€,60) —iL;e(,0)},

-7
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where

Rji(&,0) = QY Jo(EX sinf) — [QF, cos 20 + ﬁ?z sin 2®] J, (X sin0)
and

I;e(€,0) = [}, cos @ + Q) sin @] J; (EX sin6).
Next, consider the integration over . As
Rje(é,m—0) = Rje(€,0) and  Ij(¢,m —6) = =[;(€,9),
we find that
/7r i Qjpexp(—ir-§) quﬁ do
A A

/2 —i€Z cos 0 sin 6
=4 {Rﬂ &,0) cos (£Z cosf) + Im {I]g &, 0)e }} —d9
0

which is evidently real. If we put
s;j =mn;cos® +m;sin®,
we see that

Im {Ijpe™ 7%} = Tm {I;} cos(éZ cos®) — Re {I;¢} sin(€£Z cos®)
{L(s;8 + B;s0)(26%q + 5*) B sin 26 sin(£Z cos )
— (s — Bs0)€* Bsin @ cos(€Z cosh) }&24% J1 (EX sin ),

which is an even function of &; R;, is also an even function of &.
Finally, consider the integration over . The order of integration can be inter-
changed (as the relevant integrals are absolutely convergent), and so we obtain

1 .
W/Hﬂ exp(—ir -£) d¢ = 87T2u0/ M;¢(6) sin6 dé, (5.3)
where
Mje(0) = l/oo {Rj¢ cos (£Z cos ) + Im (I, e™¢Z50)} d¢
je gt je Y
d¢
= el Z cos 0
= 5[ ®eriT) g

Explicitly, if we put

k=pZcosf = prcosf cos®, K =Xsinf = frsinf sin® > 0,

¢=pBz and D(z)=z*+22%¢+1,

Article submitted to Royal Society



10 P. A. Martin, J. D. Richardson, L. J. Gray and J. R. Berger

we can express M, as

2
M= M) + M) (5.4)
n=0
where
) _ 7 falz) JW(Kx) etk B
M;, _/700 @ +1) D) dz, n=0,2, (5.5)

M;;) = /O:o f18“)) Ji(Kz)e* dz  and ]W;p = /O:o f1§ﬂf) T (Kz) ek da.

D D(x)
Here, the integrands contain polynomials in x, defined by

fol) = {8vz* — (27 +1)(22°q + 1)} (njne + mjmy) sin® 6
+ {8vatsin? 0 + (¢ + 1)[2% — (22%q + 1) cos® 8]} 3,4,

filx) = —x3a(sng — ﬁjw) sin @,
filz) = - %i(s]’,@g + Bjsl)(2x2q + 1) sin 26,
fale) = —L8va — (¢ +1)(22°q + 1)]{n;(ng cos 2@ + my sin 2)

+ m;(nesin 2@ — my cos 2@) } sin® 6.

We have written M, as (5.4) because M ](?) are all even functions of k whereas

Z\fZﬁ) is an odd function of k. Hence, when we consider methods for evaluating My,
we can assume, without loss of generality, that

k>0 and K >0.

(¢) Evaluation of Mj,

Sometimes, we can evaluate integrals such as M ](17) directly using the calculus
of residues. For example, consider

fn(Z)Jn(Kz)eikz _
Bt yon e nm02

where [ is a closed contour in the complex z-plane to be chosen later. The integrand
has simple poles at

z ==%iys, s=0,1,2,

where

vo=1, y=\e+Ve-1, p=\Ve—Vi#-1

and ¢ = 1 + 2uksin? 6.

Article submitted to Royal Society



Ezponentially-graded elastic solids 11

Now, as z — 00, we have

1

() {(z*+1)D(z)} =0(z"?%), (n=0,2)

and J,(Kz) ~ {2/(xK)}? 271/2 cos (Kz — inm — im). This suggests that the

choice of method for evaluating M, will depend on the sign of
k — K = Brcos (6 + ©).

If k> K >0, we can take I' = Sgp U Lg, where Sg is a semi-circular contour
in the upper half of the z-plane, of radius R, and Lpg is a piece of the real axis.
There is no contribution from Sg as R — oo, because the exponential growth of
the Bessel functions is dominated by the exponential decay of e**. Proceeding in
the standard way, we calculate the residues at the three poles within I', and obtain

2
MY =211y MM, (iKy,) e e, n=0,2, (5.6)
s=0
where
(n) _ fa(i) (n) _ fn(iys) f —1.9:
M= ey M M S T oGy T

we have D(i) = —4vksin® @ and D' (iy,) = 4iys(q — y?) for s = 1,2.

The expression (5.6) is real, because fo(iy) and fa(iy) are real when y is real,
Jo(iy) = Ip(y) and Ja(iy) = —I2(y), where I, (w) is a modified Bessel function.
Similarly,

2 2
M) =27y MO Ky, e ™ and MY =2m1 Y MU (i y,) e,

s=1 s=1
(5.7)
where
Mgl) = fl (lys) and Mgl) = 7]"1(1:’}5) .
D’ (iys) D' (iys)

Note that the expressions (5.7) are real because fi (iy) and fi (iy) are pure imaginary
and Ji(iy) =il (y).

If 0 < k < K, the Bessel functions are dominant. There are some standard
tricks for dealing with such situations. One involves the identity

Jn(Kz) =1 {H,(Ll)(Kz) +H (Kz)} , (5.8)

where Hr(ll)(w) and HY (w) are Hankel functions. (This is analogous to writing
cosz = £(e** 4+ e7'%).) However, methods based on (5.8) seem to fail here.

Instead, we proceed indirectly, and use a method suggested by Watson (1944,
p. 425) in which the Bessel function is replaced by one of its integral representations;
for even n, we choose

2 71'/2
Jn(Kx) = ;/ cos (K sinn) cosnndn.
0
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If we substitute this expression in (5.5) and interchange the order of integration,
we obtain

MY =My +M_, n=0,2,

where

L © @) e
M. = — n iz(k+K sinn) .
=2 [ e dedn

7r -
The two inner integrals over z are easily evaluated by residues. As k + K sinn > 0,
we can always evaluate M, using a semi-circular contour in the upper half-plane.

However, k — K sinn will change sign if k¥ < K.
As a check, suppose first that £ > K > 0. Then, we obtain

2 w/2
My =2i Z M) kv / e TRV cosnnds. (5.9)
s=0 0
When these are combined, using
(5.10)

w/2
2/ cosh (Kys sinn) cosnndny = #wi" I,,(Kys), n even,
0

we recover (5.6).
Suppose, now, that 0 < k < K. Define ny by k = K sinng, with 0 < np < %w.

Then
1 [ o fn(x) R
M_ = = n iz(k—K sinn)
- /0 cos 7”7/7 @@ +1)D( e dx dn

D
1 w/2 oo fn(x) . )
- 71w(Ks1n777k)d dn.
" w/no o | 5w o

Evaluate the first z-integral as before, and evaluate the second z-integral using a
semi-circular contour in the lower half-plane. As f,,(x) and D(z) are even functions

of x, we find that

7o
{e_kyS/ efvssinn cosppdp
0

w/2 .
/ e~ Kyssinm cognp dn}
7

0

2
M- o= 2y MM
s=0
+ ekvs
2

w/2 .
= QiZMgn){e_’””S/ eKvssinm cospy dn
0

s=0

w/2
—|—2/ sinh (ys[k — K sinn]) cosm)dn}.

10
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The first integral on the right-hand side is exactly the same as in (5.9), obtained
there when k£ > K. Thus, for any non-negative choices of k and K, we have

2
My = 27riZM§”){e’“ySi”In(Kys)
s=0
2 7I'/2
+—H(K - k)/ sinh (ys[k — K sinn)]) cosnndn}, (5.11)
™

Tlo

where H(z) is the Heaviside unit function and n =0, 2.
Similar calculations succeed for Mﬁ) and Mﬁ). We use

2 71'/2
Ji(Kz) = —/ sin (Kx sinn) sinndn.
T Jo
If k> K >0, we recover (5.7), making use of
w/2
2/ sinh (Ky,sinn) sinndn = nl; (Kys). (5.12)
0

If 0 < k < K, we obtain

2
>y Mgl>{—ekys L (Kys,)
s=1

% (K — k) /ﬁ/2 cosh (ys[k — K sinn)) sinndn}. (5.13)

7o

There is an identical formula for ]\’;I/ﬁ): replace MS) with /\7&1)

The remaining integrals in (5.11) and (5.13) cannot be evaluated in closed form.
However, we have succeeded in replacing infinite integrals of Bessel functions by
finite integrals of exponentials.

We now collect up the results for M, and substitute in (5.3
the fact that & will be negative when 37 < © < 7. Let 6,, = |
by |k| = K sinny,, with 0 < 5, < 7. Then, we obtain

), taking account of
% ®|. Define 7y,

/Hjeexp(—ir-i) (;f)g = ;jf)ZZ/ RV (9) e~ FIvs I, (Ky,) sinf d

s=0 n=0

w/2 w/2
- 3 Zu Z R sing sinh ¥, dn d6
™ o
+ 27r2,u Z/ R s1n6/ sinh ¥, cos 2ndndé
0
+ 27r2,u Z/ R(l) s1n6/ cosh ¥y sinndndd,
0
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14 P. A. Martin, J. D. Richardson, L. J. Gray and J. R. Berger

where

V. (0,n) = ys(|k| — Ksinn) = Ky,(sinn, — sinn),

RO =iM®, RP =-iMP, s=0,1,2%

R(()l) =0, RM =— (M§1> + Mng sgn(k)) , s=1,2.
In these formulas, Rgn), Rgn), k, K, y1, y2 and n,, all depend on 6. All of the
integrals are real.

Eight double integrals remain, but this number can be reduced to six, using
cos2n = 2cos?n — 1 and an integration by parts:

w/2 2 2 w/2 w/2
/ sinh Uy cos2ndn = €08 _ —/ cosh Uy sinndn —/ sinh ¥, dn.
n

m Kys Kys m

6. Discussion and conclusion

The Green’s function (or fundamental solution) for an exponentially-graded elastic
solid can be written as

G(z;z') = exp{~B+ (z + ')} {G°(w;2') + G (x;a")},

where G° is the Kelvin solution and the vector 3 gives the grading direction and
magnitude. We have shown that the triple Fourier integral defining GY can be
reduced to: an explicit term, given by (5.2); finite single integrals of modified Bessel
functions; and finite double integrals of elementary functions. As this grading term
GY is bounded as |z — x'| — 0 (the singularity is contained within the Kelvin
solution), having it available only as a computable quantity is not an impediment
for a boundary-integral implementation.

Given that we have to evaluate some double integrals, it may be preferable,
computationally, to replace the modified Bessel functions I,, by their integral rep-
resentations, (5.10) or (5.12).

Alternatively, we can express the double integrals as infinite series of single
integrals, using

(oo}
cosh (Ky, sinng) = Io(Kys) +2 > _(=1)"Ton(Kys) cos2ni

n=1

and

(oo}
sinh (Kys sing) =2 (=1)"Iany1 (Kys) sin (2n + 1),

n=0

as these Fourier expansions make the n-integrals trivial. However, this is unlikely
to yield a good computational strategy.

A second alternative is to use the Bauer expansion for the exponential in (3.3),
namely

exp(—ir-€) = 4r 3 (=)"ju(er) S V@) V),

n=0 m=—n
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where j, is a spherical Bessel function and Y, is a spherical harmonic (Watson
1944, §11.5). This expansion separates the dependence on &, 6 and ¢. Moreover, the
¢-integral is simple, and shows that only those values of m with |m| < 2 contribute.
The subsequent integrals are of the form

/oo /ﬂg(fﬂ)jn(fr)Pé”(0059)d9d£, n=0,12,...,
0 0

where g is known and P is an associated Legendre function. These integrals seem
to be very complicated, so we did not pursue this approach further.

Further work is needed in order to devise efficient numerical algorithms for the
evaluation of the remaining integrals defining GY. This work is in progress.
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ment of Energy, under contract DE-AC05-000R 22725 with UT-Battelle, LLC. J. R. Berger
was supported in part by an appointment to the US Department of Energy Faculty Re-
search Participation Program at ORNL, administered by the Oak Ridge Institute for
Science and Education.

Appendix A. A matrix inversion

Let A be an n X n matrix, with entries given by
Aij = adyj + byiyj + Vi
Then, if it exists, the inverse matrix has the form
Aj_kl = Adji + ByjVk + C¥ve + Dvjve + E7ivk.-
Multiplication gives 15 terms, which combine to give

A A = aAdi +k{(a + b7*)B + bEG + bA} + 7ivk{(a + ¢*) E + ¢BG}
+7iv{(a + y*)C + ¢DG + cA} + yive{(a + by*)D + bCG},

where 72 = v;7; and G = 7;7;. As we want AA ! =1, we obtain

2(z)=(7") 2(e)=(=)

and aA = 1, where

7_ a + by? bG
- cG a+cy?

is a complex 2 x 2 matrix with
Z =detZ = (a + by*)(a + cy?) — be|G)?,
which is real if a, b and c are real; writing v; = &; +i3;, we see that

Z = [a(b+ ¢) + 4bcf? sin” 0]€ + a® + a(b + ¢) 57,
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16 P. A. Martin, J. D. Richardson, L. J. Gray and J. R. Berger

where &2 = &;¢;, #? = ;0 and €-8 = {Bcosb. So, if Z # 0, we can solve for B
and E, and for D and C, whence
Apl = (aZ) {20k — bla+ e )T — ela + by VT + be(Grje + GT57k) }
(aZ)_l {Z(Sjk — [a(b + C) + 4bc,32]§]§k — [a(b + C) + 4bCf2]ﬂjﬂk

+ 4bcfﬂ(f]ﬂk + fkﬂ]) cos @ + 1a(b — C)(fjﬂk — fk,@])}
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